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BBEJIEHUNE

§I. PA3PEINIMMOCTDb U HEPA3PEIIMMOCTh YPABHEHU
B KOHEYHOM BU/JE

MHOTOYHC/IEHHbBIE HEyAaYyHble MOMBITKU pelleHus psjga anrebpamnde-
ckux U auddepeHINATbHBIX YPAaBHEHUH «B KOHEYHOM» («B SIBHOM»)
BU/Ie TIPMBEIN MAaTEMAaTUKOB K yOeXJeHUIO, YTO SIBHBIX pPeIleHUH i
3TUX ypaBHEHUH MPOCTO He cylnecTByeT. HacTosmmas KHUTa TOCBSIIeHa
BOIIPOCY O HEPA3pPENTMMOCTH YpaBHEHHUH B KOHEYHOM Buje (B 0coOeH-
HOCTHU TOIIOJIOTWYECKUM IIPEISITCTBUAM K TaKOH pa3pelnMOoCTy). DTOT
BOIIPOC IMeeT GOraTylo UCTOPUIO.

[TepBBle /0Ka3aTeNbCTBA HEPA3PEUIMMOCTH aIrebpanyeckux ypaBHe-
HUM B pasuKanax 6pUtH HaiizieHbl AbeneM u Tanmya. O6ayMbIBast 3a7a4y
0 HaxXOX/IeHUH B ABHOM BH/Ie HEOIIpe/leIEHHOT'O MHTEerpasa oT airebpa-
nveckoii auddepeHIuanbHOM GopMBI, AGENb 3aJI0XKII OCHOBBI TEOPUU
anre6panvecKuX KPUBBIX. JIMYBWLIb MPOAOKHI paboTel Abens u zo-
Ka3aJ HeaJleMeHTapHOCTb HeoIIpe/ieJIeHHBIX NHTErPajioB MHOTUX aire6-
pauvecKux U 37eMeHTapHbIX AuddepeHimambHbix GopM. Hepasperu-
MOCTb B KBaZIpaTypax psja JUHEWHBIX AP PepeHIINaNbHbIX YPaBHEHUH
TOXKe BIIepBbIe ObLIa JOoKa3aHa JINyBILIEM.

Eme Tasya cBs3aj BOIPOC O Pa3peurrMOCTH B PaJUKajaaXx CoO CBOH-
CTBaMU HEKOTOPOU KOHEYHOU I'pymbl (TaK Ha3bIBaeMO Tpymisl [anya
anrebpanveckoro ypaBHeHus1). COOGCTBEHHO, caMO TIOHATHUE KOHEYHOM
Tpymmnel 6bUI0 BBeZeHO [alya MUMEHHO B CBf3U ¢ 3TUM BompocoMm. Co-
¢yc JIu BBeJI TOHATHE HEIIPEePBIBHOM I'PYIIIEI TPpe06pa3oBaHUMA, IBITASCH
SBHO pemaTh AuddepeHIaIbHble YpaBHEHUS U TIPUBOAUTH UX K 60-
Jiee IpocToMy BUZY. [TUKap ¢ KaXAbIM JTHHEHHBIM A depeHIaTbHBIM
ypaBHEHUEM CBsi3aJl ero rpymmy [amya, KoTopas SBJSETCS IPyNnoi Jiu
(u, 6osee Toro, siBNsieTCsA anrebpandecKor MaTPUYHOM rpymmoi). Iu-
Kap U Beccro mokasasiy, YTO UMEHHO 3Ta IpYyIIa OTBeYaeT 3a paspe-
IMUMOCTh YPaBHEHUH B KBazparypax. KomuuH passui Teoputo anrebpa-
WYeCKUX TPYIII, puAan Teopuu [Iukapa—Beccro 3aKOHYEHHBIN BUJ, U
06001 ee HA CTydyaid TOJIOHOMHBIX CUCTEM JIMHEWHBIX AUPPEpeHITH-
aJbHBIX YPAaBHEHUI B YACTHBIX IIPOU3BOJHBIX.

B. V. ApHOJbA, OGHAPYKWII, YTO PsAZJ KJIACCHYECKUX BOIIPOCOB Mare-
MaTHKH HepaspelruM K3-3a TOIOJIOTUYECKUX IPUYKH. B yacTHOCTH, OH
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BBegenue

IIOKa3asl, 9To anrebpandecKkoe ypaBHeHUe O0OIIero BUa CTENeH! 5 Win
BbIIlIe He pellaeTcsa B paJuKajlaX UMEHHO II0 TOIOJOTMYeCKUM NpHUYH-
HaMm. PasBuBasg noaxoz ApHOJbJA, B Hadajle CeMHUAECATHIX TOAOB A IIO-
CTPOWJ OZHOMEPHBIM BapuaHT TomoJorudeckoil Teopuu lanya. Cornac-
HO 3TOM TeOpHH TOIOJOrMA PACIONOKEHUA PUMaHOBOM ITOBEPXHOCTHU
AHATUTUYECKOH QYHKUIMM HaJ IUIOCKOCTHIO KOMIUIEKCHOT'O TIepeMeHHO-
r'0 MOXKET IPeNATCTBOBATh MPEeACTABUMOCTU 3TOU PYHKIIMU MPU IIOMO-
my ABHBIX dopmys. Ha aToMm myTy mosmydarorcss Haubosee CHIbBHBIE U3
M3BECTHBIX PE3YJIbTATOB O HENPEeJCTaBUMOCTH GYHKIMN ABHBIMU (op-
Mysnamu. HeaBHO MHe yZianoch 0600IIUTb 3TH TOTIONIOTUYECKHUE Pe3YJlb-
TaThl Ha CJIydyall MHOTHX IIepeMeHHBIX.

B kuure wussnaraerca Tomosoruyeckas Teopus lanya: mpuBozuTcA
MOJTHOE U TOAPOOHOE M3JIOXKEeHWe OJHOMEPHOTO BapUaHTa TEOPUU U
(bonee cxemMaTHUECKOE) M3JIOXKEHNE MHOTOMEPHOT'O BapuaHTa. Tomomo-
rUYecKast TEOpUs TECHO CBS3aHa KakK ¢ 0OBIYHOMU (anrebpandeckoii), Tak
u ¢ fuddepeHnmaabHOM Teopuamu lamya.

(O6brunast) Teopus lanya mpocTa U WAEHHO CBsI3aHa C TOMOJIOTHYE-
CKOHM Teopuel. B «pa3peluTesbHON» YaCTH TOMOJOTHYECKOW TEOPUU
HICIIONb3yeTCsl He TONMBbKO JIMHEeWHas aarebpa, HO U pe3yJbTaThl TEOPUU
Tanya. Teopus l'anya 1 ee IpUMEHEHUS K pa3pelnMOCTH ajrebpauye-
CKUX YpaBHEHHUH B paJiMKajax M3JjaraioTci B KHUIe CO BCeMU JioKasa-
TenbcTBaMu. KpoMe 3azaun o pa3peluMoCTU B paZuKanax paccMaTpu-
BaIOTCA U Apyrue 6IM3KKe 3aJjauu, HaIpuMep 3a/a4ya O pa3peluMOCTU
ypaBHEHHUA IIPU MOMOIIU PAZUKAJIOB U BCIOMOTaTeIbHBIX YpaBHEHUN
CTETEHU, HE MPEBOCXOJAIIEH k.

OcHOBHBIE TeopeMbl Teopuu [Inkapa—Beccro dopmysnupyioTes 6e3
JIOKa3aTeIbCTB. IloguepKHUBaeTcsT WX aHajorus ¢ Teopuei lamya. O6-
cyxzpaercsa, mouyemy Teopus [lukapa—Beccuo (o kpaiiHedt mepe, B
IPUHINIIE) OTBeYaeT HA BOIPOCHL O PA3PEUIMMOCTU JIMHEHHBIX ANd-
¢depeHIIMANBbHBIX YpaBHEHUN B ABHOM BHUJe. «Pa3pemrnrenbHas» 4acTh
Tonosioruyeckoil Teopum lamya (gokasblBarollas, HaIpuMmep, paspe-
IMUMOCTh B KBaJpaTypax JHUHEWHBIX AubdepeHIINaNbHbIX YpaBHEHUN
Tuna dykca ¢ paspemmMon rpynnoyl MOHOAPOMUU) UCIIONb3yeT JIKIIb
MPOCTYIO, JIMHEHHO-aIre6panyecKylo JacTh Teopuu I[Iukapa—Beccuo.
Ora n1uHelHas anre6pa M3jaraeTcs B KHUTeE. «3alpeTUTelbHas» 9acTh
TomoJorudeckoil Teopuu l'anya (ocrapidmoomas, HaIpuMep, pe3ysbra-
THI O HepaspelnMOCTU JUHEHHbIX AuddepeHIInaNnbHBIX YpaBHEHUH C
Hepa3pelrMOo IPyIIol MOHOAPOMUHU) U3JIOKEHA CO BCEMHU MOAPOOHO-
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§ 1. Pa3pemruMocTh B KOHEYHOM BH/IE

ctavu. OHa CWIbHee, YeM «3alpPeTUTeNbHAsA» YacTh TeOpUM [IMKapa—
Beccuo.

B xHUTe 06CyK/JaeTCs TaKKe KpacUBOe MTOCTpoeHue JINyBWLIA KIacca
JleMeHTapHBIX QYHKINHN, K1acca GyHKIUMN, TpeZiIcCTAaBUMBIX B KBaJ[paTy-
pax, U T. . ¥ €ro Teopws, OKa3aBlIas OOJbIIOe BIAMAHUE Ha BCE Jalb-
Helilre paboThl B 3TOU 06IaCTHU.

B KHUTe HZeT pevyb O TpeX BapuaHTaX TeopuH lanrya — OOBIYHOM,
muddepeHIIaTbHOM U TOTOJIOTMYECKOM. DTHU BAapUAHTHI OOBbEAUHAET
00U MoAXoZ K 33la4aM O pa3peIlnMOCTH U Hepa3peluInMOoCTH ypaBHe-
HUM, OCHOBAHHBIM Ha Teopuu rpynn. HeBepHO, OHAKO, YTO BCe pe3y/ib-
TaThl O Pa3pelMMOCTH U Hepa3pelIMOCTH CBA3aHBI ¢ TeOpuel I'PyIIII.
Paz Apkux pe3y/nbTaToB, OCHOBAHHBIX Ha APYI'OM IIOAXOZE, COAEPKUTCA B
Teopuu JInyBWLIA. UTOOBI JaTh MIpeACTaBIeHNE O TEOPUHU JIMYBUILIA, MBI
IIPUBOZUM IIOJTHOE ZI0KA3aTeJNbCTBO €r0 TEOPEMEBI O HeaJleMEeHTApHOCTH
HEKOTOPBIX HeoIlpeZeleHHbIX MHTerpaloB (B YaCTHOCTH, HeollpeZie/eH-
HBIX HHTErpajoB OT HEHYJEBbIX T'OJIOMOPQHBIX AnddepeHIHaNibHbIX
¢dopM Ha anrebpanvecKux KPUBBIX TIOJTOXKUTENBHOTO POJa).

B KHUTe He Bcerza coOII0faeTes NCTOpUIecKas TOCIe[0BATENIbHOCTb.
Hampuwmep, Teopema [Tukapa—Beccro 0 pa3pemrMoCcTy JUHEHHBIX Aub-
depeHIMaNbHBIX YpaBHEHUH B KBaJpaTypax ObUla ZloKa3aHa paHbIIe,
YyeM OCHOBHasi Teopema auddepeHIasibHON Teopuu lamya. OgHAKo
Teopema Ilukapa—Beccuo sBisgeTca IPSIMBIM CJIeICTBUEM 3TOU OCHOB-
HOI TeopeMHbl, U UMEHHO TaK OHa IIpeZiCTaBIAeTCA B HACTOAIIeN KHUTE.

Heckomnpko coB o sureparype. M3noxeHue Metoga JIMyBUIA MOX-
HO HAaWTH B 3aMevaTeIbHOU KHHUTe PutTa [29]. O6BIuHasA Teopus lamya
XOPOIIIO u3JaraeTcs BO MHOTUX MecTax, HarnpuMep B [51], [52]. KopoT-
Koe U fACHOe m3JoKeHue Teopud [Imkapa—Beccuo copep:XuTca B KHH-
re Kamnauckoro [19], 6osee coBpeMeHHOE M OOCTOATENBHOE — B KHUTE
3unrepa u Bau gen Ilyta [34]. Teopus Komuuna uznoxena B [20], [21].
VimMeeTcs Takke MHTEPECHBIH 0630p 3uHrepa [32] 0 paspemriMocTu u
Hepa3pelMMOCTH YPaBHEHHUH B IBHOM BHU/E, COAEPKAIIUN OOIIMPHYIO
6ubmuorpaduio.

O Hymepanuu: «iemMma 6.4 U3 IVIaBbl 5» O3HA4aeT YeTBEpTOe OT-
ZiebHO cHOpMYNIUPOBaHHOE YTBepXKZeHue B Maparpade LIECTb MATOU
I71aBbl. AHAJIOTUYHO HYMepYIOTCA OCTaJbHble TeOPeMBl, YTBEpP:KAEHUH,
CJIeICTBUA U JIEMMBI (€CJI CChUIKA MZeT BHYTPHU TOM Ke IVIaBBl, TO HOMep
IJIaBbl He yKa3biBaeTcsa). PopMysbl BO Bcell KHUTE UMEIOT CIUIOIIHYIO

HyMeparuio.



BBegenue

Mouwu nepBble pesy/bTaThl [0 OZHOMEPHON TOIIOJIOrMYecKod Teopuu
l'anya nogsunrck B Havase 70-X rozos. Torza MOMM HayYHBIM PYKOBOZAM-
TesieM O6bUT B. Y. ApHOJIB, KOTOPHIN ¥ 3aMHTEPEeCcOBasl MeHs OTOM TeMa-
TUKOM. fI GeckoHeuHo 6arozapeH Biaaaumupy Mropesudy. B cBoe Bpe-
MA 51 He OIyOGJIMKOBAJI IOTHOTO W3JIOKEHUA pe3y/lbTAaTOB: CHadajaa He
MOT pa30bpaThCs B CJIOXKHOU UCTOPUU TIPeAMETa, a TIOTOM 3aHsICS CO-
BCEM JIpyroil MaTeMaTUKOH. § mpusHareneH A. A. Bomubpyxy, KOTOPHIi
moOyIvUT MeHsI BEpHYTBLCS K 9TOH TeMe, U Moel jkeHe T. B. BeJTokpuHUII-
KOH, KOTOpas IOMOIJIa TOATOTOBUTb KHUT'Y K ITeYaTH.

§2. IIOCTAHOBKA 3AAYH O PABPENIMMOCTHU YPABHEHUMU
B KOHEYHOM BU/JE

HexoTtopele anrebpandeckue u AuddepeHIraNibHbIE YPaBHEHUS «pellia-
I0TCA ABHO». YTo 3T0 3HAa4uT? EC/IN pelteHue npegbABIeHO, OHO CaMO U
JlaeT OTBET Ha 3TOT Bonpoc. OOGBIYHO BCE Ke MOMBITKU IBHOTO PEIIeHUs
ypaBHEHUI OKa3bIBAIOTCA Ge3ycHellHbIMU. BO3HUKaeT JKelaHUe JOKa-
3aTh, YTO I T€X WIN WHBIX yPaBHEHUU SIBHBIX PelIeHHUI He CYIeCTBY-
eT. TyT y:ke IPOCTO HEOOXOAMMO TOYHO OIIpeZIeUTh, O 4YeM UJET pedb
(MHAve HEMOHATHO, YTO, COOCTBEHHO, MBI coOHpaeMcs foKa3aTh). C co-
BPEMEHHOU TOYKY 3peHHs B KJIACCUYeCKUX paboTax HeJoCTaeT YETKUX
oTpeziesieHUH 1 GOPMYIUPOBOK TeopeM. JINYBIWILIb, HECOMHEHHO, TOYHO
MIOHKUMaJI, YTO OH J0Ka3biBaeT. OH He TOTbKO cHOPMYIUPOBAT 3aJadu O
Pa3peIrMOCTy YPaBHEHU B 27ieMeHTapHbIX GYHKIUAX U KBaZpaTypax,
HO U airebpau3upoBas 3TH 3azaud. [locse ero paboT Bce 3TH MOHATHUA
yZAanoch ONMpeaenuTh Ha TobbiM AuddepeHIanbHEIM ToneM. Ho Tpe-
60BaHUA K MaTEMaTHUYECKOM CTPOTOCTH BO BpeMeHa JIMyBWLIA ObUTH He
Takue, Kak ceityac. CoracHo Komuuny (cm. [20]), gaxe y [Tukapa oc-
HOBHBIE OIIpe/ieJIeHN ellle HeZIOCTaTOYHO TpogyMaHbl. Pa6oTer KomunHa
BITOJTHE COBPEMEHHBI, HO €T'0 OIIpe/IeIeHUs C CAaMOTo Havyasa AatoTCs JJis
abcTpakTHBIX AubdepeHITHaNbHBIX TOJEH.

Bce Ke HeoIpezleIeHHBI WHTETpa IeMeHTapHOW OYHKIWU WA
peleHue JuHeHOTro AuddepeHITNaIbHOTO YpaBHEHU ABIAIOTCA GYHK-
IIUAMHU, a He dleMeHTaMHu abcTpakTHoro auddepeHIUATHLHOTO IOJS.
B QyHKIIMOHAJIBHBIX MPOCTPAHCTBaX KpoMe auddepeHIUpoOBaHUA U
apudMeTUIEeCKUX OMepalyii ecTb, HampuMep, abCOMIOTHO Heanreb-
pauveckas OIepalusa Cymepro3uluu. Boobine, B (GyHKITMOHATBHBIX
IIPOCTPAHCTBAX OOJIbIE CPEZCTB /IS HATUCAHUS «IBHBIX GOPMYIT», YeM
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§ 2. TlocTaHOBKA 3aJa4yu

B aOCTPaKTHBIX AubdepeHITHANbHBIX MONAX. KpoMe 3TOT0, MPUXOAUTCS
VYUTHIBATD, YTO QYHKIMHU OBIBAIOT MHOTO3HAYHBIMU, UMEIOT 0COOEHHO-
CTH U T. [I.

dopmannzoBaTh 3aa4y O HEPA3pEIINMOCTH YPaBHEHUH B IBHOM BU-
Je B QYHKIMOHATHHBIX IIPOCTPAHCTBAX HECIIOKHO (B KHUTE MBI OyZemM
WHTepecoBaTbCA UMEHHO 3TOM 3azaueit). CaemaTh 3TO MOXKHO TaK: MOX-
HO BBIZIEJTUTH TOT WIM MHOU Ki1acc GYHKIUN U CKa3aTh, YTO YpaBHEHUE
pelaeTcs ABHO, €CJIU €T0 pellleHre IPUHAJIEXXUT dTOMY Ki1accy. Pa3Hble
KJ1acchl PYHKIMI COOTBETCTBYIOT PA3HBIM IOHATUAM Pa3pelINMOCTH.

2.1. 3agaHue kjacca GyHKIUII ¢ IIOMOIIBIO CIMCKOB OCHOBHBIX
byHKIMIT M JomycTUMBIX omepanuii. Kiacc GyHKIMH MOXKHO BbIJe-
JIUTh, 33J]aB CIIUCOK OCHOBHBIX PYHKYUIL U CIIHCOK 0OnyCmumblX onepa-
yuti. Tocne aToro kinacc GyHKIMH OomIpezenseTcs KaKk MHOXECTBO BCeX
GYHKIUH, KOTOPBIE MOTYYalOTCA M3 OCHOBHBIX QYHKIWN IIPY MOMOIIU
MPUMEHEHUS JOMYCTUMBIX Ollepaluii. B 1. 2.2 UMeHHO TaKUM CIIocO60M
OTIpeseIAI0TCA INYBIITIEBCKYE KIacChl GpYHKITUI.

JInyBWIEBCKYE KJIacchl QYHKITMH, QUTYPUPYIOIIYE B 33/a4aX O pas-
PEIMMOCTH B KOHEYHOM BHJe, CoZep)KaT MHOTO3HayHble GQYHKIVU. B
CBSI3U C 3TUM UCXOZHbIE TOHATHUA HY)KHO YTOUHUTD. B 3TOM IIyHKTE IpU-
HUMAaETCs «I0O6aNTbHBIH» BApUAHT PabOTHI C MHOTO3HAYHBIMU (QYHKIIH-
SIMU, IPUBOAALINH K pacIINPEHHOMY [TOHUMAaHUIO OIIpeZieIeH s Kiacca
bYHKIUIM, 3aJaHHOTO CITUCKAMM OCHOBHBIX (GYHKIMI U JOITyCTUMBIX
omeparuii. B mobaspHOM BapuaHTe MHOTO3HauHas GYHKIMS paccMart-
puBaeTcsA KaK eAWHBINH 00BbeKT. OpezensioTcs onepayul HaAd MHO20-
3HAUHBIMU PYHKUUAMU. Pe3ylbTaToM IPUMEHEeHUA 3THUX Ollepaluii AB-
JIIeTCST HEKOTOPOE MHOKECTBO MHOT'O3HAUHBIX (GYHKIIMH, PO KAKIYIO
M3 KOTOPBIX TOBOPHUTCS, YTO OHA IIOJNy4eHA NpHUMeHeHUeM 3aJaHHOU
omepanuy K 3aZaHHbBIM GyHKIUAM. Knace ¢yHkyuil onpezensaeTcs Kak
MHOKECTBO BceX (MHOTO3HAYHbBIX) GYHKIMH, KOTOPHIE MMOMYYalOTCI U3
OCHOBHBIX QYHKIIUI TP IIOMOIIY JOIYCTUMBbIX OIEPAIIHIA.

Ompezieniv, HaIIpUMeED, YTO TAKOE CyMMa BYX MHOT'O3HAYHBIX QYHK-
UMM OAHOM TIepeMeHHOM.

ONPEAENEHUE. Bo3bMeM MPOU3BOIBHYIO TOUKY d Ha KOMILIEKCHOM
IPAMOM, OAWH U3 POCTKOB f, aHAIUTUYEeCKOH QYyHKUMM f B TOUKe a U
OZIVH U3 POCTKOB g, aHAJIUTUYECKON QYHKINUU g B TOH Ke Touke a. by-
JleM TOBOPUTb, YTO MHOTO3Ha4YHasA QYHKIUA (@, TOPOXKIEHHAA POCTKOM
Yo = foa+ &4, npedcmasuma 8 sude cymmuvl GyHKIUH f U g.



BBegenue

Hampumep, JIeTKO BUZAETh, YTO POBHO /iBe GYHKIUU IIPE/CTaBIAIOT-
o B BUZE /X + +/Xx: 910 f; =24/X U f; =0. AGCOMIOTHO aHAIOTHYHO
OTIpeZIEJISIIOTCA U APYTHE OIEepalMK HaJl MHOTO3HAYHBIMU (QYHKIIMSMU.
3amkHymocms Kako020-1ubo Kaacca MHO203HAUHLIX PYHKUULL OMHOCU-
MeNbHO CI0JNCEHUS. 03HAUAem, Umo 3Mom Kaacc 8Mecme ¢ 00biMuU 08YMsL
dyHKUUAMU codepacum 8ce PyHKUUU, npedcmasumble 8 8ude UX CYMMbl.
To ke caMoe HYXHO CKa3aTh U IIPO BCe APYTHeE OIepaluy HaJ MHOTO-
3HAYHBIMU QYHKIUSIMU, TOHUMaeMble B YKa3aHHOM BBIIIE CMBICIIE.

B mpuBeIeHHOM BHIIIIE OMPe/eIeHNY BaKHYIO POJIb UT'PAET HE TOITbKO
cama oTlepalus CJIOXKEeHUs, HO U OIepalys aHaTUTHIECKOTO TIPOZOIKe-
HUS, CIIPATaHHAS B OHATUU MHOTO3HAYHOU GyHKIMU. e iCTBUTENBHO,
paccMOTpUM ciieAytomui mpumep. [IycTh f; — aHaauTHYecKas GyHKITHUA,
onpezeneHHas B obmacti U KOMILUIeKcHOH mpsmoii Cl, He mpogomxkaro-
mascs aHaJTUTUYECKHU 3a Mpezenbl obnactu U, U MycTh f, — aHAIUTHIe-
ckas ¢yHKIMA B obmactu U, ompezeseHHas paBeHCTBOM f, = —f;. Co-
IJIaCHO JaHHOMY OTIpeZieJIeHUI0 GYHKITHS, TOXK/AECTBEHHO paBHAasI HYIIO,
mpeJCcTaBUMa B BUAE fi + f, Ha ecell komniekcHoll npsmotii. CorsacHo 06-
IIENIPUHATOHN TOYKe 3peHUs PaBeHCTBO f; + f, =0 clipaBeZINBO TOIBKO
B obsactu U, HO He BHE ee.

B ro6asbHOM BapuaHTe paboThl ¢ MHOTO3HAYHBIMU QYHKIIUSAMU MBI
He HacTaWBaeM Ha CyIIeCTBOBAHWHU eOUHOl obsacmu, B KOTOPOH Bce
HY)KHBIE JIEWCTBUS TPOU3BOAWINCH Obl HaJ OAHO3HAYHBIMU BETBSIMU
MHOTO3HaYHbIX (GyHKIMH. OfHa omepanus MOXeT MPOU3BOAUTHCA B
ofHOI obyacTu, a Apyras omepalys—B ApPyroi obracTyd Haj aHaIU-
TUYECKUMU TIPOAO/DKEHUSAMU MOTyYeHHbIX QYHKIMI. B cymHocTH, 3TO
pacumpeHHoe IOHUMaHKe OTepallii 5KBUBAJIEHTHO A0OABIEHUIO OTle-
palyy aHaIUTUIECKOTO MPOAODKEHUS K YUCTY JOMYyCTUMBIX OTMEpaIvit
Ha/l aHATUTUYECKUMU pocTKaMu. [ GYHKIUU OAHOM IepeMeHHOMH
yAaeTcsl OMYIUTh TOMOJOTUYECKUE OTPAHUYEHUS JaXKe U TIPU TaKOM,
pacumpeHHOM, TIOHUMAaHUH OMepalvii HaJl MHOTO3HAYHBIMU aHAJIUTH-
YECKUMU QYHKIUSIMU.

Huxce npu paccmompeHuu monosiozudeckux npensimemeuil Kk npuHao-
JlecHocmu yHKUUU 00HOU nepemeHHOll MoMy UL UHOMY KAAcCy mbl 6Y-
dem umems 6 8udy 2100anbHbLL 8apuanm onpedesieHUs Kaacca GyHKyuil
€ NOMOWBIO CNUCKO8 OCHOBHBLIX PYHKUUIL U 0OMYCMUMBbLX onepayuil.

st GyHKIIME MHOTHMX ITepEMEHHBIX B CTOJIb PaCIIUpPeHHOM GopMyniu-
POBKe 3TO cZiesiaTh He yAAaeTcs, U IMPUXOAUTCSA MPUHATH 6ojiee orpaHu-
YUTENbHYI0 GOpMYyIUPOBKY (cM. 1. 1.1 m1aBel 7), CBI3aHHYIO C POCTKAMU
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§ 2. TlocTaHOBKA 3aJa4yu

¢byHKIIMH, KOTOpasi, BIIpoueM, He MeHee (a MOXET OBITh, Zaxke Oosee)
ecTecTBeHHa. EIMHCTBEHHOE MECTO B KHUTE, T/I€ MBI HCIIONB3YEM 3Ty 60-
Jiee OTPaHUYUTENbHYI0 GOPMYIUPOBKY, — IVIaBa 7, B KOTOPOI UAET peyb
0 GYHKUIMAX MHOTUX MTEPEMEHHBIX.

2.2. JluyBWUIeBCKHe Kjacchl GyHKIMI OZHOI nepeMeHHON. B
3TOM ITyHKTE OIIpeZeNIAI0TCA JUYBUIEBCKHE KIacchl QpyHKIIUM OZHOM
IepeMeHHOU (yIA MHOI'MX IepeMeHHBIX OIpe/esieHudA IpUBEeJeHbl B
§ 1 maBer 7). Msl OyzeM 3azaBaTh 3TU KJIACCHI IIPYU ITOMOIIM CITUCKOB
OCHOBHBIX QYHKIMH U JIOMyCTUMBIX OTIEpaluii.

OyHKIIUM OZHOU NepeMeHHOH, IIpeJcTaBUMbIe B paJuKaiax.

CInCOK OCHOBHBIX QYHKIIMI: BCe KOMIUIEKCHBIE KOHCTAHTHI, He3aBU-
cuMas nepeMeHHas X.

CHImcoK JOMyCTUMBIX Oneparyii: apudmMeTHdecKre orepannu 1 ore-
pauuu K3BJIeYEeHUA KOPHA ’{/;7 cTereHu n, n = 2,3, ..., U3 3aJJaHHOH
byukuu f.

Oynkuma g(x) = %/Sx—l— 2¥x+ </x3 + 3 mocrapinser npuMep QyHK-
LIUM, IpeICTAaBUMOM B paZilKaiax.

C 5TUM KJIaCcCOM CBf3aHa 3HaAMEHMTAasA 33/ladya O pa3pelruMOoCTH ypaB-
HEHU! B paZuKanax. PaccMoTpum anrebpandeckoe ypaBHEHHE

Y'+ry" "t +... 41, =0,

B KOTOPOM TI; — palliOHa/IbHble GYHKIIUU OAHOM MmepeMeHHOH. [ToMHbIN
OTBET Ha BOIPOC O PA3PEINIMMOCTU TAKUX YPABHEHUS B PAZIUKAIAX JAET
Teopus 'amya (cm. iasy 2).

Jlyi ompe/ieieHUsT OCTATbHBIX KJIACCOB HAM MOHAZ0OUTCS CIIUCOK OC-
HOBHbBLX 2JIEMEHMAPHbIX GYHKUUL. B 3TOT CIIMCOK, B CYIIIHOCTH, BXOJAT
Te GYHKIIMU, KOTOPBIE MbI TPOXOMJIH B IITKOJIE ¥ KOTOPHIE YaCTO BHOCAT
B KJIaBUATyPhl KaJIbKY/ISITOPOB.

CIMCOK OCHOBHBIX 3JIEMEHTAPHBIX GYHKIIHH:

1. Bce KOMITIEKCHBIE KOHCTAaHTHI U HE3aBUCUMAsI lIepeMeHHast X.

2. DKCIIOHEHTA, Jorapudm U cTereHHass GyHKIUA x*, rae o — mobas
KOMILIEKCHAA KOHCTAHTA.

3. TpuroHoMmeTpuieckre QYHKIMU: CUHYC, KOCUHYC, TAHT€HC, KOTaH-
r'eHC.

4. ObpaTHble TPUTOHOMETpUUeCcKre GYHKIMU: apKCUHYC, apKKOCH-
HyC, apKTaHTeHC, apKKOTAHTEeHC.



BBegenue

[MepeiizeM Teneps K CIIUCKY Kaaccuueckux onepayuil Hax GyHKIUSIMU.
37ech MPUBOAUTCS Havaso crvcka. OH OyzeT nmpojosrkeH B § 1 miaser 1.

CIIUCOK KJIaCCUYeCKUX Ollepaliui:

1. Onepauus cynepno3uyuu, conocrasisomas GyHKuuam f, g pyHk-
o fog.

2. Apupmemuueckue onepayuul, conocTapiAoue GyHKIUAM f U g
dynxumn f+g, f—g, fgu f/g.

3. Onepayusi duggdepeHyUPOBAHUS, COTIOCTABIAIOMAS GYHKIWHU f
dynkumio f'.

4. Onepayus uHmMezpuposaHus, colocTapisgoman ¢yHkiuu f ee
HeompeZieJIeHHbIH uHTerpan y (T. e. J00ylo QYHKIUIO Y, TaKyl0 YTO
y' = f; no ¢pysxumu f QyHKIUA y ompezeseHa ¢ TOYHOCTBIO [0 aAfu-
TUBHOM IMOCTOSIHHOMN).

5. Onepayus peuteHus aneedpauueckozo ypagHeHus, COTIOCTaBIIAIONIAT
GyHKIMAM f;, ..., f, GyHKIHIO ¥, Takyto uTo y"+ fiy" 1+ ...+ f,=0
(mo ¢yHKIMAM fi, ..., f;, PYHKIIUA y ompe/eseHa He BIIOJIHE OZHO3HAU-
HO, TaK KaK aarebpandeckoe ypaBHEHHE CTEIIEHU N MOXET UMETh N pe-
LIEHUR).

BepHeMcs Ternepb K ONpe/ieIEHUIO TUYBUIIEBCKUX KIacCOB GYHKITUIM
OZIHOM TlepeMeHHOI.

dneMeHTapHble QYHKIMHA OFHOU IMepeMeHHOM.

CIIMCOK OCHOBHBIX QYHKIIUI: OCHOBHBIE JIeMeHTapHbIe QYHKITHH.

CIKMCOK [IOTYCTUMBIX OIEpAlMil: CyNepHo3ulny, apudmMeTUudecKue
omepanuu, AuppepeHIIpOBaHUE.

OneMeHTapHble GYHKIWM 3alUCHIBAIOTCS GOpMyTaMy, HaNpUMeED
cleayrolen:

f(x) = arctg(exp(sin x) + cos x).

OYHKIIUM OJHOUM NMepeMeHHOMH, IpeicTaBUMbIE B KBaJpaTypax.

CIK1COK OCHOBHBIX GYHKITUI: OCHOBHBIE 3/IeMeHTapHble GYHKITUH.

CIMCOK [IOTYCTUMBIX OIEpAlMii: CyNepHno3ulvy, apudmMeTudecKue
omnepanuu, AuppepeHITMPOBaHNE, UTHTETPUPOBAHHUE.

Hanpumep, aJUTUIITUYECKUY UHTET AT

(7
f(x)—L0 NiTok

rae P — KyOudecKuil MOJIMHOM, TIPEeJCTaBUM B KBagpaTypax. Ho, kak fo-
Ka3aJl JIMyBWIIb, eC/IY TIOTMHOM P He MMeeT KpaTHBIX KOpHeH, To GpyHK-
1ua f He ABJIAETCS dJIeMeHTapHOM.

10



§ 2. TlocTaHOBKA 3aJa4yu

O6o01eHHbIe 3IeMeHTapHble (GYHKIUM OJHOI IepeMeHHOM.
OToT KIace QYHKIINI onpesesseTcss B TOYHOCTH TaK JKe, KaK KJIacc aje-
MeHTapHBIX GYHKIUNA. Hy»XKHO JIUIIb K CIUCKY JOMYCTUMBIX OTepalluii
06aBUTh OTIepaIHIO PellleHus anrebpanyecKux ypaBHEHUH.

OyHKIUU OAHON NepeMeHHOH, NpeAcTaBUMbIe B 0000IIEHHBIX
KBaZipaTypax. JTOT Ki1acc QYHKIUI ONpeAeseTcss B TOYHOCTH TakK JKe,
KakK Kimacc GyHKIMH, TpeACTaBUMBIX B KBajpaTypax. HyKHO JuIIb K
CIIMCKY AOMYyCTUMBIX OIEepalyii ZOOABUTH OIlepalyio pelleHus aured-
panvyecKux ypaBHEHUHN.

OmpeziesuM elle ABa kuacca GyHKIUH, GIU3KUX K JIUYBWIIEBCKUM
KJIaccaM.

OyHKIUM OJHOH NepeMeHHOH, IpeJcTaBUMble B k-pajuKaiax.
OTOoT KIacc GyHKIMH OIpeiesiieTcs: B TOYHOCTH TaK JKe, KaK Kiace GpyHK-
I[UH, IPEeJICTABUMBIX B paZuKaaaxX. Hy»KHO JIMIIb K CIUCKY JOITyCTUMBIX
omepanuii 106aBUTh OMEPAITUIO PENIeHUs aareOpanvecKux ypaBHEHUH
CTeTleHU He BBhIlIe k.

®yHKITUM OJZHON IepeMeHHOMH, Npe/icTaBUMble B k-KBaJpaTypax.
OTOoT KIacc pyHKIMH OIpeZiesieTcs: B TOYHOCTU TaK JKe, KaK Kiacc GyHK-
I, IpeJCTaBUMBIX B KBaJpaTypax. HyXXHO JHIIb K CIUCKY JOMYCTU-
MBIX OTlepaluii J06aBUTh OMEPAIUIO PellleHUs alreOpanyecKux ypas-
HEHUU CTeIleH! He BhIIIE k.
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I'maBa 1

I[TIOCTPOEHUE JINYBUJIJIEBCKNX KJIACCOB
OYHKIUW U TEOPUA JTUYBUJIA

[TepBBle [JOKa3aTeIbCTBA HEPA3PEUIMMOCTH HEKOTOPHIX YpaBHEHHUI B
KBaJpaTypax U B 3JIeMEHTApHBIX GYHKIUAX OBUIM MOJMYYEHBI B TIEPBOH
MIOJIOBUHE ZieBATHaANaToro Beka JK. JiuyBwuiem (cm. [25]-[27], [29]).
[Mozauee I1.J1. Yebrmés, /1. JI. Mopayxaii-BontoBckuii, A. OCTpOBCKUH,
Jox. PutT, /Ix. JaBeHnopt, M. Posewnuxt, M. 3uHrep 1 MHOTHE Jpyrue
pasBWIM pe3yabTaThl JIMyBWIIsA. Bubmuorpaduio mo 3ToMy BOIIPOCY
MOXXHO HauTH B [32].

CoracHo Teopuu JIMYBWLIA «[OCTATOYHO IMIPOCThIE» YPAaBHEHUS TNOO
HUMEIOT «ZIOCTaTOYHO TIPOCThIE» PEIEHUs, TH60 BOOOIIE HE PEIIAIOTCS B
SBHOM BHJIe. B HEKOTOPBIX CIy4asx pesy/lbTaThl ZOBeJeHHI 0 alTrOPUT-
MOB, KOTOPBIE JINOO MO3BOJISIOT JOKa3aTh HEPA3PEUTMMOCTD YPaBHEHUS
B KOHEYHOM BH/IE, TUOO TIPEABABISIOT €T0 IBHOE PEIlleHHUeE.

Teopus JInyBWLIA AAET OTBET, HAIPUMED, HA CJIEAYIOIIE BOPOCH:

1) mpu KakKuX YCJIOBUAX HEOIpeJeleHHBIH UHTErpal OT JeMeHTap-
HOU QYHKIIMU ABJISETCS 2JIeMEHTAPHON QYHKIIMEH?

2) MpU KaKUX yCIOBUSX IIPEACTAaBUMBI B 0O00IIEHHBIX KBaJpaTypax
Bce pellleHUsA JUHelHoro AuddepeHIaTIbHOTO YpaBHeHUA, K03ddunm-
€HTBI KOTOPOT'O — palluoHa/IbHble QYHKIIUN?

YTo6bl TTPOAEMOHCTPUPOBATh METO/ JIMYBWLIA, MBI TPUBOAUM [10-
Ka3aTeJbCTBO €r0 TeopeMbl 06 MHTerpanax (cMm. § 3) u paccMaTpuBaeM
HECKOJIbKO TIPUMeHEHUH 3ToU TeopeMsl. IIycTh a = R(z, u) dz — 1-dop-
Ma, B KOTOpPO#M R — paiuoHanabHas (YHKIUA JBYX NEepEMEHHBIX, Z —
KOMIUIEKCHAS IlepeMeHHas u u — QYHKIUA oT z. B § 4 paccmoTpeH ciy-
yai, Korza u —Jorapudm paroHaJIbHON GYHKIUU [ TEepeMEeHHOU Z,
u=In f(2). [IpuBeaeHa poIieaypa, O3BOJAOIIAsA MO0 HAWTH Heolpe-
JeJIeHHBI WHTerpas GOpMBI @, JTUOO A0Ka3aTh, YTO OH HE SBJIAETCA
060011IeHHOI a/eMeHTapHOUM (yHKIMeh. B § 5 omucan aHaJIOTUYHBIN
pe3ysbTaT B ciIydae, KOTZA U — SKCIIOHEHTA pPaIMOHAIbHON (YHKIIMU
f mepemeHHOU 2z, u = exp f(z). Ciyuaii abeneBoir 1-bopMBI , B KO-
TopoM u — anrebpandeckas GYHKIUA MEPEMEHHOM Z, PACCMOTPEH B
§ 6. OmrcaHbl HEOOXOAMMBIE U JOCTATOYHBIE YCIOBUS JIEMEHTAaPHOCTH
abejeBa WHTerpasa. BRIMOTHUMOCTD 3TUX YCJIOBUH TPYAHO MPOBEPUTE.
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I'masa 1. Kimaccer oyHKIMI 1 Teopus JIMyBUIIA

B aTOM cMmbIcie anrebpanyecKuil ciydaid CJIOXKHEEe, YeM JIOTapUQpMU-
YECKUH U IKCIOHEHIMaMbHBIN. [laparpadel 3—6 MOXXHO TPOITYCTHUTD
6e3 yiiepba /i MOHMMAaHHUS OCTAJbHOTO MaTepuaga KHUTU. UTOOBI
n3bexaTh CCBUIOK Ha 3TU maparpadbl, B TPeThell IJlaBe MBI TIOBTOPSI-
€M IIPOCThle U KOPOTKHE BBIYMC/IEHUs, CBA3aHHBIE C IIPUCOeINHEHNEM
K aubdepeHINANTbHOMY TIONI0 WHTErpaja, SKCIOHEHTHl WHTerpaaa u
KODHA alre6panyecKoro ypaBHEHUS.

B § 1 mpuBozaTCA nprHaIexamye JIMyBWLIIO 3HAYUTENBHO Ooee
IIPOCTHIE OTIpeZie/IeHNs JTUYBIWIIEBCKUX KJIAcCOB GYHKINN (Hampumep,
KJIacca syeMeHTapHbIX GyHKIUE). OObsICHIETC, KaK UMEHHO y/aloch
JInyBwLIIO anre6pan3upoBaTh BOIPOCH O PA3PEUIMMOCTH YPaBHEHUH
B 3JIeMeHTapHBIX QYHKUIUAX U B APYTUX JUYBIWUIEBCKUX KiIaccax QpyHK-
1uii. B § 2 IpUBOAUTCA KOHCTPYKIMA paciiupeHuii JInyBwuisd GyHKIU-
OHaJIbHBIX AubdepeHIINaNbHBIX MTOJeH.

B § 7 MBI dpopMynupyeM HEKOTOpble pe3y/lbTaThl TeOpUU JIMyBUILILA,
OTHOCAINUECST K BOIPOCY Pa3pelluMOCTU JIMHEHHBIX AuddepeHnrab-
HBIX YpaBHEHUI. Bojlee TIOMHO Ha 3TOT BOIMpPOC OTBevaeT AuddepeHIn-
anpbHasA Teopus [amya (cMm. rasy 3).

8§ I. HOBBIE ONPEJIEJIEHUSA JUYBUJNJIEBCKUX
KJIACCOB ®VHKLIUU

JIuyBWwINb anreb6pau3vpoBas 3aadyy O Pa3pelIMMOCTH B 3JIeMeHTap-
HBIX QYHKIUAX ¥ KBaZipaTypax. [JIaBHbIM MpPENATCTBUEM Ha 3TOM IyTH
ABsieTcs abCOMIOTHO Heanrebpawyeckas OIeparusa Cylmepro3UIIiH.
JInyBWINb 0OOIIEN 3TO MPENATCTBHE CIEAYIOMNUM 00pa3oM: ¢ KaXJou
byHKIIMEH ¢ M3 CIIMCKA OCHOBHBIX QYHKIIMI OH CBfA3aj OIEpPaIHIo Cy-
MEPIO3UIIUH ¢ 3TON GYHKIIUEH, MepeBoAsIIy0 GYHKIUIO f, K KOTOPOH
IpUMeHseTcs dTa omepauus, B yHKkuuio g o f. JIMyBWLIb 3aMeTHII,
YTO BCe OCHOBHEBIE 3JIeMeHTapHble QYHKIUU CBOAATCS K JIoTapudMy U K
akcroHeHTe (cM. lemmy 1.1 Hike). Cyneprnio3uniuy y =exp f u z=In f
MOXKHO paccMaTpUBaTh Kak pelleHus ypasHenuil y' = f'y u 2’ = f'/f.
TakuM 06pa3oM, BHYTPU JUYBUUIEBCKUX KJIacCOB GYHKIUN BMECTO
abCoMoTHO Heanre6panvyeckoil OIeparyy CyNepro3UINK JOCTaToY-
HO paccMaTpUBaTh OMEPAIVH PelIeHHs IPOCTHIX AubdepeHIInaTbHbIX
ypaBHeHMi. [locie aTOro 3aZjadya O pas3peurMOCTU B JIMYBHLIEBCKUX
knaccax GyHKUME craHoBUTCA AubdepeHINaNbHO-aIrebpaniecKoi u
MepEHOCHUTCA Ha abCcTpakTHbIe AuddepeHITaabHbIe MO,
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§ 1. HoBple ompeseneHus

[IpucTynuM K peanu3anyy 3TOH IPOrpaMMBbl.

[TpoAOMKUM CIIMCOK KJIACCUYECKUX OIepanuii (Hayajo CIucKa B
1. 2.2 BBeIEHUsA) :

6. Onepayusi 83amusi 3KCNOHeHMbl, COMOCTABJIAOIMAsT GYHKIUU f
byHkImIO exp f.

7. Onepayus 83amus Jjozapugma, comocrapiadmmasd GyHKIUN f
¢yskmio In f.

[IpyBeseM Telepb HOBBIE OIpeJeNeHUs TPAHCIEHAEHTHBIX JIMYBII-
JIEBCKUX KJIACCOB YHKIIHM.

dnemMeHTapHbIe QYHKIIUM OJAHOM MepeMeHHOMH.

CnucoK OCHOBHBIX QYHKIIMH: BCe KOMIUIEKCHbIE KOHCTAHTHL U He3a-
BUCHMAs ITepeMeHHasd X.

CIKCOK ZOMYCTUMBIX ONEpAlMii: B3sATHE SKCIOHEHTHI, B3ATHE JIOTa-
pudma, apudmeTnyeckre onepaun, AubdepeHIINPOBAHHE.

OYHKINY OJHOU ITepeMeHHOM, IIpe/icTaBUMbIe B KBaJ[paTypax.

CHrcoK OCHOBHBIX GYHKITUH: BCe KOMIUIEKCHBIE KOHCTAHTHI.

CIKCOK OTYCTUMBIX OIEpAIUii: B3STHE DKCIIOHEHTHI, apudpMeTHye-
cKue ornepanu, JuddepeHIIMPOBaHUE, MHTEIPUPOBAHUE.

O060061eHHbIE dIeMeHTapHble GYHKIHNU OJHOH IepeMeHHOH U
dyHKIIUM OfHOI IepeMeHHO#, IpecTaBUMble B 0000IIIeHHBIX KBa-
JApatypax u k-KBaJpaTypax, OIpeJesloTCa TaK Ke, KaK COOTBETCTBY-
Iole HeoOOOIeHHbIe KIacChl QYHKIIUM, HYXKHO JIUIIb K CIIUCKY JO-
MYCTUMBIX OIEpaIyil J06aBUTh, COOTBETCTBEHHO, OMEPAIUIO PEIleHUs
anrebpanvecKux ypaBHEHUN WM OTIEPALINIO PEeIleHUs aarebpaniecKux
YpaBHEHUH CTelleH! He BBIIIe K.

JIEMMA 1.1. OcHo8Hble 3/iemeHmapHbsle PYHKUUU 8bLPANCAOMCS € NO-
MOWBI0 KOMILLEKCHBIX KOHCMAHM, apudmemuueckux onepayuil u cynep-
nosuyuil uepe3 IKCNOHEHMY U J102apuPM.

JIOKA3ATEJIBCTBO. I cTemeHHON QYHKIIMU X HY)KHOE BBIpaKe-
HUe locTaBisgeT paBeHCTBO x* =exp(a In x).

Jlst TpUrOHOMETPHUYeCKUX GYHKIIUN HYKHbIE BEIPQXKEHUA BBITEKAIOT
u3 opmynsl Ditmepa e?*P = e%(cosb + isinb). [Ipu BellecTBEHHEIX

3HAYCHHMAX X MMeeM Sin X = - (e¥—e™)ucosx= 3 (e*+e™). B cury

AHAJIUTUYHOCTH 3TH e GOPMYJIbI CIIPABEJIMBBI U IS KOMIUIEKCHBIX
3HayeHUH x. OYHKIUN TAHTE€HC ¥ KOTAHT'EHC BBHIPAYKAIOTCS YePe3 CUHYC
U KocuHyc. IIoKasKeM, 4TO /Il BEIEeCTBEHHBbIX 3HAYeHWU X CIIpaBes-
JIUBO PaBEHCTBO arctg x = % Ing, toe 2= i—z OueBuziHO, 4TO |2|=1,
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I'masa 1. Kimaccer oyHKIMI 1 Teopus JIMyBUIIA

arg z = 2 arg(1 + ix), tg(arg(l + ix)) = x, 4YTO U AOKasblBaeT HYy>XKHOe
PaBeHCTBO. B cwily aHaJIUTUYHOCTH 3TO XK€ PABEHCTBO CIIPaBEJIH-
BO U /I KOMIUIEKCHBIX 3HaueHW# Xx. OcTajbHble OOpaTHBIE TPUTO-
HOMeTpUYecKre GYHKIMU BBIpKAIOTCA 4Yepe3 apKTaHTeHC. VIMeHHO,

n_ X
V/1—x2

, arccos x = Z — arcsin x.

arcctg x = 5

5 — arctg x, arcsin x = arctg

KBazpaTHBIN KOpeHb, y4acTBYIOUINH B BRIpaKeHUU QYHKIIMH arcsin, BBI-

pakaeTcs uepe3 SKCIIOHEHTy u jorapudm: x'/% = exp (% In x). Jlemma
JoKa3aHa. O

TEOPEMA 1.2. /[na kanc0oeo u3 mpaHcueHOeHMHbIX JUYBUNLIE8CKUX
Knaccos yHKuuUil Hogoe U cmapoe onpedesieHus (CM. HACTOALIUH Iapa-
rpad u 1. 2.2 BBeZIEHUA) IKBUBAJIEHMHbL.

JJOKABATEJILCTBO. B OZHY CTOPOHY TeopeMa O4YeBH/HA: SCHO, 4TO
mo6as GyHKIUA, IpUHAAIEXKaIIasds HEKOTOPOMY JTMYBULIEBCKOMY KJlac-
Cy, IOHIMaeMOMY B CMBIC/IE HOBOT'O OIpeZiesIeHUsA, IPUHAAIEKUT TOMY
’Ke KJIaccy, IOHMMaeMOMY B CMBICJIE CTapOro OIpeJeleHu .

JlokaxeM TeopeMy B PyTyI0 CTOpOHY. CornacHo jieMmMe 1.1 oCHOBHEBIE
ameMeHTapHble QYHKITUU JIeXKaT B KIaccax JIeMeHTAapHbIX U 0000IIeH-
HBIX 3JIeMEHTAPHBIX QYHKIINN, TIOHUMAaeMbIX B CMBICJIE HOBOTO OIIpefie-
neHusd. V13 3ToM JKe JIeMMBbI BBITEKAET, YTO KIacchl GQYHKUINHI, IIpeCcTaBU-
MBIX B KBajJ[paTypax, 0000IIeHHbIX KBaJ[paTypax U k-KBazpaTypax, Io-
HUMaeMble B CMBIC/IE HOBOT'O OIpeJieseHUsA, TOXKe COZEePKAT OCHOBHBIE
aeMeHTapHble GyHKUMY. [leficTBUTENbHO, He3aBUCHUMas llepeMeHHasa X
MIPUHAJIEXKUT 3TUM KjaccaM, TaK KaK OHa Ioly4daeTcs WHTerpupoBa-
HMEM KOHCTaHTHI 1, 160 x’ = 1. BMecTo omepanuu B3ATHsA Jorapupma,
KOTOPOH HET CpeJil ZOIMyCTUMBIX OIlepalliii B 3TUX KJIaccax, MOXKHO HC-
MOJIb30BATh OIepaluio UHTErpupoBanus, Tak Kak (In f)' = f'/f.

Hawm ocTasoch mmokasaTh, YTO JIMYBWUIEBCKHE KIAcChl QYHKIMH, II0-
HUMaeMble B CMBICJIE HOBOT'O OIIpeZie/leHUs, 3aMKHYThHl OTHOCUTETBHO
cyneprnosuiuii. Jleno 3zech B CleAyrolleM: OIepalus B3ATHUA Cylep-
MO3UIIUN KOMMYTUPYET CO BCEMH OIepanuaMy, GUIYPUPYIOIIUMU B
HOBBIX OTIPeJIEIEHUAX KIaccoB PYHKIIUM, 32 UCKIIOYEHUEM OIeparui
aubdepeHINPOBaHUA U UHTEIPUPOBaHUsA. Tak, HAIpUMep, PE3y/IbTaT
IIpUMEeHeHUsA Ollepalliy exp K CYyIepIo3uluu g o f COBIAaZaeT C pe-
3y/IBTATOM IIPYMEHEHUs OllepaI[uy B3ATHUA CYIePIIO3UINN K QYHKIVAM
expgu f, T.e. exp(go f) = (exp g) o f. AHanornyHo In(go f)=(ng) o f,
(g1£8)of=(g10f) (820, (g182)0f =(g1°f) (8201, (81/82) o f =
=(g,0f)/(gy0 f). Ecmu GyHKIMS y yAOBIETBOPSET ypaBHEHHUIO Yy +
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§ 2. Pacimpenus JINyBHWLIIA

+gy" 1 +...+g,=0, To dynkuua (y o f) yIOBNETBOPSAET ypaBHEHUIO
o)+ (goNyo ) +...4 (g0 f)=0.

Jns omepanuii auddepeHITMPOBAHUSA U WHTETPUPOBAHUSA HMeEEM
CJlefyIolie MPOCThle KOMMYTAIlIOHHBIE COOTHOINEHUs C OIlepalueit
cynepnosuuu: (g) o f = (go f)'(f)! (ecam pynkuua f —KOHCTaHTa,
To ¢ynknua (g)' o f TOXe KOHCTaHTa), U €CIU Y — HeOMpPeAeTeHHbINA
uHTerpan GyHKIUU g, TO Y o f — Heollpe/ie/IeHHbIN UHTerpan GyHKINU
(go f)f' (apyruMu c10BaMu, MHTETPUPOBAHMIO GPYHKIMK g IIPU CyIIED-
MO3ULIMH ¢ GYHKIMEHN f COOTBETCTBYET MHTErPUPOBaHUe QYHKITUU g O f,
ZOMHOXEHHOM Ha QyHKIUIo f).

Orcroza U BBEITEKAeT 3aMKHYTOCTb JIMYBIWLIEBCKUX KJIACCOB, TIOHIMA-
€MBbIX B CMBICJIE HOBOTO OTIpeZeeHMsA, OTHOCUTENbHO CYIEepPIIO3UIINA.
JleticTBUTENbHO, eciu QYHKIUA ¢ TONMyvaeTcss W3 KOHCTAHT (Wid U3
KOHCTAHT U He3aBHCHUMOM ITlepeMeHHO) NpU IOMOIIU Ollepaliuii, KOTo-
pble MBI OOCYK/IaJTH BBIIIE, TO QYHKITUA g o f TOoNTydaeTcss IpuMeHeHueM
TeX XKe WIK TIOUTU TeX JKe OIepalnii, Kak B cIydae UHTETPUPOBAHUA U
muddepenurpoBanus, u3 pyHkuun f. Teopema gokaszaHa. O

3AMEYAHUE. JIerKO BUJETH, YTO Omepaiuoo auddepeHIINpOBaHUA
TOXE MOXXHO WCKJIIOYUTH W3 CIIICKOB JOIYCTUMBIX OIlepalluii JIMyBUJI-
JIEBCKUX KJaccoB GyHKIMH. [ OKa3aTeabCTBA JOCTATOYHO BOCIIOJb-
30BaThCA SIBHBIM BBIYMCJIEHUEM IPOU3BOJHBIX SKCIIOHEHTHI U JIOTa-
pudma u mpaBwiamMu AubbepeHITUPOBaHUA (GOPMYI, BKIIOYAIOITUX
CyIepIo3uIuy U apudMeTUdecKue onepaiuu. VickitodeHue omepamnuu
nvddepeHINPOBaHUA He TIOMOraeT B 3aZade O pa3pelIMMOCTH ypaB-
HEHUUI B KOHEYHOM BHZe (MHOTZA HCKIIOUeHUe AuddepeHINpOoBaHUA
JlaeT BO3MOXKHOCTb Gojiee MHBapUaHTHO chOPMYIUPOBATH PeE3YJIbTaT,
cM. BTOpYI0 GOpMYyIUPOBKY TeopeMbl JINyBuIsA 06 abeneBbIX UHTETPa-
Jax u3 §6).

§ 2. PACHIMPEHUA JTNYBUJIJIA ABCTPAKTHBIX
1N ©YHKIHWOHAJIBHBIX TM®PEPEHIIMAJJIbHBIX MTOJIEH

[Tone K HasbIBaeTca OuddepeHyuanbHbIM noeM, €CIIU 3a1aHO aJAUTHB-
HOe 0TOOpakeHue a — a’, ZIOBIETBOPSIOIee COOTHOIIEHHUIO JIeHbHMIa
(ab) =da’b+ ab’. dnement y audbdepenuuansHoro nosa K HasbBaeTcs
koHcmanmotil, ecniu y' = 0. Bce KoHCTaHTH AubdepeHITUaNIbHOTO Mo
06pasyIoT MOATIose, KOTOPOEe Ha3bIBAETCA N0leM KOHCmanm. Bo Bcex uH-
TEPeCYIOUINX HAC CIydasx MoJeM KOHCTAHT SIBJISETCS TOJie KOMILIEKC-
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HBIX yucesn. Mol gcezda 8 danbHeliuem npeonosnazaem, umo ouggepeH-
yuanbHoe nose UMeem HyJiegyr Xapakmepucmuky u aneebpauuecku 3a-
MKHYMoOe nosile KOHCmaxwm. JNeMeHT y AnddepeHIaNIbHOTO 110/ Ha3bl-
BAaETCsI IKCNOHeHmoll JJieMeHTa a, ecii y' =a’y; akcnoHenmotl unmezpa-
J1d 37MIeMeHTa a, ecn Yy’ = ay; nozapugmom sjeMeHTa a, ecan y' =a’/a;
UHmMezpanoMm 3MEMEHTa d, eciu y' =da.

[Tycts auddepernmanbuoe none K 1 MHOXXeCcTBO M JIe3KaT B HEKOTO-
pom auddepennranbHoM nose F. [TpucoeduHeHuem K audbdepeHIamb-
HoMy moio K MHO)XecTBa M HasbIBaeTcs: MUHUMAaIbHOe AuddepeHnn-
anpHoe mosie K(M), copepxariee mone K v MHOKeCTBO M.

JIuddepeniuanbHoe none F, comepxkaiiee auddepeHmaipbHoe Mo-
se K u vMeroliee TO e II0Je KOHCTAHT, HAa3bIBAETCA 3/1eMEeHMAPHbIM
pacwuperuem monst K, ecau CylnecTBYeT TakKas Lernouka AuddepeHIn-
anbHBIX TTostelt K =F; € ... CF, =F, 4Tto 1pu KaxxgoM i =1,...,n—1
nose F; ; =F;(x;) nomy4aercs mpucoesuHeHNeM K OO F; aneMeHTa X;,
MpUYEM X; — SKCIIOHEHTA WU JorapudM HEKOTOPOTO 3lIeMeHTa a; O
F;. DnemeHT a € F Ha3biBaeTcA aiemenmapHsim Hag K, K CF, eciu oH
COZIEPKUTCS B KAKOM~TUOO 27eMeHTapHOM paciiupeHuy nonst K.

ObobujeHHoe 3nemeHmapHoe pacliuperue, pacuuperue Jlygunins,
0606wenHoe pacuwuperue Juysunns M k-pacutupenue JIuysunns IMOAA
K ompezenaoTcs aHaJOTUYHO. [Ipu TOCTpOeHUU OOOOIIEeHHBIX 3Jie-
MEHTApHBIX PaCUIMPEeHUH [JOMyCKAIOTCS IPUCOEJUHEHUS OSKCIIOHEHT,
smorapudmMoB U anrebpandeckue pacmupeHud. [Ipy MOCTPOEHUM pac-
MmUpeHnit JIMyBWLIA AOMYCKAIOTCA MPUCOEANHEHU UHTErPAloB U JKC-
MTOHEHT WHTETPasoB. B 06006IIEHHBIX pacIupeHusax JIMyBWIIA U k-pac-
MUpeHuAx JIMyBWIIA KPOME 3TOTO [OIYCKAIOTCA, COOTBETCTBEHHO,
anrebpanveckre paclIMpeHUs U TPUCOEJUHEHUS pelleHui anre6pa-
WYeCKUX YpaBHEHUH CTelleHHW He BHINe k. DieMeHT a € F Ha3pBaerca
0606weHHo-anemenmapHbuim Hax K, K C F (npedcmasumbim 8 keaodpa-
mypax, 8 0606weHHblX K8adpamypax, 8 k-keadpamypax Haz K), ecin
a COZIEPKUTCS B KaKOM-THO0 OOOOIIEHHOM 3JeMEHTapHOM paciIvpe-
Huu (pacmupeHuy JInyBWUIA, 000OIIEHHOM paclupeHuu JINyBUIIA,
k-pacmupennn Jinysusid) nons K.

3AMEYAHUE. YpaBHEHHE /i SKCIIOHEHTHl UHTErpaja Ipolle, YeM
ypaBHEHMeE /71 9KCIIOHEHTHI. [103TOMY IIpU OnpeZie/leHUY paclIupeHi
JIMYBWIA U T. [l. UCHONb3YIOTCS TMPUCOEANMHEHUSA SKCIIOHEHT MHTErpa-
JIOB. BMeCTO 3TOr0 MOXKHO GBUTO GBI OTAETHHO TPUCOEUHATD SKCITOHEH-
TBI U OT/Z€JIbHO UHTEI'PAJIBL.
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§ 2. Pacimpenus JINyBHWLIIA

[MepeiizeM K GyHKITMOHATBHBIM AuddepeHIInaIbHBIM MOMAM. VIMeH-
HO C TaKUMU IIOJISIMU MBI OyZleM MMeTh /IeI0 B KHUTe (XOTS HeKOTOphIe
pe3ynbTaThl 6e3 TpyZa IepeHocATCs Ha abeTpakTHele AuddepeHInaib-
HBIE TI0JIA).

Bcskoe mogmone K mossa Bcex MepoMOpOHBIX GYHKIHI B CBA3HOH 00-
nactu U Ha cdepe PumaHa, copeprkaliiee Bce KOMIUIEKCHBIE KOHCTaHTHI
Y 3aMKHYTO€ OTHOCHUTETbHO AuddepeHiupoanus (T. e. eciu f €K, TO
f' €K), mocraBnger npuMep QYHKIHMOHAILHOrO AUPp(EPEHIMATBHOTO
mosns. Jlaaium Temnephb obiee ompeneneHue. Ilyctb V, v —mapa, COCTOs-
Ias U3 CBA3HON PUMaHOBOM MOBEPXHOCTU V ¥ MepOMOPGHOTO BEKTOD-
Horo mosiA v Ha Hel. [IpousBogHas Jlu L, BAOIb BEKTOPHOTO IO U
JericTByeT Ha ntosie F Bcex MepoMOpGHBIX GYHKIMH Ha MOBEPXHOCTH V
u 3azaeT Aubdepeniuposanve ' =L, f B 3ToM moe. PyHKUUOHAILHOE
duddeperyuansHoe nose — 3To M060e AUbdepeHIaNTbHOE TOATIONE TT0-
na F, comepkaliee Bce KOMIUIEKCHBIE KOHCTAHTHI.

VHorza yzo6Hee HCIIONb30BaTh APyroe ompezeneHue auddepeHIy-
poBaHusA noss GYHKIINM, B KOTOPOM BMECTO MEPOMOP(HOTO BEKTOPHO-
ro nonsa ¢urypupyet MmepomopdHas 1-dopma a. IIpoussoznyio f' GpyHK-
UM f MOXHO OIPEEeIUTh ceayromeit opmymnoit: f'=df/a (dacTtHOe
ZIByX MepoMOpOHBIX 1-popM ABIAETCA KOPPEKTHO OIpe/eeHHOU Mepo-
MopdHOU ¢yHKIMe). OnucanHoe aAudPepeHITMPOBaHUE — ITO MPOU3-
BozgHasA Jlu L, BAONB BEKTOPHOI'O IIOJIA U, CBA3aHHOTO ¢ GOpMOH a cie-
JYIOIIMM COOTHOIIIEHNEM: 3HaYeHue GOPMBI o Ha TI0JIe U TOXKAECTBEHHO
PaBHO eUHHUIIE.

s pacwupenust GyHKUUOHANbHBLX NoJlell TIONIe3Ha CIeAyIomas KOH-
cTpykuus. [Iyctb K — HEKOTOpOe MOATOJE TN MEPOMOPGHBIX (HYHK-
UM Ha CBSIBHOM pUMaHOBOM MOBepxXHOCTU V, cHabKeHHON MepoMopd-
HOW ¢HOpMOUM (o, MHBAapUAHTHOE OTHOCHUTENbHO AUGGEpPEHITNPOBAHU
f'=df/a (1. e. ecn f €K, To f' €K). PaccMoTpuM J06YIO CBA3HYIO
PUMAaHOBY MOBEPXHOCTH W BMeCTe C aHaJIUTHYECKUM OTOOpakeHHeM
m: W — V. ®ukcupyem Ha W dopmy = n*a. JubdepeHuunanbHoe
mosie F Bcex MepomopdHbIX ¢yHKIMNE Ha W ¢ audbdepeHIIIpOBaHUEM
¢’ =dy/B comepxutr muddepennuanbHoe moamnone nK, cocrosiee
u3 dyukumii Buga vt f, rae f € K. Jubdepennmanbroe mnoue 1K u3o-
MopdHO auddepeHnmaTbHOMY MO0 K, U OHO JIEXKUT BHYTpHU Audde-
peHIuagbHoro mosid F. Eciu yaavyHo mozo6paTh MOBEPXHOCTH W, TO
pacmpenue mosist 7K, usomopdHOro momo K, MOXHO TPOU3BECTH
BHyTpU mond F.
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[Tyctb TpebyeTcs pacmuputh mose K, cKakeM, HHTETPAJIOM Y HEKO-
Topo QpyHKIIUK f € K. DTO MOXKHO cZIesaTh ceAyomum obpasom. Haz
PHUMAaHOBOM TOBEPXHOCTbIO V MOXKHO PacCMOTPETh PUMAaHOBY MOBEPX-
HOCTb W HeollpeziesieHHOTO uHTerpana y ¢opmsl fa. [To camomMy ompe-
JleJIeHUI0 PUMAHOBOM IOBepxXHOCTU W CyIlecTByeT eCTeCTBeHHas IIPO-
ekuusa ©: W — V, u GyHKIUA y SABIAETCA OZHO3HAYHON MepoMOpHO
dynkumel Ha moBepxHocTy W. JluddepeniuanpHoe none F mepoMopod-
HBIX QyHKIUA Ha W ¢ onepanueit guddepenuuposanus [/ =df /7 a co-
JEP)KUT KaK 3JIEMEHT Y, Tak 1 rojie 1* K, usomopdHoe nosio K. IToaTomy
pacmpenue 7°K(y) ompeziesieHo U siBiseTcs moAamnoneM guddepeHiy-
anpHOrO 1o F. VIMEHHO 3Ty KOHCTPYKIMIO PACUIMPEeHUs MBI IMEEM B
BU/TY, KOT/ZIa TOBOPUM O PaCHIMPEeHUAX QYHKIIMOHATBHBIX AUPPEepeHITH-
aJIbHBIX MOJIeH. DTa JKe KOHCTPYKLUSA TT03BOJIAET MIPUCOEAUHUTD K PYHK-
I[UoHaNbHOMY AubdepeHnamIbHOMY om0 K jorapudm, 3KCIIOHEHTY,
WHTErpaJl WK SKCIIOHEHTY UHTErpasia oT Jtoboi ¢yHKiuu [ u3 monsd K.
st mo6bIx GyHKIUH fi, ..., f, € K MOXHO TaKuUM CII0COOOM IIPUCOEIH-
HUTb K K pemenue y anrebpanyeckoro ypapHeHus y"+ fy" 1+ ... +
+ f, =0 wim Bce pemeHus yy, ..., ¥, 9TOTO YpaBHeHUs (IIpUCOeJUHEHE
BCEX pelleHuH ¥y, ..., ¥, MOXKHO OCYyIIeCTBUTh HA pUMaHOBOH IIOBEPXHO-
CTH BeKTOP-OYHKIUU ¥ = (), ..., ¥,)). TAKUM K€ CIIOCO60M IS TIOOBIX
byHKIUH fi, ..., f11 € K MOxxHO nipucoeanHuTth K K n-mepHoe adpduH-
Hoe mpocTpaHcTBO Hag C Bcex pemleHuil JuHeHHOro AuddepeHnanb-
noro ypasaenus y ™ + fiy@ VY +  + f v+ f,.; =0. (Hamomuum, 4o
POCTOK J1t060T0 pellleHus JUHeHHOTo AnddepeHInaIbHOrO ypaBHEHUs
AHAJIMTHUYECKY IIPOJOKAETCS BZIOJIb KPUBOM Ha IIOBEPXHOCTHU V, He Ipo-
xogsAmel yepe3 nostockl GyHKUMM fi, ..., friq.)

UTtak, ece ynomaHymule eblile paculupeHuss GYHKUUOHANbHBIX OUP-
depeHuUanbHBIX NOoJell MOJXNCHO OCylWecmeums, He 8blX00s1 U3 Kjdccd
PYHKUUOHANBHBIX duPPepeHuUanbHbIX noJell. TOBOPS O pacIIUpEeHUsIX
byHKIIMOHANBHBIX AUubdepeHINaNbHbIX MOel, MBI BCerza UMeeM B
BUJIy IMEHHO 3Ty IIPOLEAYPY.

JunddepeHIranbHOEe TOE, COCTOSINEE M3 BCEX KOMIUIEKCHBIX KOH-
CTaHT, U AuddepeHIIIaIbHOE MoJIe, COCTOSIIEE U3 BCEX PAITMOHATBHBIX
bYHKIUI OT OZHOM MepeMeHHOM, MOXXHO pacCMaTpuBaTh Kak Audde-
peHIuagbHble oA GYHKINN, opeZiesieHHBIX Ha cdepe Pumana.

CdopmynupyeM cHOBa TeopeMy 1.2, UCIIONB3ys OIpeeneHus u3 ab-
CTpaKTHOM AuddepeHInaTbHON anre6pbl U KOHCTPYKIUIO PACIINPEHUS
byHKITMOHANMBHBIX U depeHIInaTbHBIX TONEH.
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TEOPEMA 2.1. @yHxyusa 00HOU KOMNIEKCHOU nepemeHHOU (803MOic-
HO, MHO203HAUHAsL) NPUHAOJIeNCUM

1) xnaccy anemeHmapHsix GyHKUULL, ecau U MOJILKO ecal OHA NPUHAO-
JIeHCUM HeKOMOpOMY 3JleMEHMAPHOMY PACULUPEHUI0 NOJISL 8CeX Payuo-
HAbHBIX PYHKUUL 00HOU nepeMeHHOT;

2) knaccy 06061eHHbIX 2eMEeHMAPHBIX PYHKUULL, ecU U MONBKO eCcauU
OHA NPUHAONIENCUM HEKOMOPOMY 0600UeHHOMY 2JleMeHMAPHOMY Pacliul-
PEHUI0 NOJISL PAUUOHALHBIX hyHKUULL;

3) knaccy PyHkuyuil, npedcmaguMsblx 8 K8adpamypax, ecau u moabko
ec/lu OHA NPUHAONENCUM HeKOMOPOMY pacuLuperuto JILysuiis nous acex
KOMNJIEKCHbIX KOHCIMAHM;

4) xnaccy gynkyuil, npedcmasumslx 8 k-keadpamypax, ecau u moJib-
KO el OHA NPUHAONeNcUm Hekomopomy k-pacwupenuro JIuysunns noas
8cex KOMNIEKCHbIX KOHCMAHM;

5) xnaccy gynxuyuii, npedcmasgumsix 8 0600WeHHbIX Keadpamypax, ec-
JIU U MOABKO el OHA NPUHaodnexcum obobujeHHoMy pacwuperuro Jluy-
BUJLLSL NONSL 8CEX KOMMJIEKCHBIX KOHCMAHM.

§ 3. UHTETPUMPOBAHUE SJIEMEHTAPHBIX OYHKIIUNU

OnemeHTapHble GyHKIUN AuddepeHIIMpoBaTh JErKo, HO WHTETPHUPO-
BaTh UX TpyAHO. Kak fokasan JIMyBWIIb, HEOMPeJETeHHbIM UHTErpal
OT ANeEMEeHTapHOU QYHKIMU OOBIYHO He SBJSETCS dJeMEHTApHON (QyHK-
LYEH.

TEOPEMA 3.1 (JIUYBUJIIA OB UHTETPAJIAX). HeonpedeneHHblll UH-
meepan y gyHkuuu f, nexcauieli 8 HyHKUUOHANLHOM OUPHepeHyUAbHOM
nosie K, npunadnexcum HeKomopomy 060061,eHHOMY 3JleMeHMAapHOMY pac-
WUPEeHUI0 3MO20 NOJSA, eCAU U MOALKO ecau 3mom uHmezpan npedcmd-
sum 8 suoe

b4 n
ﬂ@sz@&z%@fZMm&@, €
% i=1
20e A; npu i =0, ..., n — Hexomopble PyHkyuu u3 noas K.
CnEACTBUE 3.2. HeonpedeneHHblil unmezpan y om 0606uieHHOT d.e-

MeHmapHol gyHkyuu f seasemcs 0606ueHHOT IneMeHmapHol GyHKYU-
etl, eciU U MOJILKO ecaU OH Npedcmasum 8 guoe

Y@ =A@+ Y A InAy(2),
i=1
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20e A; npu i=0, ..., n — payuoHanbHble GYHKUUU ¢ KOMNIEKCHbLMU K03g-
duyuenmamu om @GyHkyuu f u ee NPOU3BOOHBIX.

Ampuopu HWHTerpaa OT 37eMeHTapHON (GyHKIMH f MOr OBl OBITH
O4YeHb CJIOKHOM aneMeHTapHoU ¢yHKiuel. Teopema JIMyBWLIA ITIOKa-
3bIBaeT, YTO HUYEro TAKOr'o CIAY4YUThCA He MOKeT. Mnum uHTerpan or
JleMeHTapHOU QYHKUIMHM HeaJeMeHTapeH, WIU OH MMeeT OIMCAHHBIN B
CJIeZICTBUH MIPOCTOM BUZ.

Teopema JInyBWIISA — IPKUY Pe3y/bTaT O Pa3perrmMOCTHd U O Hepas-
pelIMMOCTH YpaBHEHUH B ABHOM BU/E, HE CBA3aHHBIN C TEOPHUEU IPyIIIL.
B § 3 MBI IpUBEZIEM MTOJTHOE J0KA3aTENIbCTBO 3TON TEOPEMBI.

YcnoBue (1) u3 Teopewmsl JinyBWwuiA B auddepeHInanbHOU dopme
O3Hayvaer, 4yTo eMeHT f € K mpe/cTaBUM B BUZe

n A,
/ i
=+ g ®)
i=1
rae A; pu i =0, ..., n — HEKOTOpbIe 31eMeHTH mosia K. B abcTpakTHOM

mubdepeHINaNBHON anrebpe CcrpaBeAJUB aHAJIOT TeOPeMbI JIMYBUILIA.
B dopmynupoBke abCcTpakTHOUM TeopeMbl B KayecTBe K HY)KHO B3STb ab-
cTpakTHOoe AuddepeHINaNbHOE TI0JIe U BOCHONIb30BaThes yeaoueM (1)
B b depeHinanbHon dpopme (2).

Paccyxaenus JlnyBwuid (cM. [29]) ObLTH 3HAYUTENBHO YIIPOIIEHHBI B
pabotax [30], [31] (cm. Takke [28]). Jloka3aTenbCTBO C HEGOMBITUMU
M3MeHEeHUsIMU MPOXOAUT I abCTpaKTHBIX AnddepeHIInaTbHBIX TONeH.
[paBza, Tak Kak abcTpakTHble AuddepeHITaTbHbIE OIS JI HaC HEUH-
TepeCHBI, MBI He 00Cy’KjaeM CyIleCTBOBAHME HY)XHBIX HaM I10 X0y Zieia
pacumpeHuil moneit (ckakeM, cyiiecTBoBaHHe AuddepeHINaIbHOTO
TIOJISI, COZIEPIKAIer0 MHTErpaja HEKOTOPOro 3JeMeHTa 3aJaHHOTO AUd-
depennuanbHoro moss). Jnsa GyHKIMOHATBHBIX AUbbepeHITHaNTbHBIX
IoJel BOIIPOCH TAaKOTO POZa OYEBHAHBI M YK€ PACCMOTPEHBI BHIIIE
(cm. §2).

e MHOTHX 3/eMeHTapHbIX AuddepeHITMaIbHbIXx GOpM Teopema
JINyBWIA TTO3BOJIAT JIMOO HAWTH MHTErpas, JUO0 JOKa3aTh, YTO MHTeE-
rpasl He sABJIsgeTcs 06006IeHHOM ameMeHTapHON QyHKIMel. PaccMoTpuM,
HanpuMep, popmy a=R(z, u) dz, rme R — panuoHasbHasa GYHKIUS IByX
epeMeHHbBIX, a U — QYHKITUSA TepeMeHHOU z. Bompoc 06 ajeMeHTapHO-
cTy uHTerpasa GopMel @ B ciydae, korza u=In f, rae f — pauroHasbHasa
byHKIIUA TIepeMeHHOI 2, pa3obpaH B § 4. Ciyuai, koraa u =exp f, rae
f — panuoHanbHas GyHKIMS TepeMeHHOU Z, pa3obpaH B § 5.
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Bepercs nu vHTerpas ot anrebpandeckoil GyHKIIMN B IBHOM Buze?
[MuoHepckue paboThl AGess, 3aJ0KUBIIIME OCHOBBI TEOPUH ajrebpanye-
CKUX KPUBBIX U abeyIeBbIX MHTETPAIOB, ObLTH IIOCBSIIIEHbI 3TOMY BOIIPO-
Cy UIA CIIEIUaIbHOTO Kjacca anrebpandeckux GyHKIui. Vcmomb3oBa-
HUe TeOpHH aIrebpandecKuX KPUBBIX U TOIIOJOTHU [T03BOJIIET OBOJb-
HO TIONHO OOBSICHUTH IPUYUHBI HEJIEMEHTapHOCTH abejieBbIX UHTETrpa-
s0oB (cM. § 6). [IpaBza, MpoBepKa BBHIMOJTHEHUST HEOOXOAUMBIX U [IOCTa-
TOYHBIX YCJIOBUM 3/IEMEHTapHOCTH abeieBbIX MHTErpajoB U3 § 6 cama
ABJIAETCA HelpocToi 3azaveit (cp. [17]), KOTOpyio B 3TOM KHUTe MBI He
paccMaTpUBaeM.

CkakeM HECKOJIBKO CJIOB O TepMUHOJOrMU. HauuHasa ¢ 4eTBEPTOTrO
MyHKTa B § 3 710 KOHIIA § 5 TEpMUH «pallOHAIbHAA» QYHKITUSA UCIIONb-
3yeTcs B PasjMYHBIX CMBICIax. YToOBl M3b6exaTh HeJOopa3yMeHMU, czie-
JlaeM HeoOXoZUMbIe MosicHeHuA. Mbl OyzeM UMeTh ZIeJio ¢ mosieM F, mo-
POXZEeHHBIM HaZ 1oneM K OfHUM 3JIEMEHTOM t, TPAHCIeHAEeHTHBIM Ha/|
mosnieM K. ITose F ecTeCTBEHHO OTOXJECTBIAETCA ¢ mmojeM K (x) paiuo-
HaJIbHBIX QYHKIMHN HaZ rosieM K: KaXIblll aneMeHT g € F ABsgeTca 3Ha-
YeHWeM eJMHCTBEHHON paluoHaabHON GyHKIUU G € K(Xx) Ha aneMeH-
Te t. MbI OyZieM OTOXJECTBIATh AMeMeHT g € F Kak ¢ GyHKIMeH G, Tak
U c ee 3HaueHueM G(t) Ha anemeHTe t. Mbl GyZeM rOBOpPUTH 00 diie-
MeHTax 1oy F KakK O parroHaNIbHBIX QYHKIUAX, OyZeM pacKIaZbBaTh
3TH QYHKIMU B MpaBWIbHBIE Apobu U T. 4. Onepanus auddepeHnrpo-
BaHUA Ha nosnie F uHAynupyer onepanuio gudpdepeHunposanusa G — DG
Ha palyoHaIbHbIX QyHKUMAX. Onepauusa D 3aBUCUT OT ypaBHEHHUS, KO-
TOPOMY y/IOBJIETBODSIET JIEMEHT t: OHa uMeeT BuA DG = (a’/a)G’, eciu
t —norapudm snemenTa a € K, u sug DG(t) = a’tG'(t), ecnu t — dKCIIo-
HeHTa 2neMeHTa a €K. B §4 u 5 BcTpevaerca Takke mose K panroHastb-
HBbIX QYHKIIUA KOMIUIEKCHOH TepeMeHHOH. YToObI u3beKaTh Helopasy-
MeHU, TOBOPS 00 27IeMeHTax 3TOT'O oIS, MBI OyZieM OAYEPKUBATh, YTO
3TO pallioHaIbHbIe QYHKIIUU KOMNIEKCHOU nepemeHHOll z, ¥ ByaeM 060-
3HayaTh 910 mosne K cumBomom C(z).

3.1. Iinan gokasaresbcTBa TeopeMsbl JimyBwuisa. Ham Hazo moka-
3aTh, YTO eCU NPOU3BOOHAS 06001 eHHOT anemeHmapHoll PyHKyUuU y Hao
nosem K nexcum e none K, m. e. ecaiu y’ €K, mo ¢pynxuyus y npedcmasu-
Mma 6 sude (1). BeezieM /i 0606IIIEHHBIX IeMeHTapHbIX QYHKIWH Ha/
byHKIIMOHANBHBIM AuddepeHIaNbHBIM TT01eM K TIOHATHE CIO0XKHOCTHU.
CxaxkeM, 4TO GYHKIUA Y ABIAETCS 0600WeHHOTU a1eMeHMAapHoll yHKUU-

23



I'masa 1. Kimaccer oyHKIMI 1 Teopus JIMyBUIIA

ell crnoncHocmu He 8blute k Had K, ecyiu cyIecTByeT MOCIeJ0OBaTETbHOCTD
K =F, CF, C...CF, ¢yHKUNOHATbHBIX AuddepeHITNaNTbHBIX Monel F;,
B KOoTOpo# npu i =1, ..., k mone F; ABnAeTca pacummpeHueM mnomis F;_g
IIpYU TTOMOIIM A06aBIEeHUsA SKCIIOHEHTHI, Jorapudma win anrebpamnde-
cKo¥ GyHKIMU Haz moneM F;_ ;.

Teopema 3.1 foka3biBaeTCs MO0 UHAYKLIUU. IHAYKIIMOHHOE YTBEPXK/e-
Hue I(m): meopema Jluysunns eepHa 011 106020 00061 eHHO-2JIeMeH-
MAapHo20 UHMe2Pana y CA0NWCHOCMU He 8bllle M HAO Ji0bbM PyHKYUO-
HabHbIM Judpdeperyuanvhbvim nosem K. Yreepxkaenue [(0) o4eBUAHO:
€CJI MHTerpasl y JIeXUT B 1tosie K, To OH IpezcTaBuM B BuZe (1): y =A,),
rae Ao eK.

[Tyctb y — 06061IEHHO-2/IEMEHTAaPHBIN MHTErpal HaZl K CI0XHOCTH
He Bhilte k, T.e. Y’ €K, y€F, u K=F,CF, C... C F; —nocjieZioBaTeb-
HOCTb IIOJIel, B KOTOPOU KaxkJoe Tose F; momydaeTca U3 IpeAblAyInero
nons F;_; mpu momouy fo6aBlIeHus SKCIIOHEHTH], Jorapudpma Wwin a-
re6pandeckoil GpyHkimu Haz moneM F;_;. Tak kak y’ € F;, TO [0 UHAYK-
IIMOHHOMY yTBepxkeHuo [ (k — 1) MOXXHO CUHTATh, YTO

q
y :ZAi InR; +Ry, 3)
i=1
rie Ry, ..., Ry, Ry €F;.

[Mone F; momy4yeHo u3 nossg K mpucoeinHEHWEM WK anrebpandecKo-
ro d7leMeHTa, WK Jorapudma, WIN SKCIIOHEHTH HaJ oneM K. OTu Tpu
cay4yas HUWXKe paccMaTpuBarTcA oTAenbHO (cM. 1. 3.6). MBI mOKaxkeM,
yto ecnmu F; —anrebpandeckoe pacmupeHue mosis K, TO 3J€eMeHT Yy
MIpe/ICTaBIIsAETCSA Yepe3 3MeMeHTHl moyisi K GopMysioi, aHaaorndHou (3)
U cofepkallell TO XXKe YHUCIO ¢ JorapupMuyuecKux ciaraembx. Eciaum
F; monydeHo u3 K TIpu MOMOIIM JIOTapUGMUYECKOTO PaCIIUPEHUS, TO
¢byaKIIMA R, Mormma OBl cozepKaThb AAJWUTUBHBIA JIOrapupMIYeCcKUn
wieH, oAHaKo GyHKIMU Ry, ..., R, jorapudma cozgepxaTb HE MOTYT.
[TosTomy mpezcTaBieHUe y dyepe3 aleMeHTHl oA K uMeeT BUZ, aHaslo-
TUYHBINA (3), HO MOXeT cofep:xaTh g + 1 sorapudmudeckoe ciaraeMoe.
Ecu xe mome F; monydeHo u3 K NIpu NMOMOIIM 5KCIOHEHITMAJIbHOTO
pacIIrpeHwus, TO SKCIIOHEHTa He MOKeT BXOAUTH B GPYHKIMIO R, ¥ MorJia
65l BXOAUTh B yHKUMM R; mpu i > 0 TOIBKO B KadyeCTBE COMHOXU-
Tensd. [ToaTomy mocie jorapudMUpPOBaHUA IKCIIOHEHTA NpoMajaeT U
COOTBETCTBYIOIINE COMHOXKUTENIN CTAHOBATCA CjlaraeMbIMU, KOTOpBIE
pubaBIAIOTC K R).
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MbI NPUCTYNIUM K peajM3alliy 3TOT0 WHAYKIIMOHHOTO JIOKa3aTeslb-
cTBa B 11. 3.6. /[0 3TOr0 MBI yTOYHUM (HOPMYIUPOBKY TEOPEMBI JIMYBIILISA
(1. 3.2) u 06¢cynuM obIIre CBOICTBA paciupeHuii uddepeHInatbHOTO
TIOJIA CTelleHel TpaHCcleHAeHTHOCTU Hyb (11. 3.3) u oguH (11. 3.4), cpeau
KOTOPBIX BBIZIEISIOTCS MMPUCOEAUHEHUS UHTETPaia U SKCIIOHEHTHI HHTE-
rpana (1. 3.5).

3.2. YrouneHue Teopembl JInyBwuid. JJokaxkeM, 4TO 8 hopmyupos-
ke meopembl JILYBULIA MONCHO dobasums mpebogaHue JuHeliHOU He3a-
gucumocmu Ko3PpPuyueHmos A4, ..., A, Ha0 nojem payUoOHAIbHbLX UUCe
(cM. «TopHuecKyo» teMMy 3.4 Hibke). Hau"em ¢ oueBuzAHOM eMMEI 3.3.

JIEMMA 3.3. Ecau g=f1kl...ff", 20e k; — yenvte uucna u fi, ..., fu—

/

HeHleeebLe asleMeHMbl HeKOmopo2o JuddepeHyUanbHO20 Nos, Mo & —

g
=SkL
JJOKA3ATEJbCTBO BHITEKAeT U3 ToxzAecTBa JleiibHuna (Wiu u3s
paBeHCTBa JioraprudMa MPOU3BeAEHUA CyMMe JIorapudpMOB COMHOXKHUTE-
Jnen). |
PaccmotpuM Habop Aj, ..., A, HEHYJIEBBIX 2JI€MEHTOB /mc})c})epeHuH-

A} Al
anbHOTO Mo K W JMHelHyto KoMOUHAuo S = A, — 7, +...+ 4, —” ux

JoTapupMHUIECKHUX TPOU3BOAHBIX C IOCTOSTHHBIMU Koac})cl)HuHeHTaMH
Ay ey Ap€C.

JIEMMA 3.4. Ecnu uucna Aq, ..., A, 3a8ucumsl Hao nonem Q, mo 8
MyabmunaukamugHotl epynne G, nopoxcoeHHol siemenmamut Ay, ..., A,,
MOJCHO 8bLOPAMb MeHblLE Uem N ATIEMEHINO08, HeKOMOoPask JUHelHA KOM-
OuUHAYUS ¢ NOCMOAHHBLIMU KO3PPUUUEHMAMU J102APUPMUUECKUX NPOU3-
B00HbBLX KOMOPbLX pA8HA S.

fHOKABATE]IIJCTBO. MoxxHO CUMTaThb, 4YTO HU OJMWH M3 3JIEMEHTOB Ai
/

HE€ paB€H KOHCTaHTE: B IIPOTUBHOM CJIy4ae A—l =0 ¥ YUC/IO0 caaraeMbIX
i

B S MOXXHO COKpPaTUThb. Mo:xHO CYUTaTh, 4YTO r'pyIiIia G CBO60,Z[Ha 1 He

COAEPXKUT KOHCTAHT, OTIMYHBIX OT €JWHUIIBI. fﬂel‘/JICTBI/ITeJ'IbHO, HETpHU-

k
BUAIbHOE TOXAECTBO Aj' A’T‘1 =, I'Zle ¢ — KOHCTaHTa, 1o Jemme 3.3
/

Al
BJIeYeT 3a co60W HETPUBUAIBHOE JMHEHHOE COOTHOLIEHHE Y k7 =0,

KOTOpO€e TIO3BOJISIET COKPATUTh UHCIO claraeMbix B S. Eciu rpynna
G cBo6OHA, TO B HEll MOXKHO BHIOpaTh TakKue HOBBIE OOpasyrolne
m11 my, _ pMna m,

By,...,By,uto Ay =B, " ..B, ", ..., A,=B;" ...B,"", tae M ={m, ;} —
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TIpoOM3BOJIbHASA IeJlourcieHHas (n X n)-marpuiia c onpegenurenem 1. ITo

/ / /

geMmMe 3.3 uMeeM A' llB Lt +m1nB

HOM KoMOUWHalMel JorapudMUIecKUx POU3BOJHBIX AEMEHTOB B;. Jlo-
rapudmuyeckas npousBogHas GyHKIUU B, BXOAUT B 3Ty KOMOUHAIUIO
¢ koadpdunuentom A;m; 5 +...+A,m, ;. llyctb p1A; +...+ p,A, =0—
COOTHOILIIEHUe MeXAy KoadduiueHTaMu A, ..., A,, TAe Py, ..., P, — Le-
JIBIE YKCTIa, He UMeIoIre 00IIero AenuTess. BeibepeM IeI09uCIeHHYIO
MaTpuly M ¢ eJUHUYHBIM OIIpeZeNuTeNeM TaK, YTOOBI BBHITOIHSAINCH
PaBEHCTBA My = Py, ..., My 1 = P,. DTO MOXHO C/lelaTh, TAK KaK Heco-
KpaTHUMBIU 11eJI09MCIeHHbIN BeKTOp p = (Pq, ..., P,) MOXXHO JJOIIOJHUTD
no 6asuca pemtetku Z". TakoMy BBIOOPY MaTPHIbl COOTBETCTBYET HEKO-
TOpbIM Habop obpasyromux By, ..., B,. DieMeHT S ABAETCSI JTUHEHHON
KOMOWHAIMel JorapupMUIecKUX TPOU3BOJHBIX 3JI€MEHTOB B, ..., B,,.
JleMMa Jjoka3aHa. O

MEeI nokasany, 4To U3 TeopeMbl JINYBWLIA BHITEKAET ee YyTOYHEHUE,
chopMyIHpOBaHHOE B Havyaje 3TOro IMyHKTA.

. [ToaTomy S sAB/IAETCSA TUHEN-

3.3. Anrebpanyeckue pacimupeHus gudpdepeHHaTbHBIX MOJIEH.
[yctb K CF — dyHKIMOHANbHBIE AubdepeHIInanbHble monsi u PEK [x] —
HEIMPUBOAMMBIN OIMHOM cTelleHu n HaZ noneM K. [TycTs mosie F cogep-
’KUT BCe N KOpHEH Xy, ..., X, monuHoMa P. [lpu i =1, ..., n o603HAYUM
yepe3 K; nose, moiydeHHOe anrebpandecKUM IPUCOeIUHEHNEM K OO
K xopHa x;. [lona K; nsomopdHHI ApyT ApyTy: AMd Kaxgoro i=1,...,n
none K; usomopdHo daxrtopy K[x]/(P) xombija momuaomoB K [x] 1o
ugeainy (P), mOpoXZieHHOMY TTOJTMHOMOM P.

JIEMMA 3.5. /lna kaxcdozo i =1,...,n none K; 3amkHymo omHocu-
menvHo Jugdeperyuposarus. /Jns Ka%caou napst uHdexkcog 1 <i,j<n
omobpaxcerue, ocmasastouiee nosie K HenodguicHbM U nepegodsuiee ae-
MeHM X; 8 X, Npodoscaemcst 00 ouP@epeHyuansHo20 usomopPHuma no-
aett K; u K;.

JOKA3ATEJABLCTBO. Jlia noauHoma P(x) =x"+ alxn_1 +...+a, Hazg

oP 9P n—1
noziem K 0GO3HAUMM Uepe3 - 1 - COOTBETCTBEHHO IOTMHOMBI nX"~ ' +

+...+a,, ndjx" ' +...4+d/. Tak kax nonuHOM P HempuBoauM Haz K,
apP .
TO MONMHOM - He HMeeT 001X KOpHEHN C MOJTMHOMOM P U He paBeH
uymo B ose K[x]/(P). O60o3HaunM depe3 M IMOJUHOM CTEIIEHU MEeHb-
aP

P _
1I1e N, i KOTOPOT'O BBITIONHSETCS cCpaBHeHUEe M = mod P.
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Jlia Kakaoro KopHA X;, npoauddepeHnrpoBas B mose F TOXIECTBO

ap ,, 9P
P(x;) =0, moxy4aeM paBeHCTBO a(xi)xi + E(xi) =0, oTKyZa ciezyer,
uTo x| = M(x;). ITaK, Mpou3BoAHAasA 3IeMeHTa X; ABJACTCSA 3HAYCHUEM
B TOUKe X; IIOJIMHOMAa M, He 3aBUCAIIEro OT BeIbopa KOpHA X;. OTcioza

BBITEKAIOT 06a YTBEPKACHUA JIEMMBI. O

3.4. PacuiupeHusi CTENEeHHU TPaAHCUEJAEHTHOCTH OAHH. B 3ToM
IIyHKTE MIPUBOAATCA IPOCTHIE BHIUMCIEHUA, HA KOTOPBIX OCHOBAHHI JI0-
Ka3aTeJIbCTBO TeopeMsbl JInyBWiiA (1. 3.6) ¥ KpUTEpUU 3/IeMeHTapHOCTU
smorapudmudeckux (§4) v SKCIIOHEHIIMATBHBIX HHTETpaioB (§5).

[Tlycts K C F —mapa BioXeHHbIX JuddepeHINATbHBIX IONEN, Te
nosnie F kak mose (a He Kak AupdepeHIaIbHOe 1oe!) MOpoXKAeHO Haj
K opuuM anemeHTOM t € F 1 5/IeMeHT ¢t TpaHCLeHAEeHTeH Haz nonem K.
B aTOM ciy4ae mosne F MOXXHO paccMaTpUBaTh Kak CHaO)KeHHOe HOBOH
omepanyeil AupPpepeHINPOBaHUA TI0JIe PAIlMOHATBHBIX (QYHKIUNA Haj
nosieM K. JleicTBUTENbHO, KOXKABIA deMeHT mnons F mpezacTaBiseTcs
KaK 3HaueHHe Ha JIeMeHTe X =t eIUHCTBEHHOUN paIlMOHaIbHOU (yHK-
nuu G(x) Haz moneM K: fBe pa3muvHbIe pallioHaIbHble QYHKINU He
MOT'YT COBIIQ/IaTh Ha 3JIeMeHTe t, TaK KaK OH TpaHcleHAeHTeH Haj K. B
YaCTHOCTH, IPOU3BOAHAA t’ aneMeHTa t paBHsAerca G(t), rae G — pauuo-
HasbHas yHKIWA Ha moseM K. B aToit cutyanuu auddepeHinaabHoe
nosie F n3oMopdHO MO0 palMoHaNbHBIX (yHKIUN Hazg moneM K ¢
HOBOU omeparueii audpdepeHiupoBanus D, onpeseneHHOW GOpMyI0oi
Dy =Gy’, tae ¢’ —o6braHas onepanus guddepeHIrpOBaHus B MO
pauroHaNbHBIX GYHKIMHN HaZ AnddepeHTaNbHbIM oteM K.

Huoce mbl oepanuuusaemcs ciyuaem, kozda gyHkuus G, onpedensio-
was onepayuro oud@depeHyUPoBaHUs, A8ASIEMCS NOAUHOMOM P Had no-
siem K. Mot omoxcoecmensiem nose F ¢ nosem payuoHanbHbix @yHKyuil
Had nonem K, chabucenubix duddepernyupogaruem Dy = Py’. 1o nud-
dbepeHIIMPOBaHME TIEPEBOAUT KOJIbIIO TOTMHOMOB Ha/ 1oieM K B cebsl.

ParmonanbHas GyHKIUA Haj JIOObIM moseM K [OIycKaeT MyJbTH-
IUIMKaTUBHOE W aAJWTHBHOe IpeAcTaBieHus. HamoMHMM cBoiicTBa
STHUX MpeJCTaBIeHUN.

a. MyJbpTHUIUIMKaTUBHOE MpejcTaBiaeHue. Kaxayio paroHaIbHYO
byHKIMIO R MOYKHO IIPE/ICTaBUTh B BU/IE IPOU3BeAEeHUA

R=AP..P",

rae P; —HenpuBoAMMbIY HaZ K MOTMHOM €O CTapiiuM KoadGGuireHToM,
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PaBHBIM €JUHUIIE, kj—uenoe yucao u A—oanemeHT nona K. Takoe
Tpe/icTaBjleHNe eJUHCTBEHHO C TOYHOCTHIO JI0 TIEPECTAHOBKU COMHO-
JKUTeen.

6. AaAUTUBHOE IIpejcTaBieHUe. Kakayio paluoHaNbHYI0 QYHK-
IIMI0 R MOXKHO pa3jOKUTh B MPABWIBHYIO APO0Ob, T. €. TIPEJACTAaBUTh B
BU/IE CyMMBI

rae Q — nomMHoM, L j — HempUBOAMMBIA Ha/l K TOIMHOM €O CTapIIMM KO-
sddunmenToM, paBHEIM eAMHUIIE, Q,, ; — IOJUHOM, CTENEHb KOTOPOTO
MeHbIIe CTeNeHu MoiuHoMa L;. Takoe TpeacTaBieHre eIMHCTBEHHO C
TOYHOCTBIO /IO TIEPECTAHOBKY caraeMsix. ITomuHoM Q GyzieM Ha3bIBaTh
NONUHOMUANLHOUL cocmasasioweli Gyuknuu R. PasHocth R — Q Gyzem

. . Qm,j
Ha3bIBaTh NONAPHOI cocmasasioweil GyHKIMU R, cymmy Y. < 6yaemM
m J

. . Quj
HasbIBaTh L;-nonsproil cocmasasiowel GyHKIuU R, wieH —m B Lj-to-
JIIPHOM COCTaBJIAOIIEH, COOTBETCTBYIOIINN MaKCUMaTIbHOMN éTeHeHI/I m
3HaMeHaress, OyileM Has3bIBaTh CMAPWUM WieHoM L;-TIONAPHON cocTas-
JAOIEH, a 9ucIo m OyzieM HasblBaTh nOps0KoM L j-IONAPHON cOCTaBIA-
17011 (517 8

Crezyromiye JBa YTBEPXKAEHNUA OYeBUIHEIL.

YTBEPXKAEHUE 3.6. IIycmb nonuromst L u DL; 83aumHo npocmoL.
Toz0a dns ecsikoll payuoHansHoll gynkyuu Li-nonsphas cocmasasiowasn
ee npou3eooHol 3asucum auwsb om L;-noasproi cocmasasiowjell GyHk-
Qn
A
u Q —ocmamox om OesneHust nonuHoma (—m)Q,, DL j HQ NOUHOM L j» Mo

Q

LI’_II+1
J

yuu: ecnu — — cmapwuitl wiek Lj-noasiproti cocmasasiowetl Pynkyuu R

— cmapwuil unen Lj-noasiprotl cocmasnstoueti npousgooHoti DR.

YTBEPXKAEHUE 3.7. Ilycms P, — Henpugodumble NOJAUHOMBL C eOUHUU-
HBIMU CMApWuMu KoadduyueHmamu u Wy, — KomnuekcHole ucaa. Toeoa
P P
DP, Q
NOJAPHAS COCMABAAIOWAA GYHKUUU Y ,ukp—k pasua Y. ,ukp—k, 20e Q. —
k=1 k k=1 k
ocmamoxk npu OesieHuu noauxHoma DP, Ha noaunom Py (ecu IOTMHOMBI

DP, u P, UMeOT 00NN MHOXXUTENb, TO OCTaTOK Q) PaBEH HYJIO U €ro
He Hy)XKHO YYUTBhIBAaTh B HAIICAaHHOU CyMMe).

CkaxxeM, 4TO y a1eMeHTa g € F, paccmMarpuBaeMoro Kak 3HadeHHe
panuoHanbHON GyHKIMK G Haz moneM K Ha a/eMeHTe t, CYIIecTBYeT
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npedcmasnerue Jluysuwuis, ecnu GyHKINA G IpeACcTaBUMa B BUJE

q
Z DR;
G - AITZZ + DRo.
i=1
B sToM mpezcTaBIeHUN KaXKAYIO U3 PallMOHATBHBIX QYyHKIIUN R; pu
i=1,...,q 3anuieM B MyJbTUILINKAaTUBHOM BUJe R; :Al-Pl.’:il ...Pi’l‘iz , e
P- — HENMPHUBOAWMBIE HaJ K TOTMHOMBI CO CTapIIUM KO3bOUITUEHTOM,
paBHLIM eHUIIE, k — [esible ynucaa u A; — BJIeMeHT nosisg K. Bocronb-

DR;
30BaBIIUCH JJeMMO 3.3, TUHEHHYI0 KOMOUHAIIUIO Z Ai— JIOI‘apI/I(l)MI/I-
i=1
YECKUX HpOI/IBBO,Z[HbIX ¢byHKIMl R; peACTaBUM B BHZE CYMMBI JTHUHEMN-

A/
HBIX KOMOUHALUNI Z A= ﬂorapnc})MquCKHx [IPOM3BOJAHBIX 3JIEMEHTOB
i=1 P
A; ona K v TMHeNHbIX KOM6I/IHaLII/II/I Z M5 JIOI‘apI/I(l)MI/I‘{eCKI/IX po-
k=1
WU3BOJHBIX TIOJTUHOMOB Py.. UTak, ¢yHKIUA G, ZloTycKarolas mpeAcTaB-

JIEHHE JII/IYBI/UIJIH, 3allCbIBA€TCA B CJIEAYIOIIEM BU/JEC!:

Al DP,
G=> i+ S +DR,.
Ay
Hamra Givpxaifinas 1e1b — BEISICHUTD, KaK CBA3aHbI L j-TIOJIAPHbIE CO-

crassaronye GyHkuu G U QyHKIMH Ry u %. [IpuBeZieM BEIYUCIEHUS
A7A L;-TIONAPHBIX COCTABIAIIMX B CIy4ae, fcor/:[a HOMUHOMBI L; v DL;
B3aMMHO IIPOCTEL. B 3TOM ciydae u3 yTBepxJeHuii 3.6, 3.7 BHITEKaerT,
4TO eclu L;-moiApHasd COCTaBIAIIAA ¢yHKIIMK R, He paBHA HYJIO,
TO TIOPS/IOK L ;-MOJAPHOM coCTaBsiomell ee TPOU3BOAHOM DR, Goiib-
ule e/VHHUIIBI, B TO BPeMs KaK MOPAAOK L;-TIONAPHON COCTaBIAIOIIEN
smorapupMUIecKo IPOU3BOJHON — DL’ paBeH eauHUle. [Tonb3yAch 3TUM
3aMevyaHUeM, U3 YTBEP)KAeHUH 3.6, 3.7 JIETKO BBIBECTU TAaKUE CJIEICTBUS.

CneactBUE 3.8. Ilycms nonunomst L u DL; 83aumrno npocmut. To-
20a L;-nonapnasa cocmasasiowasn gynkyuu G umeem nopsaook, bonvwuil
eOUHULDL, eCAU U MOIbKO ecau Lj-nonspuas cocmasnarowas gyrnkyuu R,
He pasHa Hynio. B amom cayuae cmapwuil wnen Lj-noasiproti cocmagas-
rowell gynxkyuu G pasen cmapwemy wiery Lj-noasprotl cocmasnsowel
dynxuyuu DR,.

CneactBUE 3.9. Ilycme noaunomst L u DL; 83aumrno npocmut. To-
20a Lj-nonspras cocmasasiowas gyrkyuu G umeem nopsook, pasHbiil
eQuHULe, ecau U MONbKO ecau Lj-nonapuas cocmasasiowan gynkyuu Ry,
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I'masa 1. Kimaccer oyHKIMI 1 Teopus JIMyBUIIA

PABHA HYMI0, A 8 JUHEUHOU KOMOUHAuUU J102apudmMuueckux npouseoo-
DP, B
HbLX ecmb cdzaemoe ukp—k, 8 komopom P =L; u #0. B amom cayuae

cmapwuil unen L;-nonsprotl cocmasasiowetl ynkyuu G pagen cmapute-

o o ]
My unery L;-nonsproil cocmasnarowell gyHkyuu ,ukL—j.

3.5. IlpucoeauHeHUe HMHTerpajga U SKCIIOHEHTbl UHTerpana. B
STOM ITyHKTE MBI IIPO/IOJKUM BBIYMCJIEHUs, HAayaThle B II. 3.4, AJIA CIIy-
4ad, Korza rnosne F nonmydaerca npucoesnHenreM K nonto K vHTerpana
Haz noneM K ¥ 5KCTIIOHEHTHI MHTerpasa Haj monem K.

JIEMMA 3.10. ITycms t € F — mpaHcyeHOeHMHbLIl a1emeHm HAo nosem
K u L € K[x] — Henpugodumplil noaurom Hao nosem K. Tozda

1) ecnu t —unmezpan nad noaem K, m.e. t' = f, f €K, mo noaurombt
DL u L He umerom obuie20 MHOXCUMENS,

2) ecau t — skcnoHeHma uxmezpand Hao nonem K, m.e. t' = ft, f €K,
mo noauxomvt DL u L umerom o6wuti MHOXCUME b, eCU U MOJBKO ecauU
L=x.

JIOKA3ATEJIbCTBO. IIpexe BCEro, HAIMYME WM OTCYTCTBHUE 00IIe-
'O MHOXXUTEJIA y IOMUHOMOB L 1 DL He 3aBUCUT OT YMHOXKEHUA II0JIU-
Homa L Ha snemeHT a € K, a #0. OTo BUAHO U3 ToXJecTBa JlelbHua
D(al)=d'L+aD(L). Eciu t — unterpan Hag K, t' = f, To, JOMHOXUB, ec-
JIK HaZlo, TIOJTMHOM L Ha ayeMeHT 1osisA K, MOXKHO CUUTATh, YTO CTAPIINN
koo duIMeHT nonuHoMa L paBeH egunune, L(x) =x"+a;x" 1 +...+a,.
B sToM ciydae monuHoM DL = (nf +a;)x™ ! + ... MMeeT MeHbIIyIO CTe-
TleHb, YeM MTOJIMHOM L, 1 HUKaK He MOXeT JIeJIUThCSA Ha HePUBOAUMBIHN
TIOJIMHOM L.

Eciu ¢t — oKcroHeHTa uHTerpana Hag K, t' = ft, 1 HePUBOAUMBIH 1T0-
JIMHOM L He cOBIaZiaeT C MOJIMHOMOM L =X, TO JOMHOXUB L, eciv HaJo,
Ha 37eMeHT 1o K, MOXXHO CYUTATh, YTO CBOOOHBINA WIEH MOJUHOMA L
paBeH eauHule, L(x) =a,x" +...+ 1 (HEIpUBOAUMBII IOTUHOM HMeeT
HYJIEBOH CBOOOJHBIN WIEH, TOJBKO eciy L =X). B 3TOM ciTyyae MOTUHOM
DL = (a),+na,f)x" + ... UIMeeT Ty e CTeleHb, YTO ¥ MOTHHOM L, HO
CBOOOAHBIN WieH monuHoMa DI paBeH Hy0. [I03TOMy OH He MOXET Jie-
JIUTHCA Ha TIOJTUHOM L. O

3AMEYAHUE. lcnonb3ya TeopeMy Posid U BBIUMCICHUA U3 JIeM-
MBI 3.10, JIerKo IMOKasaTh, YTO Kakjas sewjecmeeHHas @yHxkyus Jy-
swuia (cM. [49]) umeem nub KOHEUHOe UUCIO BeleCMBeHHbIX KOpHell,
npuveM 3mo UUCA0 KOPHell MONCHO SI8HO OUeHUMb c8epXy (B YaCTHOCTH,
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§ 3. llHTerpupoBaHue dl1eMeHTapHBIX QYHKIMHI

byHKIUA sin He ABIAeTCS BellleCTBeHHOU GyHKIueln JInyBuwLIA) . Teopust
MasowieHoB (cM. [50]) cozepXuT Jajekre MHOTOMEPHbIE 0600IIEeHUS
OIIEHOK TaKOI'o po/ja.

JIEMMA 3.11. ITycms t € F — mpaHcuyeHOeHmMHbLil 3nemMeHm HA0 nojem
K, aenawowuiica unmezpaniom Had K, m. e. t' = f, 20e f € K, u nycms
Q €K[x] —nonuxom cmeneru n. IlpousgodHas anemenma Q(t) sasnsemcs
3HaueHuem Ha anemenme t noauroma DQ = fQ’. Ecau cmapwuii koadu-
yueHm noauHoma Q He KOHCMAHMa, mo cmenexs noauHoma DQ pasHa n.
B npomusHom cayuae cmeneHs noauHoma DQ pasHa n — 1. B uacmHo-
cmu, Q(t) —unmeepan Had K, ecau u moavko ecau Q =cx + b, 20e c—
koHcmaxnma u b € K.

JOKA3ATEJABCTBO. Ilycth Q = a,x" + an_lx“_1 + ... Tornga DQ =
=a,x"+(a,_;+ na, f)x" '+ ... MHoroures DQ uMeeT cTeleHb, MEHb-
IIyIO YeM N, €CJIU U TOIbKO €CJIU 2JIEMEHT d,, ABIAETCS KOHCTAHTOM, T. €.
a, =c; € C. DTOT MOIMHOM He MOXKeT UMEeTh CTelleHb, MEHBIIYI0 YeM

/
) = f. Tak KaK
ncy

—a,
t'=f,Tot= # +¢,, TE ¢, €C, U, cnenoBaTenbHo, t € K. BrioueHne
1

o / —dp_q
n — 1. [ledcTBUTENBHO, €ClU a,_, +na,f =0, To (—

t € K IpOTUBOPEYUT TPAHCIIEHIEHTHOCTH d/1eMeHTa t Haz moieMm K. [
JIEMMA 3.12. [Iycms t € F — mpaHcuyeHOeHmMHbLL a1emeHm HAo nosem
K, aensowuiics akcnonenmotl unmezpana Had K, m. e. t' = ft, 20e f €K,

unycms Q(x) = Z akxk — noawurom Jlopaxa Hao K. [TpousgoodHas ane-
m<k<n

menma Q(t) pasna DQ(t), 20e DQ(x) = Z (a;< + kakf)xk—nwluHOM
m<k<n

Jlopana, koagduyuenm a, +kay f komopozo He pasen Hymo, ecau k #0

u a; #0. B uacmrocmu, anemenm Q(t) siensiemcs unmezpanom Hao K,

ecau u moavko ecau noaurom Jlopana Q coenadaem co ceoum c80600HbIM

YeHOM Q.

JIOKA3ATE/NBCTBO. [lokaxeMm, 4To ecinu k # 0 u a; 7 0, To K03dpPu-
LIUEHT a;c + ka, f He MOXeT ob6paniaThCsa B HyJb. JlefiCTBUTEIHHO, B MPO-
TUBHOM CJIydae 3JeMeHTHI d; ¥ t X yIOBIeTBOPAIOT OZHOMY U TOMY e
snddepeHIMaTbHOMY ypaBHeHno: a, = —kfa, u (t7°) = —kt*1ft =
= —kft™*, oTkyma cneayet, uro t~ ¥ = ca, TAe c—KOHCTaHTa. 3HAYMT,
2JIeMeHT t anrebpanyeH Haj moaeM K, 9TO TPOTUBOPEUUT MPEATIONONKeE-
HUIO O €ro TPaHCIeHJeHTHOCTH. O

3.6. /JlokasaTtenbcTBO TeopeMbl JImyBwuiA. BepHemca K fJokasa-
TeJNIbCTBY TeOPeMBbI JINYBUILIA.
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I'masa 1. Kimaccer oyHKIMI 1 Teopus JIMyBUIIA

a. CiyJaii anreGpandyeckoro paciuupenus. [Iycts moie F; =K (x;)
nosydyeHo u3 K mpucoenHeHUEM KOPHA X HENPUBOAUMOro Haz K 1o-
nuHoMa P creneHu n. Kaxx/plil anemMeHT 1o F; ABIAETCA 3HaYeHUeM Ha
X7 HEKOTOPOro IoJWHOMA Ha/ nojeM K crerneHu MeHblue n. ITo uHAyK-
IIMOHHOMY IPEAIOIOXEHHUIO CYIeCTBYIOT IOMUHOMBI My, ..., My u M,
CTEIIeHU MEeHbIIIe 1, TaKue 4TO

(M;(x1))’ ’
f= ZA o T (M)’
Ilycts F —zmd)tl)epeﬂunam;ﬂoe 1ose, Iojy4yeHHoe us K npucoesuHeHu-
€M BCeX KOpHeH Xy, ..., X, momuHoMma P, u K(x;) —nogmnone B F, mony-
YeHHOe NpucoelnHeHNeM K K anemeHTa X;. B city nzomopdusma mnosneit
K(x1), ..., K{x,) ansa xkaxxgoro k=1, ..., n (cMm. 1emmy 3.5) umeem

f= ZA ROV 1 (Mg ()"

Bo3bmeM B mosie F cpefiHee apudMeTHIECKOE TTONyYEHHBIX N TOXKIECTB.
CormacHo jeMMe 3.3 ZJIsT KaXK/JoTo | UMeeM
M; () _
M; (xz) Q’

B} 1
rae Q;=M;(xy)...M;(x,). dnemeHTH Q; U Q= - (My(xq) +...+My(x,))
CUMMETPHUYHO SaBI/ICHT OT KOpHeH MOoJMWHOMA P Y MO3TOMY JIeXKaT B IO-

A Q
ne K. Utaxk, f = Z +Q0, rae Qq, ..., Qq, Qo €K. B ciyuae anre6pa-

UYeCcKOTo pacmnpeHI/m K C F, MHAYKIIMOHHBIN 1Iar CZe/aH.

6. Cityyaii nmpucoeanHeHus jJorapudma t. [Iycts none F; nmonrydyaer-
¢ u3 K mpucoefuHeHUEM TPaHCIleHeHTHOTO HaJ K aneMeHTa t, ABIS-
romerocs jorapudmom Hag K (1.e. t' =a’/a, rae a €K). Jlorapudm Haz
nosneMm K sABJseTcs MHTErpasoM Haz mojeM K —ero npoussogHas a’/a
nexuT B mosie K. Mbl paccMaTpuBaeM F; Kak IMojie paliioHaIbHBIX QYHK-
uit Haz mosneMm K ¢ omeparuedt auddepennuposanus Dy = (a’/a)y’.
[To memme 3.10 kaXABIM HETIPUBOAUMBIN ITOJWMHOM L B3aMMHO IIPOCT CO
cBoel mpousBogHOM DL.

[To MHAYKIMOHHOMY INIPEAIONIOXKEHUIO IeMeHT f JOIycKaeT Ipea-
craBieHue JInyBwiIA Haz nosneM Fp, T. e. (cM. 1. 3.4) anemeHT f 3amu-

ChIBA€TCA B BHU/IE
Z Al Z DPk
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§ 3. llHTerpupoBaHue dl1eMeHTapHBIX QYHKIMHI

[Mpumenum ciezpcTBua 3.8 u 3.9 k dyHKIMY G = f, He 3aBUCALIEH OT t.
Tak KaK Bce L;-TONAPHbIE COCTaBA0MMe GYHKIMU f PABHBI HYJIIO, TO
PaBHbI HyJIO BCe L ;-TIONApHbIE COCTaBJIHI-OH.II/Ie ¢byukunu R, u Bce Jyora-

pudMUYecKye WIEHHI Uy PP T.e. f=). Al Y .+ DQ, rae Q — HOTMHOMY-
aJbHAsg COCTABJIAIOIIAA cbyHKuHH R,. HpOI/ISBO,Z[HaH rosiMHOMa Q JIOJIK-
Ha jexaTh B mosie K. ITo ntemme 3.11 umeem Q(t) =ct + A, e ¢ — KOM-
IiekcHas koHcraHTa u A € K. Ilo yenosuto t =a’/a, mostomy

/ /
f= Zki%+c%+A/.
B ciyvae sorapudmuyeckoro pacimvpenus K C F; WHAYKITMOHHBIN IIar
cZiesaH.

B. Ciy4yail mpucoeAHeHUs 3KCIOHEHTHI t. [IycThb mone F; momy4a-
etca u3 K mpucoesHeHeM TpaHCIleHZeHTHOro Has K anemeHTa t, AB-
JIAoLerocs aKcIoHeHTol Haz K (1. e. t' =a’t, tae a € K). DKCIIOHEeH-
Ta Haj noneM K ABAAETCA YaCTHBIM CJIydaeM SKCIIOHEHThI MHTerpaja
Haz moneM K. MblI paccmaTpuBaeM F; Kak Tojie pallMOHATbHBIX (QyHK-
nuii Haz oieM K ¢ onepanueit guddepenumposanus Dy = (a’t) ’. Tlo
nemme 3.10 KaK bl HENPUBOAUMBIN [OTUHOM L; 7 X B3aMMHO TIPOCT CO
CBOEU TPOU3BOJHOM.

[To MHAYKIMOHHOMY TIPEATIONOXKEHUIO TeMEHT [ AOMyCKaeT Mpea-
craBieHue JInyBwina Haz nosneM Fy, T. e. (cM. 1. 3.4) anemeHT f 3amu-

CbIBA€TCA B BHUE
P XA S ok,

[MpumeHuMm ciezactbus 3.8, 3.9 k c]>yHKuHH G = f, He 3aBUCAIIeH OT t.
Tax kak Bce L;-TioNApHbIe COCTaB/AIME QYHKINK f PABHBI HyJIO, TO
npu L; 7 X paBHBI HY/IIO BCe L;-TIONAPHbIE cOoCTaBsiomue GyHKIMK R,

DP;
U Bce jjorapupMUIecKue WIeHBI U —— p > TAe P.#x, T.e.

_ Ai am Dx
f=2 kg + 2 0(5) +uT+De
rae Q — IOMMHOMUAIBHAA COCTaBIIAoman GYHKIMY R (B mpaBoii yacTu

MBI ZIOJKHBI COXPAHWUTD TPOM3BOAHYIO ) D( OT X-IIOJIIPHOU YacTu

byHKIIMY R U TorapupMUYecKuil wieH ,u—)
Dx
[To ompezesneHuIo 3HaUYeHUE palfMOHAJIbHON QyHKINU p-- Ha are-

MeHTe t paBHO ua’ € K. TlosToMy IpoM3BOAHASA D(Q + Z x—m) JIEXKUT
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I'masa 1. Kimaccer oyHKIMI 1 Teopus JIMyBUIIA

B niosie K. ITo nemme 3.12 3TO BO3MOXKHO, JIMIIb €CIU NOIUHOM JlopaHa
a.
Q+ Z t—,’:} COBIIaZIa€T CO CBOMM CBOOOZHBIM WwieHOM A. MimeeM

A/
f :kaﬁ—l—(ua—l—A)’.

B ciygae skcrioHeHmanbHoOro pacuiupenus K C F; UHAYKITMOHHBIN 1Iar
CZiesIaH.
Teopema JInyBWLIA 006 MHTErpaiax JoKa3aHa.

§4. MHTETPUPOBAHMUE <I’YHKLII/If/'I, COJEPXAIIUX JIOTAP®M

B sTom maparpade IpUBOAUTCA KPUTEPUN 37IEMEHTAPHOCTH HEPBOOO-
pasHbix 1-bopm Buga R(z, u) dz, rae R — panuoHanbHasA GyHKIUS JBYX
IepeMeHHBIX, % — KOMIUIEKCHasA IepeMeHHasd W U = Ina /yid HeKoTo-
po¥i panpoHaIbHOU (YHKIUM ad KOMIUIEKCHOW MepeMeHHOU Z. J[pyru-
MU CJIOBAMH, IPUBOAUTCA KPUTEPUIN dl1eMeHTapHOCTU MHTErpajloB OT
byHKIMH, Texanyx B JorapudMudeckoM pacimrpenun F auddepeHu-
anpHOro oA K pauroHanbHBIX GYHKLIMH KOMIUIEKCHON ITepeMeHHOM 2,
T.e. K=C(z), F=K(t),t'=d’/a, a€K.lone F MbI 6yzeM paccCMaTpUBaTh
KakK ToJie palfuoHa bHbIX GYHKIMN Haj noneMm K c¢ omepanueit audode-
peniupoBanusa D, tie Dy = (a’/a)¢’ (cMm. BBeseHue K § 3 u 1. 3.4).
CornacHo Teopeme JlnyBwiias GyHkiua G(t) € F uMeeT aJeMeHTapHbIN
HHTerpaJl, ecjii U TOJIbKO eC/IU OHA NpeAcTaBuMa (cM. 1. 3.4) B Buze

G = ZA%JFZM,(DP—}:‘ +DR,.

BBezieM HECKONMBbKO OmpezesieHnit. Kpamuocmylo HeHy/neBoii L;-1io-
JIIPHOM CcOCTaBAMOIIEed panroHaNbHOU (yHKIMM R Ha30BEM YHCIIO
q — 1, rme g —mopsaAoK 3TOU cocTraBisdiomiel. bysemM roBoputh, 4TO
L;-mionsApHas COCTABJAIOIIAA HEKPAMHA, €CIA €€ KPaTHOCTb PaBHA Hy-
qt0. ByzleM TOBOpHUTbD, UTO pariioHasbHasd QYHKIUA R UMeeT HekpamHyro
NONAPHYI0 COCMABNANOWLYIO, €CTM HEKPATHBI BCe €€ L ;-TIONAPHBIE COCTaB-
JIIOIIYeE.

4.1. Tonapuas yacTh uHTerpana. Oyukiyo ¥ 6yZieM Ha3bBaTh N0-
JISIpHOTL wacmwio uHmezpana GyHkimu G, eCiv MOTMHOMHUAIbHASA COCTaB-
nsromias GyHKIuM W paBHA HYJIIO U MTOJMAPHAS COCTaBIAIONAA GYHKIINMU
G — DV HekpatHa. /s kaxcdotll pynkyuu G cywecmeyem He 6osiee 00HOI
NONSIPHOTL uacmu uHmeepand. JIeAiCTBUTENbHO, pa3iuyHble GyHKIUU W
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8 4. VIaTrerpupoBanue QpyHKIMH, cofep:Kalux Jorapudm

u V,, He UMeIINe MOTUHOMUATbHBIX COCTABJIAIONINX, JOMKHBI UMETh
pasyv4Hble L;-TIOJIsIPHBIE COCTABISIONINE A1 HEKOTOPOTO MONMUHOMA L ;.
JJi aTOTO MONMHOMA L j-TI0oNIsIpHAst cocTasisiomas Gynkuuu DWW, —DW,
HMeeT MOJIOKUTENbHYIO0 KpaTHOCTh. IloaToMmy dyHKUMM ¥, u ¥, He MO-
T'YT OZIHOBPEMEHHO OBbITh TOJSIPHBIMU YaCTSIMH WHTerpasia GyHKIuu G.

YTBEPKAEHUE 4.1. /[na kancdoil pynkyuu G cyujecmeayem noasspHas
yacms uHmeepana. bonee mozo, ee MO CHO S18HO 8bIUUCAUMD NO HAOOPY
L;-nonspHbIxX cocmasasiowux gyHkyuu G, UMEouux noioNCUmensHyto
KpamHocmb.

JOKA3ATEJIbCTBO. OnuieM UTepaIOHHOE ITIOCTPOEeHHE MOIAPHON
YacTU WHTerpasa. Ha kaxzioM 1miare McxofHas 3ajilada CBOAUTCA K aHa-
JIOTUYHOM 3a/ja4e /Ijisi HOBO¥ pallioHaIbHOU QYHKIINHU, UMeIoeH MEHb-
IIYI0 CYMMapHYI0 KPaTHOCTb IIOJIAPHBIX COCTABJIAIONIINX.

[TycTb 4711 HEKOTOPOTO TIOMMHOMA L ; CTEeNeHu p CTapui WieH L ;-1o-
JIIpHOM cocTaBysiiomiel ¢pyHkuuu G paBeH Q/L;.““, rae Q — IOJIVHOM
cTernleHW MeHbIte p u m > 0. BreibepeM monuHoM T CTENEHU MeEHBIIEe
P, TaKOM YTO CTapIMA WieH L;-TOJAPHOM cOCTaBiAromen GyHKIMU

D (le) paBeH Q/L;”H, T.€. (—m)T DL; =Q mod L;. O603Ha491M Yepes
j

l; monuHOM, 1711 KOTOPOTO BhINONHAETCA cpaBHenue (DL;)[;=1 mod L;.
[MonuHOM [ j AAIBHO CTPOUTCA II0 MOMMHOMY DL; IpY MOMOIIX alrOpuT™Ma
EBxyimzga (HamoMHHMM, YTO HOJUHOMEBI DL ju L ; B3aWMHO TIPOCTEHL).
Temepdb OCTATOYHO BHIOpATh B KadyecTBe MOJAMHOMA T OCTaTOK IMPU
JeJleHnH moarHoMa QI ; /(—m) Ha monuHoM L i

Oyukmyst G, =G —D(T/ L}") MMeeT MEHBIIYI0 CYMMapHYIO IOJIAPHYIO
KpaTHOCTh, 4eM ¢yHKUMA G. [I03TOMy MOXKXHO CYHTATh, YTO IOJIAPHAS
yacTh W, uHTerpana GyHKIuu G, y:ke HalijeHa. [10 MOCTpOeHUIO MOsAp-
Has JacTb ¥ uHTerpana ¢pyHkiuu G paBHa W, + T /L;.". O

YTBepxzeHue 4.1 CBOAUT 3aZady MHTETPUPOBAHMA palliOHAJIbHBIX
bYHKIIMH K 3a/1a4e MTHTErPUPOBAHNS PALMOHAIBHEIX QYHKIINI C HeKpa-
THOU TOJIIPHOU COCTABJAIOIEN.

4.2, Jlorapudmuyeckas yacTb UHTerpana. [Iyctb G — paoHasb-

Hasg QYHKIVA, UMelolas HeKPaTHYIO MOJIpHYIo 4acTb. PyHkuua & =
DP

=>" Uk P—k, rze P, — HenmpuBOAMMBIE TIOJUHOMBI C e IMHUYHBIM CTapIIUM
k

K03pPULINEHTOM, a ) — KOMIUIEKCHbIE YHCJIa, Ha3bIBAETCS J102apudmu-
yeckoll wacmoto uHmeepana dyHkiuu G, ecnu GyHkuus G — & aBiseTcs
TIOTMHOMOM.
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I'masa 1. Kimaccer oyHKIMI 1 Teopus JIMyBUIIA

PaccMoTpyM azzuTHBHOE TpezcraBieHue (yHKunu G, UMerolei
HEKpAaTHYIO0 MOJIAPHYIO COCTaBJAMINYIO: G = ogsn Q; /L j+Q, roe L;—
HENpPUBOAMMBIE TIOJMHOMBI C €JUHUYHBIMH CTapUIMMU KoddUINeH-
Tamu, Q u Qj—l'[OJII/IHOMbI, IpuYyeM CTeleHb MOJINHOMa Qj MeHbIIle
CTeNeH! MoarHoMa L.

YTBEPKAEHUE 4.2. [Iycmb onpedeneHHas svlile PyHkuyus G npeo-
cmasuma 8 ¢opme Jluysunns. Toeda ons kaxcdozo j, 0 < j < n, evnon-
HSeMcsi MoHoecmao Q;j=u;DL;, 20e W; — KOMNJIeKCHOe yuco. IIpu ebl-
nosimeHuu amux ycaosuil gyriuus d=Y . Q;/L; pasnsemca npoussoorot
dyrryuu Y, U ;i In L; u aenaemca nozapugmuueckoll uacmoio unmezpana
dyHxuyuu G.

JOKA3ATEJILCTBO. MBI UMeeM [Zieio C JOTapuPpMUIECKUM pPacIIu-
penueM nons K. Ilpoussognas DL; nomrHoMa L; MMeeT MEHbIIYIO CTe-
TIeHb, YeM TIOJIMHOM L;, Tak Kak cTapumii Koapouurent nonmHoma L;
paBeH ezuHuIe. [109TOMY CTApIINi WiEH L;-TIONAPHOM COCTaBIAOLIEH
byHKITMH % paBeH %. DTO BBIUMC/IEHUE CBOAUT yTBEpXKZAeHUE 4.2 K
crneacTBuaM 3.8, 3.9. ' O

CAEACTBUE 4.3. ®PyHkyusa G, y Komopoil pasHa Hyt0 NOAUHOMUANb-
HAA cocmasaanwas, a NOJAPHASA COCMABAAWAA HEKPAMHA, UMeem -
MeHMApPHbLI UHMe2PAL, eCU U MOJILKO ecall 051 Hee 8bINOJIHAIOMCS YCI0-
8usi ymaepacoeHus 4.2.

Kak mpaBuiio, 419 pauyoHaNbHBIX QYHKINHN, UMEIOINX HEKPaTHYIO
NIOJIAPHYIO 4acThb, YCJIOBUA YTBEpXKJAeHUA 4.2 He BBINONHAIOTCA. [ToaTo-
My, KaK IIPaBIIO, Takue QYHKIINN UMeIOT HeaJleMeHTapHbIe NHTerDAJIbL.

[TpumEeP. IlycTh f, g — palvoHasbHble GYHKUMM IepeMeHHOU z,

npuueM GyHKIMA f He paBHa KoHCTaHTe. Torza uHmezpan f % s6-
asiemcst 0606weHHOll anemeHmapHoll yHkyuell, ecau U MoJbko ecau
dynryusa gf /f' moncdecmesenro pasra koHcmawme. B 4aCTHOCTH, UHTE-
rpan f lﬁ—zz HedJIeMeHTapeH.

4.3. UHTerprupoBaHHe MOJMHOMA OT Jiorapudma. IlycTs Temepb
G —nonuHoM, G(t) =a,t"+...4+a,, t'=d’/a u q,ay, ..., a, €K =C(z).
JlByanen A, =ct""1 + b, t" HazoBeM n-ii noAUHOMUATLHOTL KOMNOHEHMOT
unmezpana G, eciy nomuHoM G — DA, UMeeT CTelleHb, MEHBIIYIO YeM M.
MsI 6yzeM MOIb30BaThCsA TEM OOCTOATENBCTBOM, YTO 3MEMEHT d, QUTY-
PHUPYIOLIUI B OIpe/iesieHun joraprudmudeckoro pacimpenus F =K (t),
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t'=a’/a, u koabdureHTs ) MoMUHOMAa G ABJIAIOTCA PAIlMOHATBLHBIMA
GYHKIIMSAMM KOMIUIEKCHOM TIepeMEeHHON 2. PacCMOTpUM Ciefylolue
aBe 1-popMBI KOMIUIEKCHOW TepeMeHHO# z: (a’/a) dz u a, dz. Bygem
paccmMaTpHBaTh BEIETH res,(a’/a) dz u res, a, dz 3Tux $opM B TOUKe q
KOMILIEKCHOM TIpAMOU Kak GyHKITUU ToukH q € C (3TH QYHKIMHM Ha KOM-
TUTEKCHOM TIPSIMO# paBHBI HYJIIO BCIOZY, KPOME KOHEYHOT'O YHC/Ia TOYEK).

YTBEPKAEHUE 4.4. Ecnu noauvom G = a,t" + ... cmenenu n >0
npedcmasum 8 gopme JIuysunns, mo O0Ns1 HEKOMOPO20 KOMNJIEKCHO20
uucna p ons nobott mouku q € C gvinonnsemes mojcoecmeo res, a, dz=
= ures,(a’/a) dz. Ilpu evinosHeruu 3moz0 ycno6us cyujecmeyem 0ey-
unen A, =ct"" +b,t", 6 komopom koapPuyuenm c pasen u/(n+ 1),
a koagduyuenm b, asnsemcs payuoHanvHol @yHKyUel KOMNIEKCHOU
nepemeHHoOl %, onpedeJleHHOIl ¢ MOUHOCMbI0 00 A00UMUBHOU NOCMOSIH-
Hoil pasencmeom b, = a, — ua’/a. Dmom dsyunen A, ssensemca n-i
NONUHOMUANBHOU KOMNOHeHmoll unmezpana G.

JOKA3ATE/NBCTBO. IlycTh monmuHOM G TpefAcTaBuUM B ¢dopme JIny-
BwLIA (cM. 11. 3.4). VI3 cnegctrBuii 3.8, 3.9 BUAHO, YTO IOJUMHOM G JOJKEH
OBITh IIPOM3BOAHOM HEKOTOPOro monuHoMa Gy, T. e. G =DG,. CoracHo
nemme 3.11 cTapirye MOHOMBI MONUHOMA G, UMeIOT BUA G, = ct"*! +
+b,t" + ..., Toe ¢ — KOMIUIEKCHasd KOHCTaHTa (BO3MOXKHO, paBHas Hy-
m10). TudpdepeHNMPYS, TOTyIUM

DGy(t) = ((n+D)c(a’/a) +b)t" + ...

PanmonanbHas GyHKUUA b, KOMIUIEKCHOHM IepeMeHHOH z [o/KHA Y70-
BJIETBOPATH ypaBHeHMIO b =a, — (n+ 1)c(a’/a). 10 ypaBHEeHNE MMeeT
paloHaNbHOE pellleHre, eCId U TOJbKO €C/IU BCe BBIYETHI (HOPMBI
(a, — (n 4+ 1)c(d’/a)) dz paBHBI HyMIO, OTKyZa BBITEKAET YTBEPXKIE-
Hue 4.4. O

Kak mpaBwio, A1l IOTMHOMOB MOJIOXKUTENbHOM CTETIEHU N YCIOBUS
yTBep)KAeHUs 4.4 He BBIMOTHAIOTCS, TO3TOMY MOJIMHOMBI OT JIoTapud-
MOB OOBIYHO UMEIOT HealleMeHTapHbIE UHTETPAJIBL.

[TpumEeP. IlycTh f, g— paloHa/ibHble (QYHKIUM TIEepeMEeHHOU gz,
npuyeM GYHKIMS f He paBHa KOHCTaHTe. Torga uxmezpan f gln fdz
sensiemces 0606uweHHOU aiemeHmapHoll pyHKyuel, eciu U MOIbKO ecau
Pynryua g npedcmasuma e sude cf’/f + ¢’, 20e ¢ —koncmanma, a ¢ —
PayuUoHANbHAs PYHKYUS. B 4aCTHOCTH, HEdNleMeHTapeH UHTETrpas

Inzdz
z—1
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4.4. NaterpupoBanue QyHKIMH, JIeXKalIUX B IOTapuPMIIeCKOM
pacunpenuu moss C(z). Mbl IpUXOAUM K TIPOLEAYPE, TO3BOMAIOIIEN
nn60o Hailitu uHTerpan GyHkuuu G, mub0 A0Ka3aTh, YTO STOT UHTETPAJ
He 6epeTcs B 06006IEHHBIX 37IeMEHTAPHBIX QYHKIINAX.

[lar 1. Eciu panwoHanbHasg ¢GyHKIUA G UMeeT KpaTHYIO IOJsAp-
HYIO COCTaBJIAIONUIYIO, TO, MONBb3YACh YTBEpKAeHUEeM 4.1, MOXKHO HaWUTHU
nossApHyto 4acth W mHTerpana ¢yHKOUKM G U nepedTH K GyHKIUA
G,=G — DV, y KOTOpO} NoJApHadA cocTaBAoIIasd HeKpaTHa.

Mlar 2. [insa panuoHasbHON OYHKIMK G, ¢ HEKPAaTHOH IOIAPHOMN
COCTAaBJIAIOIIEN HYXHO IIPOBEPUTH BBIIIOJMHEHUE YCIOBUH yTBEpKZe-
HuA 4.2. Ecii 3TH yC/IOBUS He BBIIIOJMHEHBI, TO MHTerpan ¢yHkuuu G
He OepeTcs B 00OOINIEHHBIX AMEMEHTapHBIX QYHKIUAX. Eciu ycmoBus
YTBEP)KJAEHUA 4.2 BBIMOTHEHBI, TO MOKHO HAWTU JIOTapUPMUIECKYIO
yacTh ¢ uHTerpana ¢pyHkiuu G,. I1o mocTpoeHuIo uHTErpan GyHKINU
® sgBseTca TUHeHHON KoMOWHanue# sorapudmos, a pyHKIUI G, — P
ABJISAETCA MOMTMHOMOM G, HEKOTOPOU CTeIeH! .

[lar 3,. [na nonuHoMa G,, Hy>KHO IIPOBEPUTH BHINIOJIHEHNE YCIOBUMN
yTBepxkzAeHus 4.4. Ecu OHM He BBIITOJTHEHBI, TO UHTerpas GyHKIUU G
He OepeTcs B 0OOOINEHHBIX MEMEHTapHBIX QYHKIUAX. Eciu ycmoBus
YTBEPKJEHUA BBIIIOIHEHBI, TO MOXKHO HaWTH ABYWIeH A, , ABIAOLMNCA
n-# MOIMHOMUATBbHOM KOMIIOHEHTOMN MHTerpasa nonuHoma G. OyHKIusa
G,— DA, aBrdeTca nonuHoMoM G,,_; creneHu n — 1.

llaru 3,_4, ..., 3;. [loBTOpsAA mpoueaypy mara 3,, Mbl 160 Gyzem
MEPEXOAUTD K ITOJTMHOMAM BCe MeHbIel U MeHbIIIeH cTeleHu, 160 Ha
HEKOTOPOM Iare JJoKaXkeM HeaJleMeHTapHOCThb MCXOAHOI0 NHTerpaJa.

[lar 3,. Ecau Mbl goiizieM Ao monuHoMma G, HyJeBOH CTeleHU, TO
HCXOJHBIM MHTEr'pa d1eMeHTapeH. JleficTBUTeNbHO, IOJTMHOM HYJIeBOH
CTETMEHU — 3TO pallMOHaIbHas (QYHKIUA KOMIUIEKCHON TepeMeHHOU Z,
Y MHTETpaJ OT Hee Bcerza 6epeTcs B a7leMeHTapHbIX QyHKIIHAX.

§5. MHTETPUPOBAHMUE lIJYHKI_[I/Ifl, CONEPXAIINX DKCIIOHEHTY

B sToM maparpade TpUBOAUTCA KPUTEPHUH 3/eMEHTapHOCTH MEPBO06-
pasubix 1-dopm Buza R(z, u) dz, rae R — parmoHanbHas QYHKIIUS ABYyX
TlepeMeHHBIX, Z — KOMIUIEKCHas MepeMeHHasA U U = eXp d AJid HEKOTO-
po¥i panpoHaabHOU (YHKIUM d KOMIUIEKCHOW TMepeMeHHOU Z. J[pyru-
MU CJIOBaMU, IPUBOAUTCA KPUTEPUN 3JIeMEeHTAapPHOCTH MHTErPaOB OT
byHKIMH, JeXallux B 3KCIIOHEHIIMAJIbHOM pacimupeHuu F auddepen-
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IUasbHOrO N0 K palnoHaibHBIX QYHKIWN OZHON TIepeMeHOH z, T. €.
K=C(z), F=K(t), t'=a’t, acK. lNone F MbI GyZieM paccMaTpUBaTh KaK
mmojie paroHadbHbIX GYHKUMM Haz noneM K c¢ omeparnueii auddepeH-
mupoBanua D, rae Do (£) =a’(t)ty’(t) (cm. BBeZeHue k § 3 u 1. 3.4).
CornacHo TeopeMme JimyBwuisa ¢yHkuus G(t) € F uMeeT ajeMeHTap-
HBIY UHTErpaJ, ecjliu U TOJIbKO eC/Iv OHa IpeZcTaBuMa (cM. 1. 3.4) B Buze

G= ZA%JFZM,(DP—}:‘ +DR,.

Mozaudunupyem Ay 5KCIOHEHIIHAJBHOTO CIydas Olpefie/IeHUs U3
§ 4. HenprBOAVMBIM MOJIMHOM X WUI'PAaeT OCOOYI0 PONb I SKCIIOHEH-
LMaJTbHBIX PACHIMPEHUN: 3TO eZIMHCTBEHHBIN HEITPUBOAUMBIN MTOTUHOM
L, KOTOpBIN ABJIAETCA AeanTeNeM cBoel MmpousBofHON DL (cM. meMmy
3.10).

5.1. IltaBHas moJApHAsA YacTh MHTETrpasa. [71asHoll NOAPHOIL Co-
cmasasiowjell pauoHaIbHON QyHKIMK R HazoBeM CyMMy ee L;-momap-
HBIX COCTABJISIOLIYX I10 BCEM HENPUBOAUMBIM [IOTMHOMAM L ;, KpOMe I10-
JuHOMA L = Xx.

PaccMoTpUM MOJTMHOM, ABAAIOMIUNCA MTOTMHOMUATIBLHON COCTABJIAO-
el panuoHanbHOU ¢yHKIMU R. CyMMy BCEX MOHOMOB 3TOTO MOJHMHO-
Ma, KpoMe CBOOOZHOTO WieHa, Ha30BEM 2J1a8HOU NOJUHOMUAILHOU CO-
cmasnawwell GyHKIuu R.

HazoBeMm siopanosckoll cocmasastoulelit PyHKIMU R cyMMy ee TIOJTMHO-
MMaJbHOU COCTABAIONIEN U ee X-TIOJIIPHOU COCTAaBJISAIONIEN.

@Oynkumio W Ha30BEM 2/1a8HOT NOJAPHOIU uacmvio uHmezpana GpyHkK-
uuu G, eciy ee JIOpAaHOBCKAsA COCTABJAIOIAA paBHA HYJIIO U IJIaBHad II0-
JIipHas cocTasistomasn ¢yHkuu G — DWW HeKpaTHa.

YTBEPXKAEHUE 5.1. /lna kancooll pynkyuu G cyuecmayem 2aasHas
NnoJsipHAsl wacms UHmMezpand. bonee mozo, ee MONCHO S8HO BbIUUCAUMD,
ecu 3Hams HabOp 8cex L;-NONAPHbIX COCMABNAWUX, 6XO0AUUX 6 21A6-
HYH0 NOJIAPHYI0 cocmasastoulyto gyHkyuu G U UMenuwux noJoxcumensb-
HY0 KPAmMHOCMb.

Msbl He 6yZieM OCTaHABAWBAThCS Ha [JOKA3aTETbCTBE YTBEPKAEHUS
5.1 — OHO OCJIOBHO MOBTOPSAIET AOKA3aTeAbCTBO yTBepkaeHud 4.1. Exun-
CTBEHHOE pa3jnylre — B IIpoljecce UTepallMOHHOI0 TOCTPOEeHU IVIaBHOMN
MOJIIPHOM YacTH uHTerpasia GyHkiuu G He HYKHO obpariaTh BHUMaHUe
Ha X-TIOJISIPHYIO COCTABJISIONIYIO 3TOH QYHKIIUH.
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YTBepxkaeHue 5.1 CBOAUT 3aZladyy WHTETPUPOBAHUA PallMOHATbHBIX
byHKIIMH K 3371aue MHTETPUPOBAHUSA PAllMOHAIbHBIX GYHKITUN C HEKpa-
THOM IJIaBHOM MOJIAPHOM COCTABJIAIOIIEH.

5.2. T'maBHas jorapudmMuyeckas 4yacTb HMHTerpana. Ilyctb G —

paroHasbHasA QYHKIWA, UMeEIoNas HEKPATHYIO IVIAaBHYIO IOJSPHYIO
k
Py
MIOJIMHOM C €JMHUYHBIM CTapIiuM Ko3$OUIIMEeHTOM, a U — KOMILIEKC-
HOE YHCJIO, HAa3bIBAETCS 21a8HOL J102apu@muueckoll uacmuio uHmezpaia
¢yrkyuu G, ecmm dyakuua G — ¢ apiageTcsa moauHoMoM JlopaHa.

PaccMoTpuM azzuTHBHOE TpezcTaBieHre GyHKIUU G, UMeoIei

vacTb. OyHKIma & = ). u—, e P, —He PaBHBIA X HENPUBOAUMBINA

Q.
HEKPATHYIO [TIABHYIO MONAPHYIO COCTABIAKNIYI0, G= Y. L—] +Q, tae
o<j<n
L; —He paBHBI X HENPUBOAUMBIA MOIMHOM C €JUHUYHBIM CTapLIUM
K02GdUIMEHTOM, Q; — OJIMHOM, CTelleHb KOTOPOrO MEHbIIE CTENeHN
rnosvHoOMa L Iy Q — monmuHOM JlopaHa. O603HauuM 4epes [DL j] 0OCTaTOK
IIpY Aie/ieHnu momuHoMa DL ; Ha momuHOM L.

YTBEPKAEHUE 5.2. ITycmb onpedenenHas 8bvlite PyHkyusi G npeo-
cmasuma 8 ¢opme Jluysunns. Toeda ons kancdozo j, 0 < j < n, evinon-
HSeMCcsi mo#coecmao Q;=u;[DL;], 20e U j — KOMMJIeKCHOe Yuco. IIpu 8bl-

. DL; ,
nosiHeHuu amux ycaoguil gynkyua =Yy u iT, =>u i(nL;)" aenaemca
2s1asHoll I02apugmuueckoll uacmoio uHmezpana gyHkyuu G, a pasHocms
[DL;]
- > —
ogjsn

JJOKA3ATEJIBCTBO. MBI MeeM /IesIo C 3KCIIOHEHI[HaTbHbIM PacCIlIy-

penueM nond K. [IpousBogHas DL; onrHOMA L; UMEET Ty Xe CTelleHb,

nexcum 6 nose K =C(z).

DL;  [DL;]
uTO moMMHOM L;. ClIe/IoBaTeNbHO, PasHOCTh —— — ——— JIeXKHT B TIONe
J J
K =C(z). DTO BBIUHC/IEHNE CBOAUT yTBEPKAEeHHUE 4.2 K CIeACTBUAM 3.8,
3.9. O

CAEACTBUE 5.3. @ynxyusa G, y Komopoil 21a8Hast NOASPHASL cOCMas-
JIA0UWASA HEKPAMHA U 2/1A8HASL IOPDAHOBCKAS COCMABAAUAA DABHA HY-
JI0, UMeem 3NeMEeHMAPHBLI UHMe2Pa, ecau U MOJIbKO ecau 01 Hee 8bl-
NOJNHAIOMCS YC08USL ymaepycoeHus 5.2.

JOKA3ATE/NBCTBO. Eciu ¢yHKUIMA G yIOBIETBOPSAET YCJIOBUIO YT-
Bep:kJeHUuA 5.2, TO [ Hee CylleCTByeT IVIaBHas Jorapudmudeckas
yacTb UHTerpaaa ¢, koTopas uMeeT s7ileMeHTapHbIN UHTerpasl. PasHocTh
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G — ® — panuoHanbHasA QYHKIMSA KOMIUIEKCHOW TepeMeHHOU z. Ee uH-
Terpas ToXXe 3J1eMeHTapeH. O

Kak mpaBusio, 19 pauyoHaNbHBIX QYHKIMHN, UMEIOIINX HeKPaTHYIO
[JIaBHYIO IIOJIAPHYIO YaCTh, YCIOBUA YTBEPXKAEHUA 5.2 He BIIIOJTHAIOTCA.
[TosTOoMy O6BIYHO Takue GYHKINH UMEIOT HeasleMeHTapHbIe NHTerPAJIbL.

[TpumEP. IlycTs f, g, h — panoHanbHble GYHKIIUN KOMIUIEKCHOM ITe-
peMeHHOM z, mpudeM PyHKIMA f He paBHA KOHCTaHTe, a QyHKUUA h He

gdz
el Jns anemenmapHocmu
unmezpana Heobxodumo u docmamouro, umobwut Pynwyusa g/(h’ — f'h)

6bw1a nocmosHHa (JeCTBUTENbHO, B 3TOM puMepe L=t +h, DL=f't +

d
+h’, [DL]=h"— f’h). B 4acTHOCTH, MHTETPaJ f exiﬁ

€CJIN U TOJIBKO eC/IU palfioHaIbHAasA QYHKINA g IOCTOSHHA.

paBHa Hyio. PaccMOTpuM HHTerpasl f

SJIEMEHTapEH,

5.3. HTerpupoBaHue nojavuHoMma JlopaHa oT SKClOHeHTEI. [lycTb
Temepb G(t) = D, aktk — nonuHoM JlopaHa Hazg K ¢ Hy/leBBIM cBO60J-

m<k<n
HBIM WieHOM, t' =d’t u a, a,,, ..., dy €K, ay=0.

YTBEPXKAEHUE 5.4. 1. IIlycms noauxnom Jlopana G npedcmasum 8
dopme Jluysunns. Toeda cyujecmeyem noauHom JlopaHa A ¢ HynesbiM
€80000HBIM WieHoM, makoil umo DA =G.

2. /Ina cywecmeosarus noauroma Jlopana A Heobxodumo u docma-
mouHo, umobwl 0na 1106020 k, makozo umo m <k <n u k # 0, auneiiHoe
JuddepeHyUANBbHOE YPABHEHUE b,i + kbya’ = a, umeno pewenue 6 nose K,
b €K. Ilpu smom A= Y. btk

m<k<n
JIOKABATE/NbCTBO. W3 cimeactBuii 3.8, 3.9 BhITekaeT, uTo dopma

JluyBunna fjia nonmvuHoMma JlopaHa MMeeT HYJIEBYIO IVIABHYIO IOJAPHYIO
YacTh U HYJIEBYIO IVIABHYIO JIOTapUPMHUYECKYIO 9acTh U, CJIE0BATENBHO,
asngeTca noauHoMoM JlopaHa. ComtacHo jeMmMe 3.12 a4 moaMHOMA
Jlopana A BeInonHAETCA paBeHCTBO DA = G, el U TOJNBKO €CJIU OH
YZOBJIETBOPAET YCIOBUAM II. 2 YTBEPXKJEHUA 5.4. O

Kak mpaBwio, auddepeHianbHble ypaBHeHus Haf noneMm K = C(z),
0 KOTODPBIX UJET pedyb B YTBEPXJeHUU 5.4, He MUMEIOT pelleHUH, ABIA-
IOLIUXCS PAalOHAIBHBIMU GYHKIMAMU KOMIUIEKCHOU IMepeMeHHOU z.
[Toatomy monuHoMbI JlopaHa Haz moneM C(z) oT GyHKIMH u = exp a(z)
0OBIYHO MMEIOT HedJIEMeHTapHble MHTerpasibl. Hike Mbl 06CyANM KpU-
Tepuil pa3pelIMMOCTH BCTpeTHBLIMXCA AubdepeHIInaNbHBIX ypaBHe-
HUU B pal[MOHAIbHBIX QYHKINAX.
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5.4. PazpeminMoCTb JMHENHbIX AnddepeHInaTbHbIX YPaBHEHUH
mepBoOro mopsgka. Ml TepexofuM K BOIIPOCY O Pa3pelruMoCTd B pa-
I[MOHANBbHBIX GYHKIUAX KOMIUIEKCHON TepeMeHHOM 2z JTUHEHHBIX AMd-
dbepeHnuanbHBIX ypaBHeHui Buga y' + f'y =g, tae f, g — panuoHaib-
Hble QYHKIIUU OT Z. ITOT BOIIPOC pellaeTcs caeAyrIuM obpasom. Ecau
palMoHaNbHOE pelleHue Yy CyLIecTBYeT, TO 1o KoddouireHTaM f U g
MOXXHO HAMTH TIOMIOCH PELIEHUs Y U MOPSAKU STUX TOMI0COB (CM. Ciei-
ctBue 5.6). TeM caMbIM MOXKHO allpUOpPH yKa3aTb KOHEYHOMEDPHOE JIH-
HelHOe IIPOCTPAHCTBO, B KOTOPOM /JIOJDKHO JIEXKATh palOHaJIbHOE pe-
IIeHWe YpaBHEHUsA, €CJIU OHO CYIeCTByeT. [locie 3TOro MeTo Heompe-
JeJIEHHBIX KO3QPUITMEHTOB TTO3BOJISIET TMO0 IBHO HAWTH palliOHAIbHOE
pelleHye ypaBHEHU:d, JUO0 JOKa3aTh, YTO TAKOTO peEIleHUs He Cyllle-
CTByeT (BIpPOYEM, OTCYTCTBHE PAI[MOHATBLHOTO PEUIeHUs YacTO BUIHO
6e3 BCAKUX BBIYKUCJIEHUIT).

I BCAKOW HEHYJIEBOUM palMOHAJbHON QYHKIIMU (p 0O03HAYUM Ye-
pe3 ord,(¢) mopsazok GyHKUMHM ¢ B TouKe a Ha cpepe Pumana. Eciu
a7 oo, TO MOPAAKU GYHKIUU U ee TIPOU3BOJHOM YAOBIETBOPSIOT CJIEAYIO-
M cooTHoteHusaM: eciu ord, (¢) #0, o ord, (¢’) =ord,(¢) — 1. Eciu
ord,(¢) =0 u dyHKUUA p He KOHCTaHTa, To ord,(¢”) = 0. B yacTHOCTH,
MOPSAZIOK TTPOU3BOAHON B KOHEUHOM TOUKe HUKOT/|a He paBeH —1. B Tou-
Ke oo COOTHOIIIEHUS TPUHUMAIOT CeAyroIuii Buj: ecau ord,, (¢) #0, To
ord,, (¢)=ord,, (p)+ 1. Eciu ord,, () =0 u GyHKIMs ¢ He KOHCTaHTa,
To ord, (¢’) > 2. B 4aCTHOCTH, MMOPAAOK ITPOU3BOAHOMN B TOUKE oo HUKO-
rZia He paBeH 1.

JIEMMA 5.5. [Tycmb payuoHansHas GyHKUUS y uMeenm NoJitoc 8 mou-
Ke a, a payuoHansHas gyHkyus f He pagHa koHcmaume. Tozda

1) ecau a € C, mo nopsidox gynkyuu y’' + f’'y e mouke a pasern muHu-
mymy uz uucen ord,(y) —1 u ord,(f") +ord,(y);

2) ecau a = o, mo nopsadok gynkyuu y' + f’'y 8 mouxe o« pasen mu-
Humymy u3 uucen ord,, (y) +1 u ord,_ (') +ord,, (y).

JOKASATENBbCTBO. [Ipy cZieJIaHHBIX IPEAIONOKeHUAX GyHKINN y'’
u 'y’ B TOuKe a UMEIOT pasInyHble MOPAAKU. [I09TOMY MOPAAOK CyMMBI
3TuX GYHKIUH paBeH MUHUMYMY U3 UX TOPSAKOB. O

[Tycts ypaBHenue y’ + 'y = g umeeT painuonanbHoe penienue. Cie-
cTBHE 5.6 OITHUCEIBAET MHOXKECTBO ITOJIIOCOB PelleHUA U UX MOPAJKY.

CaeacTBUE 5.6. Touka a € C—nontoc pyHKUUL Y 8 cedyrowux 08yxX
CaTyuasx:

1) ord,(f) =0, ord,(g) <—1; moeda ord,(y) =ord,(g) +1;
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2) ord,(f) <0, ord,(g) <ord,(f) —1; mozda ord,(y) =ord,(g) +1—
—ord, (f).

Touka oo — nostoc PyHKuUU y 8 cnedyrowux 08yxX cayudsx:

1) ord,, (g) <0, ord,, (f) = 0; mozda ord,_, (y) =ord,(g) — 1;

2) ord,. (f) <0, ord,, (g) <1+ ord.(f); moeda ord,, (y) =ord.(g) —
—1—ord.(f).

[TycTh KOHeYHBIE TTOMIOCH a € A C C GyHKIIMU Y UMEIOT OPSIAKY k, =
= —ord, ¥, a Touka o — mmoroc GyHKIuM y mnopsaka m = —ord,, y,. To-
ra y MpUHAAJIEXUT KOHEYHOMEPHOMY IIPOCTPAHCTBY QyHKIWH [ Bra

= D, Glmtet 2 d

a€A O<psm
0<i<—k,

[TozcTaBsis B ypaBHeHue y' + f'y =g BMecTo y dyHkiwuio [ ¢ Heompe-
/A€TIEHHBIMU KOMIUIEKCHBIMU KOOQOULMEHTAMH C; 4, Co, d, U € IOMIOCAMA
U UX TOPSAAKaMU, HaliZIeHHBIMU B CJIEJCTBUU 5.6, MOTYYUM CHUCTEMY JIU-
HeWHBIX YpaBHEHUH Ha HeolpezeleHHble KodbuieHTs. Eciu oHa He
VMMeEET peIleHus], TO YpaBHEHUE He MMeeT pelleHUs B PallOHAIbHBIX
bynkuusax. Ecau cucTeMa MMeeT pellleHue, TO OHO OTpeJessieT palyo-
HaJIbHOE pellleHue .

[Tpumep 1. IlycThb f, g — MONTUHOMBI, IPUYEM CMeNneHb NOAUHOMA §
MeHblUle, Yem cmeneHb NoauHoMa f muHyc oduH. Tozda ypasHenue y’' +
+ f'y = g He umeem payuoOHANbHBIX peuwleHull. JleWCTBUTENBHO, M3-3a
HEpPaBEHCTBA Ha CTENEHU MOJMHOMOB ypaBHEHUE, OUEBU/HO, HE UMeET
MOCTOSIHHBIX pelileHnii. MHOXKECTBO MOMIOCOB PEelleHUs B CUTY CIe-
cTBUA 5.6 TMycTO. B caMoM Jiejie, B TOUKE oo BBITIONHSAETCS HEPABEHCTBO
ord_ (f) <0, Ho HepaBeHcTBO ord_ (g) < 1+ ord. (f) He BBITOJHEHO.
HermocrosiHHasA pauuoHasbHasA GYHKUIWA JODKHA UMETh MOMIOCHL. [1o-
3TOMY ypaBHEHHE He UMEET PAI[MOHATbHBIX PENIeHMUIA.

[Mpumer 2. Ecau f, g —noauHomst u3 npumepa 1, mo unmeezpan
f g(2) exp f(2) dz He Gepemcs 8 060OUEHHBIX ISleMeHMAPHBIX GYHKUU-

sx. B wactHocTH, f exp z2 dz HeaneMeHTapeH.

[TpuMEeP 3. I[Tycmb GyHKYUA g UMeem NOJIOC NeP8020 NOPsIOKA 8 HeKO-
mopoii mouke a € C, a pynkyus f e mouxe a peeynsipna. Tozda ypasHeHue
v+ f'y =g He umeem pauuoHanbHbix peweruil. JeACTBUTENbHO, IIyCTh
palroHaNbHOE pellleHue cyiiecTByeT. COryIacHO CJIeZICTBUIO 5.6 OHO He
MOXXET UMETh IIOIIOC B TOUKe d. 3HauuT, GyHkima y' + 'y peryiaspHa B
TOYKE a ¥ He MOYXET UMETb B Hell ITOJIIOC.
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[TpumEP 4. Humezpan f %Zdz He bepemcsi 8 0600ULeHHBLX dJleMeH-
mapHbix PyHkyusx. JlefiCTBUTENbHO, NHTETPAJ CBSI3aH C PACIIUPEeHUEM
nona K = C(z) aneMeHTOM t, TaKUM 4TO t' =t, 1 ¢ moauHoMoM G(t) =
= (1/2)t. inTerpan He 6epeTcs, MOTOMY 4TO ypaBHeHue y' +y=1/z He

“MeeT pallMoOHaJIbHOTO perieHus (cM. npumep 3).

IIPUMEP 5. Hnmezpan f % He Gepemcst 8 0600UEHHBIX INEMeH-

mapublx PyHkuusax. JJeACTBUTENbHO, UHTETPAJI CBA3aH C PACIIHPEHUEM
nonsa K = C(z) anemMeHTOM t, TaKMM 4TO t' = if, U ¢ moaMHOMOM Jlopa-

Ha G(t) = 2—12 t— Z—%Zt_l. WuTerpan He 6epeTcsi, MOTOMY YTO YpaBHEHUS
y +iy= 2—12 uy —iy= _Z_]I:Z He MMEIOT paljiOHabHbIX PelleHuil (CM.
npumep 3).

5.5. UHTerpupoBanue GyHKIMH, JeKalluX B 9KCIOHEHITHATbHOM
pacunpenuu oy C(z). Mbl IpUXOAUM K TIPOLEAYPE, TO3BOMAIOIIEH
nn60 Halitu uHTerpan GyHkuuu G, Tu60 A0Ka3aTh, YTO ITOT UHTETPAI
He 6epeTcs B 06006IEHHBIX 37IeMEHTapHBIX QYHKIINAX.

[lar 1. Ecmm panuoHanbHasg GyHKIMS G MMEET KPaTHYIO IJIaBHYIO
IIOJIIPHYIO COCTAaBJAMOIIYIO, TO, IOAb3YACh YTBEP)KAEHUEM 5.1, MOXHO
HalTH IaBHYIO MOJAPHYIO YacTh W nHTerpasa GyHKIUU G U IeperTu
K ¢yHknmu G, =G — DV, y KOTOPOH IIaBHAA MOJISAPHAsA COCTABJISIONIAA
HeKpaTHa.

Olar 2. [ina panuoHanbHON GyHKIMU G, ¢ HEKpaTHOM IVIaBHOU IIO-
JIAPHOU CcOCTaBJIAIOIIEelN Hy>KHO IIPOBEPUTD BHIIIOJIHEHNE YCIOBUU yTBEp-
KAeHus 5.2. ECM 3T yC/IOBUSA He BBIITOJMHEHHI, TO UHTErPas QYHKINU
G He 6GepeTcsl B 0600OIIEHHBIX 97IeMEHTapHBIX GYHKIUAX. ECIU yCIoBUsS
YTBEP)KJEHUA BBIMIOHEHBI, TO MOXXHO HAWTH IVIaBHYIO Jorapuomu-
Yyeckylo yacTb ® mHTerpasa ¢yHKIUM G,. IIo MOCTPOEHUIO MHTErpas
byHKIIMM @ ABJISETCS TUHEWHOW KOMOMHamueld sorapudMoB, a QpyHK-
uua G, — ¢ asnaerca nonrnHoMoM JlopaHa G; . [TonuHoMm JlopaHa G; ecTb
cymMa cBo6oziHOrO uieHa a, € C(z) u monuHoma Jlopana Gy o, He UMe-
Iolero cBOOOZHOTO WieHa. ParyioHanbHaaA QYyHKIUA d, KOMILIEKCHON
IlepeMeHHOU z MeeT dleMeHTapHbIN HHTerpal.

lar 3. st nomuHoma Jlopana Gy o Hy»KHO TIPOBEPUTH BBIIIOTHEHHE
yCJIOBUM yTBepXKZeHus 5.4. [lid 5TOro HaZo y3HaTbh, paspellriMbl JU B
PalMOHANBHBIX QYHKUMAX AUPdepeHIaNbHble ypaBHEHNA, BBITHACAH-
Hble B yTBepXKZeHUH 5.4. B 1. 5.4 pazobpaH BOIPOC O pa3peluMOCTU
TaKUX ypaBHeHUH. B pe3synbrare MBI 1160 HAXOAMM UHTETpas QyHKINN
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G, mubo TOKa3bIBaeEM, YTO OH He GepeTcs B 0000OIIEHHBIX 37IeMEHTaPHBIX
bYHKITUAX.

8§ 6. UHTETPUPOBAHUE AJITEBPAUYECKNX ®YHKIIUN

Eciu prMaHOBa TOBEPXHOCTb airebpandeckoil QyHKIUU UMeEET HyJle-
BOH pOJ, TO ee MHTerpas BcerAa GepeTcs B OGOOIEHHBIX dJIeMeHTap-
HBIX QyHKUIUAX. Ecau Ke poZi pUMaHOBOM IIOBEPXHOCTU IOJIOXKUTENIEH,
TO MHTErpaJ, KaK MpaBUIo, He 3JieMeHTapeH U 6epeTcs B 0606IIeHHBIX
aJIeMeHTapHBIX GYHKIUAX B UCKIIOUUTENbHBIX CIydasx. DTU UCKIIOUHU-
TeJIbHBbIE CIyYau OOCYy:KJaloTCsA B HAacCToOAIeM maparpade.

TEOPEMA 6.1 (JIUYBUJIIA OB ABEJIEBBIX UHTETPAJIAX). Heonpe-
OesieHHbLil uUHMezpan y om anzebpauueckoil gyHKyuu A KOMNIEKCHOLU ne-
peMeHHOUL x bepemcst 8 06006UEHHBIX 2IEMEHMAPHBIX GYHKUUAX, eCau U
MOJIbKO eciU OH Npedcmasgum 8 gude

x k
y(x) = A(x) dx = Ay (x) +Z AiIn A;(x),
X i=1
20e A; npu i =0,1,..., k— aneebpauueckue GyHKyul, 00HO3HAUHbBlE HA
pumarosoil nogepxHocmu W nodsitnmezpansHoil pyHkyuu A.

JIOKA3ATEJIbLCTBO. Teopema BBITEKAeT M3 TeopeMbl JIMyBWLIA 00
VHTerpajax 3JeMeHTapHbIX (QYHKINH, IpUMeHeHHOH K momio F Bcex
MepoMOpdHBIX GYHKIMI Ha MOBEPXHOCTH W, CHaOXKEHHOMY CJIEZAYIO-
M guddepentmposanueM: f'=df/a, rae a=n"dx u m: W —»C—
€CTeCTBEHHAs MPOEKITUS PUMaHOBOH MOBEPXHOCTH PYHKIMU A Ha cde-
py Pumana C KOMIIIEKCHOI ITepeMeHHO X. O

OmpesenuM Kiacc 0000WeHHbIX eMeHMAPHbIX GYHKYULL HA puma-
Hogoll nogepxHocmu W Kak KjlacC MHOTO3HAYHBIX GYHKIUH, KOTOpBIE
TOJyYaroTCcs U3 MepOMOPOHBIX QYyHKIIMK Ha W npu momoinu apudme-
TUYECKUX OIlepaluii, pellleHus alre6pandecKux ypaBHEHUH U CyTIepIIo-
sunuii ¢ dyrKmaAME In u exp. ITyctb 71: W — C — 11060e HeloCTOAHHOe
MepoMopdHoe oTobpaskeHHe ToBepxHocTH W Ha chepy Pumana C te-
peMeHHO# x. Kak BUZHO U3 ompeeneHuit, 0600ueHHas 3eMeHmapHas
PyHKUUS HA pumarogoll nogepxHocmu W —amo gynkyus guda 1t f, 2de
f —o0bobweHHas anemenmapHas ¢gyHkyus nepemeHHoll x. Ilepebopmy-
JmupyeM TeopeMy 6.1 B 60iee MTHBapUaHTHOM BU/IE.

TEOPEMA JIUYVBUJJIA OF ABEJEBBIX UHTETPAJIAX. HeonpedeneH-
HbLLL UHMe2Pan om MepomMopdhHOTL popMbL o HA KOMNAKMHOU puMaHosotl

45



I'masa 1. Kimaccer oyHKIMI 1 Teopus JIMyBUIIA

nosepxrHocmu W sieasiemcs 0606weHHotl anemenmapHoil gyrkuuetl Ha W,
ecu U moabko ecau popma a npedcmasuma 8 eude a =3 +7v, 20e 3 =

k
=dA,, Y= A %, Ag, ..., Ay — MepomopdHble PyHKUUL U Ay, ..., Ay —
i=1 A

KOMMNJIEKCHble UUCA.

B cBs3u ¢ Teopemoii JInyBWLIA 00 abesieBBIX UHTETrpalax eCTeCTBEH-
HO paccMoTpeTh popmynupyeMbie Hrpke (cM. 1. 6.1 1 6.2) 3azauu 1 u 2,
mepBas U3 KOTOPHIX CBfI3aHa ¢ TeopeMoil Prmana—Poxa, a BTopas—-c
TeopeMoii Abes.

6.1. PanmoHanbHasA 4acTh abeseBa WMHTerpasa. 3azavy Bblee-
HUA palMOHaNbHON YacTH MHTerpaa aarebpandyeckoil GpyHKIIMH MOXK-
HO cpOpMyIMPOBATH TaK.

3asa4A 1. IIpeacraButh MepomMopdHYyI0 GOPMY @ Ha TIOBEPXHOCTU
W B Buge a=f8 + a,, rae 3 =dA,— TouHas MepoMmopdHasa dopma, a
dopMa ot MMeeT MOIOCH He BHIIIE TIEPBOTO MOPSAKA.

JIEMMA 6.2. Ecau mepomopdpHas popma [3 Ha nosepxHocmu W umeem
NONIOCbL He 8blule Nep8020 NOPs0KA U 3adaem HYJe801l KAacc K02oMOo102Ull
Ha W\ P, 20e P — koHeuHoe MHOYcecmao, codepxcauiee noJiocsl oopmol f3,
mo ¢opma [ moxcdecmaeHHO pABHA HYJKO.

JIOKA3ATE/NbCTBO. PopMa 3 UMeeT JIUITb HyJIeBbl€ BHIYETHI, MHAYE
OHA HE MOXKET ObITh TOUHOM. [T09TOMYy OHa BOOOIEe HE WMEET IIOJIO-
COB U ee UHTerpan A, ABjsgeTca ronoMoppHoil ¢yHkimeir Ha W. Tono-
MopdHasa GyHKIMA Ha KOMIIAKTHON TOBEPXHOCTH MMOCTOSTHHA. [ToaTOMY
B=dA,=0. O

CaeacTBUE 6.3. Ecnu 3adaua 1 0na gopmbl @ paspewiumda, mo oHa
umeem He 60J1ee 00HO20 pelleHUs.

[Tyctb O C W — MHOXXeCTBO TMOIOCOB GOpMEBI a. OKOJIO KaXKAOTO TI0-
moca x € O pUKCHpyeM JIOKaTbHYI0 KOOPAWHATY %, TaKyto uTo z(x) =0.
[Tycth dopMa o OKOJIO TOYKU X 3aTMCHIBAETCS B BUZE

— (& L2,.4a
a= (zk tot 2t +cp) dz,
IJie () — POCTOK roloMOpGHOM QYHKIIMU B TOUKE X. POCTOK
Ck 2 A
(Z—k+...+z—2+;) dz

Ha3bIBAETCA 21a8HOU uacmsto GOPMEL o OKOJIO TOUKU X (IVIaBHAs 4acThb
3aBUCUT OT BBIOOpA JIOKAJIbHOU KOOPAWHATHI ). [To Teopeme PumaHa—
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Poxa cy1iecTByOT GOPMBI @ C TPOU3BOJIBHO 3aIAHHBIMU TVIABHBIMU Ya-
CTSIMH.
PocTtox MepoMopdHOU GYHKIUY B TTOtOCE X GOPMBI A

—k+1 -1
Aoy = (( Zlil)Ck +"‘+%)
HAa30BEM 2JIa8HOL Uacmbvlo MepoMopdHOll cocmasastoulell uHmezpanda
¢dopmBI @ B TOuke X. PocTok A,, 06sazaeT CIeyIOUMM CBOWCTBOM:
dopma a — dAj, B TOUKE X MMEET TIOJIOC HE BBIIIE TIEPBOTO MOPSAKA.
OTO CBOMCTBO OIpeZiessieT POCTOK Agy, C TOYHOCTBIO Z0 MpUOABIEHUA
POCTKa roloMOpbHOU GyHKIIUHU.

YC/NOBUE PA3PEMIMMOCTU 3AAAYM 1. 3adaua 1 ona gopmel a
paspewuma, ecau U MoJabKo ecau 0nsi Habopa A,, 2nagHblx uacmell
MepOMOPPHBIX COCABNAIOUUX UHMe2pana opmbl o 8 ee noatocax x € 0
U 01 8cAKoll 2010MOpPHOTL popmbl ¢ Ha W 8bINONHEHO COOMHOLUEHUE
> res, (Agyw) =0.

JIOKA3ATENBLCTBO. Ilycth =3+ a; u f =dA,. [l14 BcAKOH rono-
MopdHO# GOPMEI (w CyMMa BBHIUETOB GOPMBI Ay paBHa HYIIO, TaK KaK
W — KOMITaKTHasi pUMaHOBa TOBEPXHOCTh. OTCIOZIa U BBITEKAET HY)KHOE
paBeHcTBO. O6paTHO, ecu Y, res, (Ag, w) =0 ans 1060i ronoMopdHoOH
¢dopmBI w, TO O TeopeMe PumaHa—Poxa cymiecTByeT MepoMopdHasd
byHKIUA A, UMeIoIIas MOJIOCH JIMIIb B TOYKax x € O M Takasd, 4To
JUTA KQK0U TOUKU X € O POCTOK Ay — Ay, ronomopdeH. O4eBUIHO, ITO
dopma a — dA, UMeeT JIHIIb MTOTIOCH He BBINIE IEPBOTO MopsAzka. [

Ha kpuBO#l pofa Hy/lb HE CYIIECTBYET HEHYJEBBIX T'OJOMOPQHBIX
¢dopmMm, u 3azaua 1 Bcerga paspemnMa. Ha KpHBOH MOJOXKHUTEIHBHOTO
poza 3aza4a 1, Kak IpaBuiIo, He pa3penruma.

6.2. Jlorapudmudeckas 4acTb abejieBa MHTerpasa. 3a/ady Bble-
JIeHUs JorapudMUIECKON YacTy UHTerpaia aarebpandeckod GpyHKIUN
MOXXHO ¢OpMYyIMPOBATh TaK.

3aaA4A 2. 1. [lna 3ajaHHol MepoMopdHO# GOPMEI o Ha TIOBEPXHO-
ctu W HaliTh GOpMy Yy, UMEIOIYIO Te YK€ BBIYETHI, YTO U dopma o, u
SIBJIIONIYIOCS JIMHEWHOM KoMbuHaluell auddepeHinaaos torapudmMon
MepoMOPPHBIX GYHKIMH.

2. Eciu rickomast dopma y CyIIecTBYeT, IPECTAaBUTh €€ B BUZE CYM-
n
dA; ”
MBIy =Y. Aif’ rae A; —mepoMopoHbie GyHKIMHM Ha W, copepkariei
i=1 i
HauMeHbIllee BO3MOXKHOE YHCJIO CJlaraeMbIX M.
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[TycTh P — MHOXXECTBO TOYEK X, B KOTOPBIX BBIYET res, @ GpOpPMBI a
He paBeH Hyn0. Ha MHo)kecTBe P ompezesnena ¢yHkius res a: P — C*,
COTIOCTaBJIAOLIAA TOUKe X € P BeIveT res, a. C QyHKIMelN res o CBAXKEM
BeKTOpHOe npocTpaHcTBO V(resa) C C Hag monem (Q, IopoxJeHHOE
3HaYeHUSAMU QYHKIIUH TeS A.

n
dA;
JIEMMA 6.4. IIycmb cymma y = Z Air seJslemcesl peuleHuem n. 2 3a-
i=1 i
oauu 2 ons gopmet a. Toeda 1) uucna Aq, ..., A, Jiescam 8 npocmpaucmae

V(res a) u obpasyrom ezo 6asuc, 2) Hocumenu ougusopos (A;) gyHkyuu
A;npui=1,...,nexam 8 mHoncecmse P.

JOKA3ATE/NbCTBO. CornacHo jemMe 3.4 eciu yucia Aq, ..., A, 3a-
BHUCUMBI HaJ (Y, TO YHCJIO C/laraeMbIX B IIpeCTaBIeHUN GOPMEI Y MOXK-
HO YMEHBIIUTD (BBIOpAB Apyroi Habop MepoMOpdHBIX GYHKIIUMI), YTO
IIPOTUBOPEYHUT YCIOBUIO. EC/M X — HyJIb WM MOJTIOC OZHON U3 GYHKIIUHI

dA;
Ay, ..., A,, TO BBIYET GOPMBI Y| A; Tl B TOYKe X He paBeH HYJII0, TaK KaK
i

OH SIBJISIETCST HETPUBHAIBHOM 11€JIOYNCIEHHON TMHEHHOM KoMOHaIIe
Yucen Aq, ..., A,. [loaTomy x €P.

PaccMoTpyM Iiestounc/ieHHble GYHKIIMU (p; HA MHOXecTBe P, como-
CTaBJIAOLIME TOUKe X € P mopAzok GyHKUUM A; B 3TOM TOuKe, @;(x) =

i

. [TokaxxeM, 4TO QYHKIIUU (p; HA MHOKeCTBe P nuHelHo Hesa-

1

BHICHMEI. rﬂel‘/JICTBI/ITeJ'IbHO, 13 CyleCTBOBaHUA JIMHEMHOTO COOTHOIIEHUS

d
=res, —

dA;
Z u;p; =0 BbITeKaeT, 4To popma w = Z ,uiT_l ronomopdua Ha W. [Toka-
1

KeM, uTo dopMa w paBHa Hy0. [IpeicTaBUM w KaK JUHEHHYI0 KOMOU-
HaIMI0 MUHUMAaJbHO BO3MOXXHOro uucia guddepeHnnanos jgorapud-
MOB MepOoMOpPOHBIX GYHKIIMU. KaK MBI TOTBKO 4TO ITOKA3aJIM, HOCUTEIN
JVIBU30POB 3TUX MepPOMOPOHBIX QYHKIIUN OMKHEL COAEPXKATHCSI B MHO-
JKECTBE MOMIOCOB GOPMEIL w, T. €. AUBU30PHI 3TUX GYHKINI PaBHBI HYJIIO,
U oaToMmy w = 0. CregoBarenbHO, GOPMEI % JINHEWHO 3aBUCUMBI, U
YHCJIO CIaTaeMbIX B IIpeZCTaBIeHUN GOPMEI )/IMO)KHO YMEHBIINUTD, YTO
MIPOTUBOPEYUT MIPEAONOKEeHNI0. MBI JoKa3aliu, YTo GpyHKINH (; He3a-
BHCHMBL.

[Tokaxkem, 4TO Yucaa Aq, ..., A, JeXKaT B BEKTOPHOM IIPOCTPAHCTBE

dA

n
V (res a). leiicTBUTENBbHO, pOpMa Z A A‘ HMeEET Te YK€ BBIYETHI, YTO U
i

i=1
dopma a, T.e. I A;p;(x) =tes, a mpu x € P. Tak Kak ; — He3aBUCHMBbIE
I[eI0YNC/IeHHble GYHKINUY, TO YUCIA Aq, ..., A, ABIAIOTCA JUHEHHBIMU
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KOMOWHAIUSAMHU C PallMOHAIBHBIMU KoddduimeHTaMu 3HaueHUH PpyHK-
LIUM res a, T. €. OHU JIeXKaT B BEKTOPHOM TpocTpaHcTBe V (res a). Yucna
Als ..., A, He3aBUCUMEI HaZ Q. OHU MOPOXKAAIOT IpocTpaHcTBO V (res a),
Tak Kak Y. A;p;(x) =res, a. O
CHAEACTBUE 6.5. Ecau 02151 popmul @ 3adaua 2 paspeutuma, mo cyuye-
cmayem eduHcmeeHHas opma y, yoosaemeaopsarowas n. 1 amoti sadauu.
JOKA3ATE/NBCTBO. Eciu ecTh ABe GOPMEI, yAOBIETBOPSIOUIME II. 1
3a71a4¥ 2, TO BCe BBIYETH PA3HOCTHU TUX GOPM PaBHHI HyI0. [IoBTOPAA
paccykzeHre U3 J0Ka3aTeJbCTBA JeMMBI 6.4, OMy9UM, YTO Pa3HOCTh
¢dbopM paBHa HYJIIO. O
CAEACTBUE 6.6. Eciu 0ns opmsbl @ 3adaua 2 paspewuuma, mo ucao
Clazaemblx 8 peuleHuU n. 2 3adauu 2 0151 HopMbl Y pagHO pazmepHocmu
npocmpancmea V (res @) Hao nosem Q.
CkaxeM, 4TO AWBM30pP D = ».1X;, X; € W, ¢ pallMOHAJIbHBIMU KO-

a¢pduneHTaMu 1; = %, MMEIOIINM CTelleHb Z r; =0, noumu enasHolil,
1

€CJIN CYyILeCTBYeT TaKoe HaTypajbHOe uuciao N, yto aususop ND rias-
HbIl, T. e. ND = (A), rae (A) —AUBU30pP HEKOTOPOU MepoMOppHOU
dyukumm A. Ilepedpasupyem 3T0 ompezeneHue. Ilyctb k — HauMeHb-
mee obIee KpaTHOe 3HAMeHarenel q; K03$buimeHToB 1; AuBu3opa D.
Jluuzop D = ). 1;X; C pallMOHATbHBIMU KO3OUITMEHTAMH TIOYTH I/IaB-
HBIU, ecyiv AUBU30P kD ¢ nenbiMu Ko3ddUIimeHTaMu UMeeT KOHETHBIN
MOPSZIOK B AKOOWaHe KpUBOi W.

YTBEPXKAEHUE 6.7. 1. Cymma noumu 21asHbix 0U8U30P08 — noumu
2J1a8HbLl duBU30D.

2. TIpoussedeHue noumu 2nasHo20 OUBU30PA HA PAUUOHAIbHOE UUC-
JI0 — NOUMu 21a8Hblil dusuU30p.

JOKA3ATEAbCTBO. 1. Ecmu NyD; = (A;) u N,D, = (A,), To TorzZa
(N;N,)(D; +D,) = (AY? AN,

2. Eciu ND = (A) ur=p/q, To Nq(rD) = (AP). O

JlIT KOHEYHOT'0 MHOXKECTBa P TOYEK KOMIIAKTHOM PUMAaHOBOU IIO-
BepxHOCTU 06o3HaUUM uepe3 J,(P) MHOXecTBO GyHKIME : P — Q,
NPUHUMAIOIIMX PAlOHAbHbIE 3HAYEHUs U TaKKX, 9TO AUBU30D D, =

= Y. v (x)x mouTn rmaBHeA. 10 TOIBKO YTO JOKA3AHHOMY yTBEDIHKJIE-
xX€P

HUo QyHKIMM MHOXecTBa J,(P) 06pa3yioT BEKTOPHOE NPOCTPAHCTBO
Haz oseM Q. ITpoctpancTso J,(P) coaepxut pemeTky Jo(P) GyHKIMIA,
COOTBETCTBYIOIIWX IJIaBHBIM AuBU30paM. [IpoctpancTBo J,(P) mOpOX-
JlaeTcsi pelIeTKon jo (P) Haz panMoHaJbHBIMU YUCIAMU.
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ChopmynupyeM HeoOXOAMMOE U [JOCTAaTOYHOE YCJIOBHE pa3pellu-
Moctu 3azadu 2. IlycTb P —MHOXECTBO TOYEK X, B KOTOPBHIX BBIYET
res, @ GopMBl @ He paBeH Hyao. Ha MHOxecTBe P ompezeneHa QpyHK-
st resa: P — C*, comocTaBisiomas Touke x € P BHIYET res, a. BbI-
e Mbl CBS3ayiu ¢ (yHKIMEH res o MpocTpaHCTBO V(resa) Haj Mo-
neM Q, HaTAHyTOe Ha 3HaveHUA GYHKUUM res a. OmnpesenuM Ternepb
elle ofHO MpocTpaHCcTBO F(res a). IlycTh Aq, ..., A,, — 6a3uc mpocTpaH-
ctBa V(resa) Hazx momeM Q. PacCMOTPUM KOOpAWHATHBIE GYHKIIUHA
¢;: P—>Q, i=1,...,n, ONpeaeIeHHbIE TOXAECTBOM res, a =Y. p;(x)A;.
ITIpocmpancmeo F(res a) —amo 8ekmopHoe NpoCmpaHcmao Haod nosaem
Q, HamsiHymoe Ha PyHKUUU @1, ..., ,. OupezrereHNe IPOCTPAHCTBA
F(res a) KoppeKTHO. JIeHCTBUTENBHO, IYCTh U, ..., U, —APYyroil Oa-
3uc mpocTtpaHcTBa V(resa) u A; = Zau uj, rae {ai)j}—06paTI/IMaH
(n X n)-MaTpula ¢ pallMOHaILHBIMU KOMIIOHeHTaMu. Toraares a=Y . p iUjs
rae p; =>.q; ;. [loaTOMy mpocTpaHcTBO HaZ nozieM (), HaTAHyTOe Ha
GyHKIMM O, COOEPKUTCA B IPOCTPAHCTBE HaZ MoJeM Q, HaTAHYTOM Ha
dyHrMYU ¢ ;. O6GpaTHOE BKJIIOYEHHUE [OKA3bIBAETCA TaAK XKe.

YTBEPXKAEHUE 6.8. /[na kaxcooil ¢yHkyuu ¢ : P — Q u3 npocmpau-

cmea F (res @) cnpasednuso pasencmeo Y. ¢ (x) =0
X€EP
JOKA3ATE/NbCTBO. CyMMa Bb4eTOB GOpPMEI @ paBHa HyJIO. BerueT

res, 0 MOXXHO paccMaTpHUBAaTh KaK BeKTOp U3 mpocTpaHcTBa V(res a).
Eciu cymMmMa BEKTOPOB paBHa HYJIIO, TO IIpH JiIo6oM BbIOOpe 6asmca
Ady ..., Ay A2 BeAKoTO i, 1 <i<n, cyMMa I-X KOOPAWHAT 3THUX BEKTOPOB
TOXKEe paBHA HYJIIO. O

YC/IOBUE PA3PENIUMOCTU 3AZIAUU 2. 3adaua 2 a5 opmblL a pas-
pewuma, ecau u moavko ecau npocmparcmso F(res a) codepucumces s
npocmpaxcmae Jy(P).

JIOKABATE/NBLCTBO. IIycTh 3aza4a 2 paspemuma u cymma . A, — A ,
VIMEIOI[as Te K€ BBIYETHI, 4TO U (OpMa @, COAEPKUT MUHMMAIBHO
BO3MOXKHOE YMCJIO WIEHOB. PaccMOTpUM ILiesourcieHHble GYyHKIUN ;
Ha MHOXecCTBe P, conoc*rammromne TOYKe X €P HOpHﬂOK byHKIIUU A; B

. d d
5TOM TouKe, (p;(x) =res, — . @opMa y =D A;— UMeeT Te e BBIYETHI,
uTo 1 hopMa a, T.e. Y. A; (pl(x) =res, a. [To JIeMMe 34 gucna Aq, ..., A,
obpasyloT 6a3uc BeKTOpHOro mpoctpaHctBa V(resa). IToatomy mpo-
cTpaHCcTBO F(res @) MOpoXAeHO PYHKIUAMU @1, ..., P,. OTU GYHKIUA
Jexar B mpocTpaHcTBe J,(P), Tak Kak AWBU30OpHI D; = Z ,;(x)x aBna-
I0TCA AUBHU30paMU QYHKIIUN A;.
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[Tyctp mpoctpaHcTBO F(res a) coaepskutcs B mpocTpaHcTBe Jy(P).
Bribepem 6asuc U, ..., U, Ipocrpancrsa V(res a). ITo ycroBuio ¢yHK-
A res a TpeJCTaBUMa B BUIE T€S a = Y. (;0;, TAe GYHKIMU p; JIeKaT
B pocTpaHcTBe J,(P). DTO 03HaYaeT, 4To /JIA KKAOTO [ CyIIeCTBYIOT
HaTypanbHoe ynciao N; u MepoMopHasa GyHKIHA B;, Takue YTO 3HaUe-
Hue ¢yHKIUU N;p; B TOUKe X € P paBHO BBIYETY B 3TOH TOUKe GYHKIIUU

dB; Wi dB;

— - Orcioza ciegiyet, 4to Gopma ), - = UMEET Te Xe BBIYETEL, 4TO M
i i Pi

dopma a. O

WTak, comiacHo JoKa3aHHOMY YCJIOBHIO 33/iada 2 pa3pelinMma, eciu u
TOJIBKO €CJIU JIF0O0H AUBU30P U3 KOHEYHOT'O YHCJIA ABHO IOCTPOEHHBIX
JVIBU30POB CTEIIEeHH HYJb [TOCIe YMHOXEHUA Ha TOAXO/AIIee IIeloe YHC-
JIO CTAaHOBUTCA IVIaBHBIM. Teopema A6ess JOCTaBIIAET ONMHCAHUE TIaB-
HBIX UBU30POB. [103TOMY BOIPOC O pa3peurMMOCTH 33/1ayul 2 B TIPUH-
I[UITEe CBOAUTCSA K TeopeMe Abess.

3AMEYAHUE. SIBJdeTCs U SIBHO 3aJaHHBIN AWUBU30p Ha anrebpa-
WYEeCKOH KpUBOW IVIaBHBIM WIM TMOYTH IVIABHBIM? ODTOT BOIIPOC MO-
JKET OKa3aThCs HEIPOCTHIM, TaK KakK TeopeMa Abes HEKOHCTPYKTHBHA
(cp. [17]). Abenb cTONKHY/ICA C 3TOH mpobieMoil B cBoed pabore 06
UHTETPUPYEMOCTH B 3JIEMEHTApHBIX OGYHKIUAX IICEBAOTUIIEPIILIHII-
TUYECKUX WHTEeTrpaysoB. PaboTa AGens Obula 3aKOHUYEHA 30J0TAPEBBIM
(eMm. [53]).

[MTpuMmEeP 1. Ilycte W —KkpuBasg poga ofuH. PUKCUpPyeM CTPYKTYPY
anrebpaundeckoil abeneBoii rpymmel Ha W, 3aJ1aB TOUKY * € W, sABIAIOMIY-
10CS1 HYJIEBBIM 3JIEMEHTOM TPYIIEL. PacCMOTPUM BCIOAY IIOTHOE MHO-
»KecTBO F Ha kpuBoi W, cocTosllee U3 31eMEeHTOB KOHEUHOTO TOPsAKa
rpymmel W. 3adaua 2 paspewuma s nroboil gopmuvl a, 051 Komopoii
MHoxcecmao P codepycumes 8 F.

O6cyanM TIPOTUBOMONIOXKHYIO CUTyanuio. CKaKeM, YTO KOHEYHOe
MHOXECTBO F Ha KPUBOM MOJOXKUTETHHOTO PoJia ABIAETCI 06WUM Noo-
MHOXCeCmeoM, eI He CYIIeCTBYeT HUM OZHOI'0 HEHY/IEBOrO IVIABHOTO
AuBusopa D, HOCUTeNb KOTOPOI'O JIEXKUT B MHOXecTBe F. V3 TeopeMbl
AGesist BUZHO, UTO CPeJU IMOAMHOMKECTB ¢ GUKCUPOBAHHBIM YHCIOM TO-
YeK Ha KPUBOH MOTOXKUTETHHOTO POZia MHOXKECTBO OOIINX TIOAMHOXECTB
VMeeT MOJHYIO0 Mepy.

[TpuMEP 2. I[IycTh W — KpuBast TOJIOXUTENIBHOTO poja u F — obiiiee
MIOAMHO)XECTBO Ha Hel. 3adaua 2 Hepaspewuma ons aboll opmul a,
0211 Komopoil MHoxcecmeo P Hemycmo u codepucumes 8 F.
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6.3. DiIeMeHTapHOCTb U He3JIeMEeHTapHOCTh abesieBbIX UHTErpa-
JIOB. Bormpoc 06 31eMeHTapHOCTH MHTEerpaja aarebpandeckoi GpyHKIUN
cBoAUTCA K 3azayaM 1 u 2 (eMm. 1. 6.1, 6.2).

TEOPEMA 6.9. IlepsoobpasHas mepomopdHotll opmbl a 0606weHHO-
3NleMeHMAapHa, ecaul U moasko ecau st popmbvl o pazpeuwtumst 3adauu 1 u
2 u popma a pasHa cymme peweHuil amux 3adau, m.e. a=[3 +v, 20e 3 —
peuwterue 3adauu 1 0 opmuvl o U Yy — pewteHue 3adauu 2 021 hopmul Q.

JlOKA3ATEJNBCTBO. ECIM HeompeZieeHHEIN HHTErpal OT GOPMEL o
sABJsieTCsT 0006IIEeHHON a7leMeHTapHON QYHKIHMEH, TO TIo TeopeMe JIny-
BWLIA A1 GOPMBI @ pa3pelluMsbl 3a7a4u 1 1 2 u popMa o paBHa CyMMe
peleHuit 3TUX 3a1a4. B o6paTHyIO CTOPOHY TeopeMa OYeBHIHA. O

CaeacTtBUE 6.10. ITycmb 0ns mepomopdHoll opmbl @ HA Kpusol
NoN0HCUMENbHO20 po0a MHOYCECTNB0 Mouek P, 8 komopbix gbiuem ¢hopmbl
Q He paseH My, s8asiemcs obwum nodmHoxcecmeom kpusoil. Toeda
HeonpeodesieHHbLl UHMe2pal om Gopmbl @ He Modcem bbimb 0606UeHHOT
anemenmapHoil pyHkyuetl.

[lycts P — GUKCUPOBAaHHOE KOHEYHOE IOAMHOXKECTBO Ha KOMITAKT-
HOI KpuBOii W. O603HaYMM depes {lp MPOCTPAHCTBO MEPOMOPQHBIX
1-bopm Ha KpuBOW W, BbIUETHI KOTODBIX B KaXKZOW TOYKE MHOXKECTBA
W \ P paBHBI Hymo. Kaxdasa gopma a € Qp 3adaem cieayomuii kaacc
o0HOMepHbIX Kozomosozull [a] mHomcecmea W \ P: suadenue [a](y)
kiacca [a] Ha 1-1iuKiIe y paBHAETCA f7 a, rae y — 1-1uKJI, He TPOXO/si-
MK Yepe3 TOMI0Chl GOPMBI @, TOMOJIOTHYHBIHN IUKIY ¥ B o6mactu W\ P.
Or BeI6Opa 1-1[KJIa 7 UHTETPAJ He 3aBUCUT, TaK KaK I10 YCIOBHUIO BEIYET
bOpMBL @ B KaKZIOM TIO/TIOCE, JieskaiieM B W \ P, paBeH HYIIIO.

[Tycts D = (f) —I71aBHBIM AUBU30P HA KpHUBOU W, HOCHUTENb KOTOPO-
ro cofep:kurca B MHOxecTBe P. C auBu3opom D cBsA3aH L€JI0YMCIIEH-
HBIA Kacc xoromosoruii [D] mpoctpancTBa W \ P, 3agauHbiii 1-dop-

, 1 df
Moit 5= (byukuusa f ompezenseTcs ZUBU30pOM D ¢ TOYHOCTBIO 10

KOHCTAaHTHI, OT BhIOOpa KoTopoi 1-popma He 3aBucuT). O603HAUYUM Ye-
pe3 L(P) KOMILJIEKCHO-TUHEWHOE TIOJIIPOCTPAHCTBO B OJJHOMEPHBIX KO-
romosiorusx zononHeHuss W \ P K MHOXeCTBY P, TIOPOXKZEHHOE IIeJIO-
YUCJIEHHBIMU KJ1accaMu [D] mIaBHBIX JUBU30POB D, HOCUTETH KOTOPBIX
JIeXXaT B MHOXKecTBe P (Takue JMBU30PE COOTBETCTBYIOT TOYKAM PeIleT-
xu Jo(P)).

TeoPEMA 6.11. IlepsoobpasHas mepomop@dHoil dopmbl o HA Kpu-
goit W, npunadnexcawetl npocmpancmsy Sp, asnsemcs 0606ueHHoTl
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anemeHmapHotll hyHKyuUell, ecau U MOIbKO ecaU KAAcc kozomonozull [a] €
€ H' (W \ P) nexcum 8 npocmpaxcmeae L(P).
JOKA3ATEABCTBO. Eciu kiacce [a] nexxuT B mpocTpadcTse L(P), TO

dopma a Ha MHO)KecTBe W \ P 3a/1aeT TOT ke KJIaCC KOTOMOJIOTHH, 4TO
1 HeKoTopas popma y =Y. A, d:;;, rae A; — mepoMopdHble GyHKIIUU, HO-
CUTENU JUBU30POB KOTOPBIX JIEXXUT B MHOXXecTBe P. ®opma f=a —y
3a/laeT HyJIeBOU kiacc koromosoruit Ha W \ P. [ToaToMy HeolpezeieH-
HBIM uHTerpan ¢opmel B ABIAETCI OAHO3HAYHOU GyHKIMei Ha W\ P.
OTOT UHTErpal UMeeT IOTMHOMUAIBHBIN POCT OKOJIO MOTIOCOB GOPMBI
B u aBnsercs, caeAoBareabHO, MepoMopdHOU dyHKIMelN Ha KpuBor W.
Ob6paTHoe yTBep:KAeHUE BHITEKAET U3 TeOPEMBI JIMYBUILIIA. O

[TpuBezeM HEeCKOJIBKO CIIeICTBUM J0Ka3aHHBIX TeopeM. [Ipex e Bcero
OTMETHUM CJIeZiyIolllee TOMOJIOTrUYeCcKoe MPEeATCTBUE K 2JIeMEHTapHOCTHI
WHTerpasa ajarebpandeckoi 1-popMsi.

CaeacTBUE 6.12. Ecnu Ha kpusoil W nepgoobpasHas mepomopgdHol

dopmbl @, npuradnexcauieti npocmparcmay Qp, seasemcs 0606ujeHHOL

o . 1
dJlemMeHmapHou gﬁyHKL;ueu, mo YMHOMCEHHOE HA 2_7'El 3HAUeHue KJjiacca Ko-

2omonozuil [a] Ha nobom 1-yukne y € H; (W \ P, Z) nexcum 8 npocmpa-
cmae V(res a).

JlOKA3ATE/NBCTBO. [lefiCTBUTENBHO, eCau UHTerpan GopMbl o djie-

MeHTapeH, To o = dA, + Zki% U YHCIa A; JIeXaT B IIPOCTPaHCTBe
i

V(res a). Tlepuogsr dopMbl dA, paBHBI HYJIO, a TIEPUOABI GOpPM 2_7't1A_l

[€I0YUCIEHHBL. :

CaeacTtBHUE 6.13 (cp. [53]). Ecau 8ce 8biuemut mepomMopPHoil popmbt
a Ha KOMNAKmMHoU pumaHosoil nogepxHocmu W pagHul HyJ110, Mo Heonpe-
OesieHMbLll UHMezpan om o bepemcsi 8 00061eHHBLX 2JleMEHMAPHBLX PYHK-
YUSAX, eciU U MOJILKO ecau OH 00HO3HaueH Ha W.

JIOKA3ATE/NBCTBO. VHTEerpan or MepoMopdHOI GOPMBI UMeeT Io-
JIMHOMHAIBHBIN POCT OKOJIO ITOTIOCOB GOPMEL. [103TOMY eciii MHTErpas
OJHO3HAYeH, TO OH fABIAETCA MepoMopbHOU dyHKIMel. B apyryio cro-
POHY yTBep:K/eHe BhITeKaeT U3 IPeJBIAYIIero CIeACTBUA. O

CnEACTBUE 6.14 (cp. [53]). HMHmeepan om HeHynesoll zonomopdHoil
dopmbl Huk020a He bepemcst 8 0600UEHHBIX 2JIEMEHMAPHBIX HYHKYUSX.
x dy
Xo m’

noauHom 6e3 KpamHbslx KOpHeli, HE dJIEMEHMApeH.

Hanpumep, aanunmuueckuil uHmezpan 2de P — kybuueckuil
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JIOKA3ATEJILCTBO. KHTerpas oT romoMopdHoOi GpopMbI OFHO3HA-
YeH, eCJIU U TOJIBKO €CJTM OHa paBHA HYJIIO. O
YTBEPKAEHUE 6.15. ITycmb popma a umeem nosntocvl He 8bluie nep-
8020 NOPAOKA U BCe ee 8bluembl pAUUOHANbHBL. Toeda HeonpedeseHHbLL
uHmezpan opmoul a b6epemcst 8 0606ULEHHBIX IJIEMEHMAPHBIX GYHKUUSIX,

ecaU U MOJbKO ecau 8ce nepuodsl hopmul ﬁa DPAYUOHANbHBL.
JlOKA3ATE/NBCTBO. Heob6XoAUMOCTb yCIOBUA PAllOHATIBHOCTH IIe-

PHOJIOB BEITEKAET U3 CIeACTBUA 6.12 HacTosAmero myHkTa. [IpoBepuM ux

JIOCTaTOYHOCTh. [10 YCIOBHUIO /s HEKOTOPOTO HATypaJbHOTrO uuciaa N

Na
BCe TepUOAbl GOPMBI 5 ABJAOTCA TETbIMH YMCTAMH. [ToaTomy QyHK-

1ua F, ompejeneHHas paBeHCTBOM F(x) = exp f;: Na, aBngercs ofHO-
3HavyHOU yHKIMeld Ha W. OyHKiusa F mepoMmopdHa, Tak Kak popma o
HMIMeeT JIUIIb TOTFOCH TEPBOTO MOPSAKA. PABEHCTBO f;; a= % InF(x)+c
JIOKa3bIBAET HY)KHOE YTBEPXKAEHUE. O
CHIEACTBUE 6.16. ITycmb 8ce 8bluemul MepoMoOpPHOIL popmbl a payu-
oHanbHbl. Toeda HeonpedeseHHbLll uHmMezpan gopmuvl a bepemcst 8 0606-
UleHHBIX TIeMeHMAPHLIX GYHKUUSX, eCU U MOAbKO ecau 0 Gopmbl A
paspewuma 3adaua 1 u ece nepuodst popmut ﬁa PAYUOHANBHBL.
JOKA3ATE/NBCTBO. Tak Kak 411 GopMBI o 3a1a4a 1 paspenruma, cy-
mecTByeT MepoMopdHaa GyHKIUA A\, Takasd 4To popma (a —dA,) ume-
€T JIIIB TToJTockH 1-ro opszaka. Popma (o —dA,) UMeeT Te e MEPUOZBL,
yTo ¥ popMa @, U K Hell IPUMEHUMO yTBepxKaeHue 6.15. O

§7. KPUTEPUMN JINYBUNIA—MOPAYXAH-BOJITOBCKOTO

JIMyBWIIO TIPUHAJJIEXKUT TIEPBBIM Pe3yJIbTaT O HEPA3PEUIUMOCTU JIH-
HelHbIX AuddepeHITaTbHBIX YpaBHEHUH B SBHOM Buze (cM. [29], [27]).
TEOPEMA 7.1 (JInyBuansa). Ypasenue Yy’ + py’+qy =0 c koagpPu-
yueHmamu u3 GyHKUUOHANbHO20 JugpdeperyuansHozo noas K, ace ane-
MeHMblL KOMOP020 Npedcmasumbl 8 0600UleHHbIX K8adpamypax, pewiaems-
cs1 8 0600UeHHbIX Keaapamypax ecyll U MOJILKO eCll OHO UMeem peule-
Hue guda y; (x) =exp f f()dt, 20e f— pynxuyus, ydosnemeopsanow,as
anzeGpauteckomy ypasHeHuio ¢ Koad@uyuenmamu 8 nose K.

B ozHy cTOpoHY TeopeMma oueBUAHA. ECIIM M3BECTHO OLHO pelLIeHUe
y; JuHelHOTO AubdepeHINaNTbHOTO YpaBHEHUS BTOPOTO MOPSIKA, TO
€ro MOXXHO PeIlUThb, IOHU3UB MOPAAOK ypaBHeHUs. [JoKa3aTh TeOpeMy
B IDYTYIO CTOPOHY ZIOCTATOYHO TPYZAHO.
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§ 7. Kputeputii JlnyBwinia—Mopayxaii-bonToBckoro

[TorpeboBasoch Gosee ToMyBeKa, 4ToObI 000OIIUTH Teopemy Jiny-
BWLIA HAa YpaBHEHUA n-ro nopsagka. Mopayxaii-bonToBckuit gokasan B
1910 r. meTozoM JIMyBUILIA CAEAYIOMINNM KPUTEPUU, TIO3BOJIAIONIUI CBO-
JIUTH BOIIPOC O Pa3pelIMMOCTH ypaBHEHHUA K BOIIPOCY O Pa3peInMOCTU
ZIPYTOro YpaBHEHUS MEHBIIEro MOPsAIKA.

Krutepuii JiuyBunana—MorayxAl-BoiTOBCKOTO. YpasHeHue
n-20 nopso0ka

Y4y V4 4py =0

¢ KoagPuyueHmamu u3 GyHKYUOHAILHO20 OUuPPepeHyuUanbHo20 noas K,
8ce 3JleMeHmMbl KOMOopo20 npedcmasumbsl 8 0000UleHHbIX K8adpamypax,
pewaemest 8 0600UeHHbIX K8AOPAMYPAX, €CAU U MOAbKO ecau, 80-nep-
8blX, OHO UMeem pelleHUe 8uda Y; (X) =exp f ;; f () dt, 20e f — pynxuyus,
Jlexcauias 8 Hekomopom anzebpauueckom pacwupenuu K, nons K, u, 8o-
8MOPbLX, ()/ugbgbepenuuaﬂbnoe ypasHenue (n— 1)-20 nopsadka Ha PyHKUUIO

/N K 0
=y -7y koagppuyuenmamu u3 nonst Kq, nosyueHHoe u3 ucxooHozo

ypasHeHus npouedypoll noHuxceHus nopsioka (cm. 1. 1.2 miaBsl 3), pewa-
emcsl 8 0606ueHHbLx keadpamypax Hao nosem K.

B Ttom xe 1910 rogy nosBunach TeopeMa [lnkapa—Beccro, B KOTO-
PO¥ BOIIPOC O Pa3pelIMMOCTH JUHEWHBIX AUPPepeHITUaNbHbIX YpaBHe-
HUI pelraeTcss abCOMIOTHO MO-APYTOMY, C TOYKU 3peHus auddepeHIn-
asbHOU Teopuu lanya.

B TpeTbeli riaBe Mbl OOCYZIUM OCHOBHBIE TTOJIOXKEHUS 3TOU TEOPUH.
Kpurepuit JlnyBuwiia—Mopayxai-BolITOBCKOTO IO CyIeCTBY 3KBUBa-
seHTeH TeopeMe [Inkapa—Beccuo. Teopusa Ilukapa—Beccuo He TOIBKO
OOBSCHSET 3TOT KPUTEPHUI, HO U JIA€T BO3MOXKHOCTDb JIOBECTU €O ZI0
SIBHOTO aJICOPUTMa, TO3BOJIAIOIIEr0 /Il YpaBHEHUA C KO3pPuImeH-
TaMU W3 TIOJS PAlMOHAJBHBIX (QYHKIIUNA (MMEMIINX palnroHaIbHbIE
K03bOUIIMEHTHI) ONpPEeEeNUTh, Pa3peliiMo ypaBHeHe B 06006IeHHBIX
kBaZipaTypax wiu HeT (cM. [33] u § 7 miaBe 3).
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I'maBa 2

PA3PEIIMMOCTb AJITEBPAMYECKNUX YPABHEHUM
B PAZIUKAJIAX 11 TEOPUA TAJIYA

Pemraercss M 3aZjaHHOe ajirebpanyecKkoe ypaBHEHUE B paguKasax?
MoxxHO s pemiaTth 3aZiaHHOe anrebpandyeckoe ypaBHEHUE CTeIleHU N,
WCTIONb3ysl pelLIeHHs BCIIOMOTATeNIbHBIX alreOpanyecKux ypaBHEHUH
MeHbIIIeH CTeleHu U paJuKaiabl? B 3TOl I1aBe MBI OOCyXKZAaeM, Kak
Teopusi lanya (o kpaliHell Mepe, B INPUHIMIIE) JlaeT OTBET HA 3TU
BOIIPOCEHI.

CdopMymmpoBaHHbBIE BOIPOCH! 110 CBOEW MPUpOJe ABIAIOTCA YUCTO
anrebpanvyecKUMU U MOTYT OBITh NOCTaBJEHBI HaZ JIOObIM moneM K.
Me! 6yzem mpezmonararh, 4To mojie K uMeeT HyJIeByI0 XapaKTEPUCTUKY.
B amoii 2nage «nose» o3Hauaem «noJie xapakmepucmuku Hynw». Crydait
ToJIel HyJIEBOM XapaKTEPUCTUKU HEMHOTO IIpolle OOIIero, a Ajs Hac
OCHOBHOUW WHTEpeC MPEACTABIAIOT GYHKIIMOHAIbHBIE AUGhepeHIaIb-
Hble TI0JIA, KOTOPHIE COZlep)KaT BCe KOMIUIEKCHBIE KOHCTAHTHL. Jlpyrue
HWHTepecHble NTPHUMepHI MoJiel, K KOTOPBIM IOJTHOCThIO IPUMEHUMBI pe-
3yJIBTATHL OTOH IVIABBL, OCTABIAIOT IOAIIOJS OIS KOMIUIEKCHBIX YHCEsT
(B yacTHOCTH, TI0JIe PAI[MOHANTBHBIX yrcen Q).

«PaspemurenbHasg» 4acTb Teopuu lamya (cMm. § 1), mosBossromias
pelraTh ypaBHeHHeE B pajuKaiaX, BecbMa Ipocra. OHa He HCIOIb3yeT
HU OCHOBHYIO TeopeMy Teopuu lanya, HH BOOOIIe TEOpHIO IONel U
OTHOCHTCS, TIO CYILIECTBY, K JIMHENHOI anre6pe. ToMbKO 3TH TMHEHHO-aJ-
rebpanyeckue cooOpaskeHUs IPUMEHSIOTCA B TOIIOJIOTUIECKON TEOpUU
Tanya mpu o6CyXeHUM BOIIPOCA O MPEJCTaBHUMOCTHU ajarebpamdecKux
byHKIME B pagukanax. OfHAKO JOCTAaTOYHOE YCIOBHE Pa3pellrMOCTU
ypaBHEHUA C IIOMOIIBIO PelleHHs BCIIOMOTaTeNbHBIX YPaBHEHUI MeHb-
IIeli CTeleH! ¥ PaZIUKaIOB OIIMPAETCA He TOMbKO Ha INHEWHYIo anre6py,
HO ¥ Ha OCHOBHYIO TeopeMy Teopud 'asya. DTO ofjHA M3 IPUYHH, II0Ye-
My MBI IPUBOZUM IIOTHOE I0Ka3aTeIbCTBO OCHOBHON TEOpeMBI TeOPUH
lanya.

Be3 nokasarenbCTBa HCIIONIB3YIOTCA XOPOIIO M3BECTHbIE CBOMCTBA
paspemuMbIX Ipymnn u rpymsl S(k). B . 9.1 1oka3bpiBaeTcsa 3HAYUTETHLHO
MeHee WU3BECTHOE XapaKTEPUCTHYECKOe CBOWMCTBO IOATPYII T'PYIIIIBI
S(k). DT dakThl W3 TEOPWUU TPYIN NPUMEHSIOTCA KaK B OOBIYHOM
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Teopuu lanya, Tak U B ee AubdepeHIINaTbHOM U TOTOJIOTHYECKOM
BapUaHTax.

Ham yacTo Hy>XHO paciupATh IoJe, IPUCOeANHAA K HEMYy OZUH KO-
PEeHb WIN HECKONBKO KOPHeH airebpandeckoro ypaBHeHus. [ GpyHK-
I[MOHAITBHBIX AN depeHIINaTbHbIX T0Tel KOHCTPYKIUA TaKUX paclIrpe-
HUM IIpocTa U yike onrcaHa B § 2 raBsl 1. 1A mozmosieit o KOMILIEKC-
HbIX ynces C KOHCTPYKIIUA TaKUX paclIMpeHull odeBUHA. Tak Kak Hac
B OCHOBHOM HMHTEPECYIOT IOJII UMEHHO 3THUX JBYX THUIIOB, HUJYce Mbl 6Y-
JeM UCNONb308AMb MAkKUe paculupeHUs, He 0CMAaHA8AUBASCL HA UX KOH-
cmpykuyuu.

Heckonbko c0B 0 pacrnosnoxeHuu marepuana. B § 1-4 paccmarpu-
BaeTcsA Hose P, HA KOTOPOM JIeHCTByeT KOHeYHas TpyIIia aBToMOphu3-
MOB G. DyIeMeHTHI 07 P, HeloABIXHbIe OTHOCUTENIBHO JIe¥CTBUSA IPyII-
el G, 06pasyioT nogmnosie K C P, Ha3bIBaeMOe TI0JIEM UHBAPUAHTOB.

B § 1 mokasano, yTo eciu rpynna G pa3penrnMa, TO 3/eMeHTHI IO
P mpezcTaBUMBI B paZiikajax depes3 sJeMeHTHI IToJiA WHBapuaHToB K.
(3zZech HaZO JOTIOIHUTENBHO IIpeAnonaraTh, 4To noie K cogepXuT Bce
KOPDHU U3 eJIUHUIIBl CTelleH!, paBHOU MopAzAKy n rpymnmnsl G.) B ciydae,
Korzia P — mose panioHaIbHBIX GYHKIINI OT N IepeMeHHbIX, G — rpyma
IIepecTaHOBOK N IlepeMeHHBIX U K —ITojle CHMMEeTPUYHBIX palllOHalb-
HBIX QYHKIIMH OT N IepeMeHHBIX, TOT Pe3y/IbTaT OOBACHAET, II0YeMy
ypaBHeHUA 2—4-i cTelleHel pellaioTca B paZuKaiax.

B § 2 mokazaHo, 4To /15 10060 NoArpymIibl G, TPYHIbI G CYLIECTBYET
JIEMEHT X € P, crallnoHapHas rpynna Koroporo pasHa G,. PesynbTraThl
§ 1 1 2 OCHOBAHBI Ha NMPOCTBIX COOOPAKEHUAX TEOPUU T'PYIIIL U UCIIOIb-
3yIOT ABHYIO GOPMYITY /I MHTEPIOIAIMOHHOTO TIoMruHOMa JlarpaHka.

B § 3 mokasaHo, YTO BCAKUM a7eMeHT Mo P anrebpaudeH Haj 10-
seM K. JlokasaHo, 4TO ec/IM CTallOHapHad rpylla TOYKU z € P cozep-
JKAT CTALMOHAPHYIO TPYIIy TOYKU Y € P, TO z ABJIAETCA 3HAYEHHEM B
TOYKE y HEKOTOPOI'O ITIOJIMHOMA Ha/ 1ojsieM K. DTo 0Ka3aTeabCTBO TOXe
OCHOBAHO Ha UCCJIe[IOBAHNY NHTEPIIOAALIMOHHOTIO IIOJIMHOMA Jlarpamxa
(cm. 1. 3.3).

B § 4 BBezeH ki1acc k-pa3pemmMeix rpymi. [lokazaHo, YTO ecy I'pyTI-
na G k-pa3pemnnMma, TO 31eMeHTH oA P npe/icTaBUMEBI B k-pajlKanax
(T. €. IpeACTaBUMBI C UCIIONb30BAHUEM PaJUKalIOB U pellleHHU BCIIOMO-
raTeJIbHBIX ypaBHEHUU CTelleHU He BhIlle k) yepe3 aneMeHTH nond K.
37,eCch TOXKe HY>KHO JIOIIOJIHUTEJNBbHO IpeAroaraTs, 4ro noiae K cogep-
’KWUT BCe KOPHU U3 eINHUIIB] CTelleHY, paBHOU NMOPAAKY n I'pynmnsl G.
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PaccmoTtpuM Teneps Apyryro curyauuro. Ilycts mose P mony4eHo U3
nona K mpucoesnHeHVeM BceX KOpHeM NMOJIMHOMMAIbHOTO YpaBHEHUA
Ha/ noneM K, Melollero JUIIb HEKpaTHbe KOPHU. B a3ToM ciaydae cy-
IIecTByeT KOHevHas rpymnmna G aBToMopdr3MOB Mo P, moneM MHBapH-
aHTOB KOTOpOH ABAeTcd nose K. /g nocTpoeHus rpynnsl G UCXOZHOe
ypaBHEHUE 3aMeHAeTcAd S5KBUBaJEHTHHIM ypaBHeHUeM lanya, T. e. ypas-
HEeHHeM, KaK/blli KOpEeHb KOTOPOT'O BRIpaXKaeTcsl yepes Jtob6oi apyroi
u3 ero KopHe# (cMm. §5). I'pynma aBTroMop¢du3mMoB G cTpouTcs B § 6.

Takum o6pasoM, B § 2, 3, 5 u 6 f0Ka3aHbI IIeHTPAJIbHbBIE TEOPEMBI
Teopuu ['anya. B § 7 moaBoamTca utor, GopMyIUpyeTCs U LOKa3bIBaeTCA
OCHOBHas TeopeMma Teopuu ['anya.

Anrebpanyeckoe ypaBHEHUE HaJl HEKOTOPBHIM II0OJIEM PellaeTcs B pa-
JAVKaJax, ecyid U TOIbKO eIy ero rpymmna l'anrya paspemuma (8 8), u pe-
maeTcsd B k-paZiiKaiiax, ecjid U TOIbKO ecu ero rpymnmna lamya k-paspe-
muma (§9). B §10 obcyxzaeTcss BOIPOC O pa3pelInMOCTU CIOXKHBIX aJl-
rebpanyecKux ypaBHEHUI IPU IIOMOIIY pellleHNs 6ojiee IPOCTHIX ypaB-
HEHUH. 37ech faeTcsa HeoOXOANMOe YCIIOBHE I IIOZ00HOM pas3penrMo-
CTU B TepMUHAaX I'pyninsl ['anya ypaBHeHU.

B 31011 r1aBe 60s1bIII0e BHUMAHUE yZeJIeHO IPUIOKeHUsAM Teopuu ['a-
JIya K 3aZladaM O pa3pelirMOCTH ajirebpanvecKux ypaBHEHUHN B IBHOM
Buze. /A nocTpoeHusa caMoi Teopuu l'anya sTH IPWIOKEHUA He HyX-
HbI. [71aBHBIE MTOMOXKeHUA Teopum l'amya cozepxkarca B § 2, 3, 5-7. Ux
MOXXHO YUTaTh OT/ENBHO.

KoHcTpykuus paspelieHUsa ypaBHEHUH B paZuKkaiax (BKIHOYaroUiasd
pelreHys oOIINX YpaBHEHUH cTereHu 2—4) copepkuTes B § 1 U He 3aBU-
CHUT OT OCTAJIbHOT'O TEKCTA.

8I. IEWCTBUE PA3PEIIMMOMN I'PYIIILI U IPEACTABUMOCTD
B PAZIMKAJIAX

B aToMm maparpade JiokazaHo, YTO e€CJIU Ha Tojie P elicTByeT KOHeuHast
paspelrMas rpymmna aBToMopdusMoB G, TO (IIpU HEKOTOPHIX ZIOTTOMHU-
TeJbHBIX TMPEAINONIOXKEeHUAX O moje P) Bce a7neMeHTH mosid P BeIpaxka-
IOTCA Yepe3 sJIEMEHTHI IO/ UHBApUaHTOB K NPy MOMOILM paJvKajioB
U apupMeTUIECKUX OMepaIiuii.

KoHcTpykiia npezcTaBieHUs 3jIeMEHTa B paZyKajgaxX OCHOBaHAa Ha
JnuHelHOU anrebpe (1. 1.1). B m. 1.2 pesynbrar mpuUMeHsSIeTCS AT JOoKa-
3aTeNbCTBA PA3pPENIMMOCTH YPaBHEHUM MaJIeHbKUX CTereHei. UToObI
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HamucaTh sBHbIe GOPMYJIBI JI PEIleHUH, KOHCTPYKIIUIO U3 JIUHEHHOHN
anreOpsl HY)XXKHO TIPOZeNaTh ABHO. B m. 1.3 MBI OIMUCHIBaeM TEXHUKY
pe3onbBeHT JlarpaHka, IO3BOJAMILYIO ABHO JUaroHaau3upoOBaTh KO-
HEYHYI0 KOMMYTATHBHYIO I'DYIIy JUHENHBIX ollepaTopoB. B m. 1.4 Mbl
00BsICHEM, KaK pe30JIbBeHTHI JlarpaH:ka TIOMOraloT HaltucaTh GOPMYJIBI
JUIS pellleHUl B pafiuKaiaxX ypaBHeHUN 2—4-11 cTeneHel.

PesysmbTaThl HacTosmero maparpada NpUMeHUMBI B OOIIEH CUTYya-
LIMM, paccMaTpuBaeMou B Teopuu lamya. Eciu mone P monydeHO U3
nmonsa K mpucoesuHeHMEM BCeX KOpPHEH anre6pandyecKoro ypaBHEHUA
Ha/ tosieM K, UMeIoIIero JUIlb HeKpaTHble KOPHU, TO CYIIeCTBYET I'PyII-
na G aBTOMOpPGU3MOB 1107 P, TI07IeM MHBApUAHTOB KOTOPOU SBJIAETCSA
norne K (m. 7.1). Ota rpynma HasbBaeTcs epynnoil Ianya ypasHenus. U3
Ppe3y/IbTaToB HacTosAllero naparpada BEITeKaeT, YTO ypaBHEHHe, TPyIIIa
lamya kxoToporo paspelmirMa, peliaeTcd B pajukanax (ZOCTaTOYHOE
yCJIOBHE pa3pelllMMOCTH B paZukaiax 13 TeopeMsl 8.7). CyllecTBoBaHUe
rpymmnsl asya HUKaK He CaMOOYEBUAHO U TIPeACTaBIsIeT cOO0M OUH U3
I[eHTPaJbHBIX GaKTOB Teopuu l'amya. 31eck MBI 3Ty TeopeMy He [JOKa3bl-
BaeM (ZoKa3aTenbCTBO MMeeTcd B II. 7.1), a U3Ha4YalIbHO IIpejIosaraeM,
yTo rpynna G CyljecTByerT.

B paze BaxkHBIX cilydaeB rpymmna G 3azaHa anpuopu. Tak, Hanpumep,
obcrouT zeno, eciu K —T1one parMoHadbHBIX GYHKIWE OJHOU Iepe-
MeHHOH, P —mose, mony4yeHHOe IprcoeAnHeHreM K K Bcex peleHui
anrebpanvecKkoro ypaBHeHUsA, U G — TpyIIia MOHOAPOMUHM anrebpamde-
CKOM QYHKUIMH, OIpe/ieIeHHOM 3TUM ypaBHeHHeM (CM. I7IaBy 4).

1.1. JocraTo4yHOe ycjOBHe pa3pellinMOCTH B pajukanax. KoH-
CTPYKIIUs TIpeCTaBJIeHUs dJeMeHTa B paAuKagax odeHb cyiabo wuc-
MOJTb3yeT TO OOCTOSTENBCTBO, YTO MBI UMEEM JEI0 C MOMAMHU. UTOOBI
MTOYEPKHYTD 3TO, MbI OITUIIIEM 3Ty KOHCTPYKIIUIO, B3IB BMECTO ITOJIS aJl-
re6py V, KoTopas MOXeT ObITh ¥ HeKOMMyTaTUBHOM. (Ham gake He To-
HaZ0OUTCSI IEPEMHOXKATh Pa3HbIe IeMeHTHI 3TOH anre6psl. Mbl Gyzem
HCITOJTb30BaTh JIUIIb ONTEPALINIO BO3BEAEHUA B IIETYIO HEOTPUIIATETHHYIO
CTereHb k ¥ OHOPOJHOCTD 3TOU OTEPAIMH OTHOCUTETHEHO YMHOXKEHUS
Ha ameMeHTH ocHOBHOTO most (Aa)k = Akak npuacV, A€K.)

[lyctb V —anrebpa Haz moneMm K, comepskalluM Bce KOPHU U3 ed-
Hunpl. KoHeuHass KOMMYyTaTUBHAs T'PyIIa JUHEHHbIX Tpeobpa3oBaHui
KOHEYHOMEPHOT'0 BEKTOPHOI'0 IIPOCTPAHCTBa HaZ TojieM K B HEKOTOPOM
6a3uice MPUBOAUTCS K AMATOHATbHOMY BuAy (cM. 1. 1.3).

60



§ 1. TIpeAcTaBUMOCTD B paZiiKaiax

YTBEPKAEHUE 1.1. IIycmb G — KOHeUHAsl KOMMYMAamueHas 2pynna
nopsoka n asmomopgusmos anzebpst V. [Tycmsb nose K codepicum ace
KOpHU cmeneHu n u3 eduHuusl. Tozda kaxcowiil anemenm Xx anzebpvt V
npedcmagum 8 gude cymmol k <n anemenmos x; €V, i=1, ..., k, maxux
umo x;' nexcum 6 anzebpe uneapuanmos V.

JIOKA3ATE/NIBCTBO. PaccMOTpUM KOHeYHOMepHOe BEKTOpPHOE IIpo-
cTpaHcTBO L B anrebpe V, HaTIHyTOe Ha OpPOUTY 3leMeHTa X OTHO-
cuTenbHO JAedicTBusA rpynmbl G. IlpocTpaHcTBo L packiazbiBaeTcs B
IpaAMyo cyMMmy L =1, @ ... ® L, TOANIPOCTPAHCTB, COOCTBEHHBIX /IS
BCeX orepaTopoB rpymibl G (cM. 11.1.3). ITo3ToMy BEKTOP X TIpEACTaBUM
B BUJIE CYMMBI X = X; + ... + X} BEKTOPOB X1, ..., X, COOCTBEHHBIX I
BCEX OIepaTopOoB IPpyIbl. COGCTBEHHBIE YHCIIA ITUX OTIEPATOPOB — KOP-
HU CTETIEHU N U3 eJMHUI[BL. [109TOMY /1eMEHTHI X7, ..., X}’ TIPUHAZJIEKAT
anrebpe MHBapuaHTOB V). |

BBegeMm ciezytolee onpezeneHue.

ONPEAENEHUE. CKaXkeM, UTO dleMeHT X anrebpel V momydaercs
onepayueil usgeveHuUsl KOpHa n-ii cmeneHu U3 37IeMeHTa d, €CTU BbITIOJ-
HsIeTCs paBeHCTBO X' =d.

Teneps yTBepkAeHre 1.1 MOXKHO UHTEPIIPETUPOBATD CIEAYIOIUM 00-
pa3oM: KaXKZbIM leMeHT X anarebpsl V mpeAcTaBiseTcs B BUAE CYMMBI
KODHEH Nn-# CTeneHU U3 2JIEMEHTOB ajareb6pbl MHBAPUAHTOB.

TEOPEMA 1.2. IIycmb G — KOHeuHas paspewumas epynna nopsioka n
asmomopgusmos anzebput V. Ilycms nosie K codepycum 8ce KOpHU cmene-
Hu 1 u3 eduruydbl. Toeda kaxcowlil anemenm x anzebpvt V noyuaemcs u3
anemMeHmo8 anzebpvl uHBApUAHMO8 Vy NpU noMowu u3sneueHus: KopHeil
u cymmuposanuil.

JlokaxeM CHaudasia ciefyolllee IIPOCTOe yTBepXKAeHHe O JeUCTBUU
TPYIIIBI HA MHOXKECTBE.

[TycTe rpynna G geiicTByeT Ha MHOXecTBe X, H — HOpMaJIbHBIH Jieu-
Tesb Tpynnel G U X, — MOAMHOXECTBO X, COCTOAIIee U3 HellOABMKHBIX
TOYEK OTHOCUTENBHO ZIeWCTBUA IPYIIIHI G.

YTBEPXKAEHUE 1.3. IToomMHoxcecmso Xy mHONcecmea X, cocmosuiee
U3 HenoOBUINCHLIX MOUeK OMHOCUMENbHO Oellcmaus HOPMAlbHO20 Oeu-
menst H, uH8apuaHmHo omHocumesnbHo Oeticmeus epynnst G. Ha moorce-
cmee Xy ecmecmeenHo Oeticmgyem ¢paxkmopepynna G/H ¢ HenodsujicHbLM
MHOKcecmeom X,.

JIOKA3ATEALCTBO. ITycTh g€G u h € H. Toraa anemeHT g~ 'hg npu-
HaZIIeXUT HOpMaIbHOMY Aenurento H. [TycTsb x € Xy, Torna g~ thg(x) =
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=x, win h(gx) = g(x), 94To o3HaAYaeT, 4YTO NEeMeHT g € X HENOABIKEH
Ipu leiCTBUM HOPMasibHOTO Aenutens H. Mtak, MHOXecTBO X WH-
BapHaHTHO OTHOCUTENBbHO JelcTBUA Ipynnsl G. Ilpu sToMm zeiicTBUM
aJleMeHTaM HOPMAaJbHOTO AenuTenss H COOTBETCTBYIOT TOXKAECTBEHHbIE
npeobpa3oBanus. [loaToMy zeiicTBue Tpynnbl G Ha Xy CBOAUTCS K
neticteuio Gakroprpymnmsl G/H. O

[lepetizeM Temepsb K 0Ka3aTeIbCTBY TeOpeMbl 1.2.

JOKA3ATENBbCTBO. Tak kak rpynna G paspeninuMa, TO y Hee Cyllle-
CTBYeT LielloYKa BJIOXKEHHBIX oArpymnil G =Gy D... D G, =e, B KOTOPOH
rpynna G,, COBNaZaeT C eANHUYHBIM IeMeHTOM e U Ipu i =1,...,m
rpynna G; ABIAeTCA HOPMaIBHBIM JeJUTeNeM Ipynnsl G;_;, Npudem
dbakroprpynmna G;_;/G; KOMMyTaTUBHA.

O6o3Hauum uepe3 V) C ... C V,, =V nenouky nogairebp MHBapuaH-
TOB aire6pbl V OTHOCUTENBHO AeticTBUA rpymm Gy, ..., G,,. CormacHo
yTBep:kAeHuto 1.3 kommyTaTuBHas paktoprpymna G;_;/G; eCTeCTBEHHO
JeNCTByeT Ha anrebpy MHBapUaHTOB V;, OCTaBJIAA HEMIOABIKHOM TIOZaI-
rebpy uaBapuanTtos V;_;. [Topsimok m; daxkroprpymisl G;_,/G; ABIseTCsa
JenuTesneM nopsazaka n rpynnsl G. IToaToMy k aTOMy ZeHCTBUIO IIpuMe-
HUMO yTBep:xkzeHue 1.1. CiefoBaTeNbHO, KOKIBIN 27eMeHT anrebpsl V;
BBIpakaeTcsd IIpY ITIOMOIIM CYMMHPOBaHUsA U U3BJIe4eHUs KOpHel yepes
aseMeHTH anre6psl V;_ 4. [locieoBaTeIbHO IIOBTOPSSA 3TO pacCyKAeHue,
MBI BBIPA3UM Ka)K/[bIIf 27IeMeHT anreOphl V yepes aieMeHTH Toganre 6pbl
V|, Lilenmoykol u3BjiedyeHus KOpHel U CyMMHPOBaHUA. O

1.2. I'pynna nepecTaHOBOK NepeMeHHBIX U ypaBHeHud 2—4-i cTe-
neHeil. Teopema 1.2 06bsCHAET, TIOUEMy YpPaBHEHUs MaJieHbKOH cTerle-
HU pellarTcd B paZyKaiax.

[Tyctp anre6pa V — KOMBIIO MHOTOWIEHOB OT NTEPEMEHHBIX X1, ..., X,
Haz noneM K. I'pynma S(n) mepecTaHOBOK n 3JIeMEHTOB JIeMCTBYeT Ha
OTOM KOJIblle, IIepecTaB/Ad IIepeMeHHbIe X, ..., X, B MHOTOWIEHaX U3
3TOr0 KoJsblla. Asire6pa WHBAapUAaHTOB V; OTHOCUTENBbHO 3TOTO JeH-
CTBUA COCTOUT U3 CUMMETPHUYHBIX MHOTOWIEHOB. Kakplil MHOrOWIeH
3TOI anrebpsl ABHBIM 00pa3oM IpPeCTaBIAETCI B BUJE MHOTOWIEHA OT
01,...,0,, TOe 01 =X+ ...+ X,, Oy = Z XiXi, oo, Op = X7...X,. Pac-

i<j
CMOTpUM 00611iee anrebpanyeckoe ypaBHeHHe X" + alxn_1 +..+a,=0
creneu n. CoracHo ¢dopmynam Buera ko3$UIMEHTH 3TOrO ypas-
HEHUA C TOYHOCTBIO 0 3HAKa COBIIAZAIOT C OCHOBHBIMU CHUMMeTpUYe-
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CKUMU OYHKIUSAMU OT €ro KOpHeH X, ..., X,,. VIMeHHo, 07 = —ay, ...,
o,=(—1D"a,.

[Ipu n=2, 3, 4 rpynna S(n) paspeuuma. [Iycts nose K coaep:XuT Bce
KOPHHU U3 eUHUILIBI CTelleH! He Bhllle 4. [IpuMenaa TeopeMy 1.2, momy-
yaeM, 4TO KX/l MHOTOWIEH OT X, ..., X,, IPU N < 4 BBIpakaeTcs ye-
pe3 OCHOBHBIE CUMMeTpHUYecKre MHOTOWIEHHI O q, ..., O, IPU IIOMOIIN
W3BJIeYeHUA KOpHeU, CyYMMHUPOBAHUA U YMHOXXEHUA Ha palllOHaIbHbIe
gyucia. [Toatomy meopema 1.2 npu n =2, 3,4 dokassleaem npedcmasu-
Mocmb KopHell ypagHeHUsl cmeneHU N yepe3 Ko3dduyueHmsl ypasHeHUs.
npu nomowju u3eseueHusl KOpHell, CYMMUPOBAHUSL U YMHOJNCEHUs HA pd-
UYUOHAIbHBLE YUCA.

YTOO6HI TOIYIUTD IBHBIE GOPMYIIBI AJI1 KOPHEH 3TUX YpaBHEHUH, HYX-
HO TIOBTOPUTBH CHOBA BCE PACCY:KAEHUs, Jejlasd Bce HeOOXOAUMble KOH-
CTPyKLIMHU ABHO. MBI 3TO czenaeM B 11. 1.3 1 1.4.

1.3. INosmHOMBI JlarpaHa U KOMMyTaTHUBHbIe MaTPUYHEIE I'PYII-
nbl. IlycTh T —IOJIMHOM CTelleHU N ¢ eIUHUYHBIM CTapIiuM Ko3ddu-
LIMEHTOM HaJ Npou3BOAbHLIM ItosieM K. [TycTs monmrHOM T MMeeT B Ioje

K POBHO n pa3jiu4HbIX KOPHEH A, ..., A,. C KQXXIBIM KOpHeM A; CBA3aH
T(t)
T"ANE—=2A)°
CTEIleH! He BhIIIe N — 1, paBHBIN eUHUIIE B KOPHe A; 1 06panaomuics
B HYJIb B OCTaJIbHBIX KOpHAX monuHoMma T. IIycTb ¢y, ..., ¢,, — IPOU3BOJIb-
Hasd MocJjIeJoBaTeJbHOCTD 3j1eMeHTOB nosd K. [TomuHoM L(t) = Z ¢;T; (t)
Ha3bIBAETCS WHTEPIOMAIMOHHBIM TTOTMHOMOM JlarpaHXa C y3/JaMu HH-

nonuHoM T (t) = [TonunoMm T; —eAVHCTBEHHBIN IIOJIMHOM

TEepIOIUPOBAHUA Aq, ..., A, U HAYJIbHBIMU JAHHBIMU Cq, ..., C,. IOTO
€ZINHCTBEHHBIHM NOMMHOM CTelleHU He Bhllle n — 1, IpUHUMAaIOMUN B
TOYKe A; 3HAUeHue ¢; Ipui=1,...,n.

PaccMOTpHM BEKTOPHOE MPOCTPAHCTBO V (BO3MOXKXHO, HECKOHEUHO-
MepHoe) Haj noneM K u juHelHbIN omepatop A: V — V. IlycTh ome-
paTtop A yIOBJIETBOPsIET TOTMHOMHUAIBLHOMY ypaBHeHUIO T (A) = A" +
+ @AV + ... +a, A+ a,E=0, rme q; € K u E —ToX/eCTBeHHBIH
oneparop. JlomyctuM, 94To monuHoM T (t) =t"+a t" 1 +...+a,_it+a,
HMMeeT n pa3Iu4dHbBIX KOpHeH A4, ..., A, B none K. Onepatop L; =T;(A),

T(t)
rne T.() = 5~
ﬂ 1( ) T/(Ai)(f—li)’
oreparopa A, COOTBETCTBYIOIIEH KOPHIO A;. I KaXKA0ro BeKTopa x €V
BEKTOp X; = L;x 6yzeM Ha3bIBaTh 0600IIEHHON Pe30IbBEHTOM Jlarpamka

(cooTBeTCTByIOIIEH KOPHIO A;) BEKTOpA X.

Ha30BeM 0606ueHHO1l pe3onbseHmoltl Jlazpamica
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YTBEPKAEHUE 1.4. 1. O606weHHble pe3onbeermul JlaepaHka L; one-
pamopa A ydosniemeopsitom caedyrouum coomuouteHusim: Ly +...+L, =
=E, L;Lj=0npui#j, L2=L;, AL;=AL;.

2. Beakuil gekmop x € V npedcmastm 8 gude cymmbl c8oux 0606uieH-
HblX pe3onbeenm Jlaepamyca, m. e. X =Xy + ... + x,. IIpu amom HeHyne-
8ble Pe30JIb8EHMbL X; 6eKMOPA X JUHEIHO He3a8UCUMbL U SBTAHOMCS COO-
CMBEHHbLMU BeKMOPAMU onepamopa A ¢ co6CmeeHHbIMU YUCAAMU A;.

JOKA3ATENBCTBO. 1. Ilycte A = {A;} — MHO)XXeCTBO KOpHEH IHOIU-
HoMa T. ITo ompezesneHuto oauHOM T; paBeH eAWHUIIE B TOUKe A; € A
U obpalaeTcs B HyJIb B OCTAJIbHBIX TOUKAaX 3TOTO MHOXecTBa. OueBHUJ-
HO, 9TO Ha MHOXeCTBe A 00palaloTcs B HY/Ib CJIEAYIONINe TOTHHOMEI:
Ty+...+T,—1, T,T, npui#j, T2 — T, tT; — A;T;. TIoaTOMY KayK/bIii U3 Ie-
PeYMC/IeHHBIX TOJIMHOMOB JIeIUTCA Ha NOMMHOM T, UMEeIOIINH IpoCThie
KOPDHH B TOYKaxX MHO)KecTBa A. [TockonbKy mmosvHoM T aHHYIUpYeT oIle-
parop A, T.e. T(A) =0, oTcioza BEITeKalOT COOTHOIEeHUA L +...+L,=E,
LiL;=0mnpui#j, L?=L;, AL;=2AL;.

2. Bropas 4acTb yTBep:kJAeHUs fABaAeTcd pOpMaJbHBIM ClIe/CTBUEM
nepBoii. [leiicTBUTeNbHO, Tak Kak E =L, + ...+ L,, TO JJI BCAKOTO BeK-
TOopa X UMeeM X =L{x+...+L,x=x; +... +X,. ZIOIyCTUM, YTO BEKTOP X;
He paBeH HYJIIO U 9TO HEKOTOpas JMHeHHasa KOMOUHAIMA Y | U iXj BEKTO-
POB Xy, ..., X, o6pamaeTcs B Hyib. Toraa 0=L; Y, p;Ljx = L;L;u;x; =
= U;X;, T. €. HEHyJIEBO! BEKTOP X; BXOAUT B JIMHEHHYI0 KOMOWHAIIHIO C
HyJeBBIM Koaddunuentom u; = 0. VI3 paBeHcTBa AL; = A,L; BBbITEKaerT,
910 AL;Xx = A;L;X, T. €. 4TO 1160 BEKTOP X; = L;X — COOCTBEHHBII BEKTOD
oreparopa A ¢ COOCTBEHHBIM YHUCIOM A;, 1160 X; =0. O

[IpuBeneHHas sBHAA KOHCTPYKIUSA Pa3lIoXKeHUs BEKTOpa X IO cob-
CTBEHHBIM BeKTOpaM olleparopa A aBTOMAaTHYeCKH IepeHOCUTCA Ha
clydall HeCKONbKHUX KOMMYTHPYIOIIUX ollepaTopoB. OCTaHOBHUMCA IIO-
IpobHee Ha Ciy4ae JBYX KOMMYTHPYIOIINX OIIepaTopoB. IIycTh B Ipo-
cTpaHcTBe V kpoMe onepaTopa A 3a/iaH ellle OAUH JUHEWHBIM oIlepaTop
B:V —V, KOMMyTHUPYIOIIUI C OIlepaTOpPOM A U YZOBIETBOPSIOIIUH T10-
JTHHOMMATLHOMY ypaBHeHHIO Q(B) =B +b;B* 1 +...+b,_;B+bE=0,
rae b; € K. JlomyeruM, uTo monuHoM Q(t) =tk + b t" "1 4 ... 4+ b_ t+ by
uMeeT k PasIMYHbIX KOPHEH [y, ..., Ui B 1osie K. C KOPHEM (; CBA3AHBI
nomaroM Q;(t) = Q(t)/Q () (t — u;) u omepatop Q;(B) — 0606meH-
Had pe3osbBeHTa JlarpaH)ka omneparopa B, cooTBeTcTBymomas KOPHIO
;- OmnepaTtop Ll-,j = Tl-(A)Qj(B) Ha30BeM 0000IIeHHOM Pe30TbBEHTOMN
Jlarpamka omepaTropoB A U B, COOTBETCTBYIOIIEN Iape KOpHeH A, ;-
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BekTop X; j =L; jx Gynem Ha3bBaTh 0600IEHHON PE30IbBEHTOM Jlarpan-
’Ka BeKTopa X €V (COOTBETCTBYIOLIEH Tape KOPHEH A; U ;) OTHOCH-
TEJIbHO OIlepaTopoB A U B.

YTBEPKAEHUE 1.5. 1. O6obwenHble pesonveenmst Jlazpanca L;
Kommymupylujux onepamopogd A u B ydosnemgopsiiom czleay}ou;wvz
COOMHOWEHUSIM: ZLi =E, L j L;,;, =0 npu (iy, j1) # (iz, j2), L Li;,

i=2dLij, BL j=p,L; ;.

2 Besaxutl seKmop Xx €V npedcmasim 8 sude cymmbl c80UX 0606UieH-
HbLX pe3osibeeHm Jlazpansica, m. e. X =Y, X;, X; j. IIpu amom Herynegvle pe-
30/1b8EHMBL X; j BEKMOPA X JUHEUHO Heaaeucwvlbt U si8astomes cobcmaen-
HbLMU 8eKIMOPAMU 0NEpamopos A u B ¢ co6CmeeHHbIMU UUCIAMU A; U
€00MaBemcmaeHHo.

sl mokasarenbCcTBa TEPBOM YacTH YTBEPXKAEHUA [JOCTATOYHO Iie-
PEMHOXUTH COOTBETCTBYIOIME COOTHOUIEHUS s OOOOIIEHHBIX pe-
30JIbBEHT oIllepatopoB A u B. Bropad 4acTb yTBEPXKAEHUA ABJIAETCA
dbopMarbHBIM C/I€AICTBUEM MIEPBOM YaCTH.

[lpyuMeHUM JOKa3aHHbIE YTBEPXKIAEHUS /s oleparopa A KOHedY-
Horo mopszaka n, A" = E. O600IeHHble Pe30JbBEHTHI Jlarpamxa A
TaKUX OIIepaTOPOB OCOOEHHO BAXKHBI JJIs PelleHMs YpaBHEHWH B pa-
JuKanax. VIMEHHO 3THU DPe30JbBEHTHl ObLTH OTKPHITH JlarpamkeM, U
Mbl OyzZeM HasbIBaTh WX pe3osnbseHmamu Jlazpanxca (OIyckas CJIOBO
«00001eHHEIMY»). ITycTh mose K cozepskutT n KopHeH &4, ..., &, cTe-
MIeHU N U3 eIUHUIIHL, E? =1. IIo ycmoButo T(A) =0, rtae T(t) =t" — 1.
BeruncauM pe3onbBeHTY JlarpaHika, COOTBETCTBYIOUIYIO KOpHIO &; = &.
Nmeem

(o gn
ng"(t—¢&)
PesonbBeHTy Jlarpamxa T;(A) omepaTopa A, COOTBeTCTBy'}OI_L[y'}O KOPHIO
&, =&, Oyaem obosHauath R; (A). [omysaem Rg(A) =~ >, EFAK

O<k<n
CnEACTBUE 1.6. Paccmompum eekmopHoe npocmpancmeo V Hao no-

niem K, codepaucawjum ece KopHu cmeneHu n uz eduHuysl. ITycms onepamop
A:V —V ydosnemsopsiem ypasHeruio A" =E. Toeda 0151 8cs1K020 8eKMO-
pa x €V ezo pesonveenma Jlazpanxca Rz (A)(x) nubo pasua wynio, aub6o
sess.emcs co6CMBeHHbIM 8eKMOPOM onepamopa A ¢ cobcmeeHHbLM UuC-
siom &. Bekmop x sigaisemcst cymmotl 8cex c8oux pesonveeHm Jlazpamca.
3AMEYAHUE. CIpaBeAanBOCTb CIeACTBUA 1.6 JIETKO MPOBEPUTDH He-
MTOCPE/ZICTBEHHO, HE CChLIASICh HA MPEABIAYIIIE YTBEPKACHUA.

T.(t) = = ng,{_l ST = (ETID T L+ D).
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[Tycts G — KOHEeYHasA KOMMYyTaTUBHAS TPYIIIa IMHEHHBIX OIIEPAaTOPOB
Ha BEKTOPHOM TpocTpaHcTBe V Haz momeM K. OOo3HauuM depe3 n
nmopsazok rpynmbl G. [TycTh mone K COAEPXKUT BCe KOPHU CTENEHU n
Y3 eAVHUIBL. Torza MPOCTPAHCTBO V ABIAETCA MPAMON CyMMOM MOJ-
IIPOCTPAHCTB, COOGCTBEHHEBIX I BCEX OIIEPATOPOB I'PYHIBI G. YTOUHUM
3TO yTBepxAeHue. [IycTh rpynmna G ABASETCA MPSIMOM CyMMOH k IIHK-
JIMYECKUX TPYyNI MOPAAKOB my, ..., m;. IlycTh oneparopsl A; €G, ...,
Ay € G IOPOXKAAIOT 3TU [UKJIWYECKHe MOArPYIIEL. B yacTHOCTH, A'ln1 =
=E, ..., A;{nk =E. Jliis1 Bcakoro Habopa A=A, ..., A; KOpHEH U3 eIMHUIIBI
cTeneHeif my, ..., m; PACCMOTPHUM CO8MeCMHYI0 pe3oib8eHmy JlazpaHca
Ly=L,, (A)...Ly, (A;) obpasytomux Ay, ..., A; Tpynust G.

CneEACTBUE 1.7. Beakuil éexmop x €V npedcmasiim 6 6ude x = L, x.
Kaxcowtii usz sekmopos L;x —aubo Hyab, aubo obwuii cobcmaeHHbLl 8ek-
mop onepamopos Ay, ..., Ax ¢ COGCMBEHHBIMU UUCAAMU Aq, ...y A.

1.4. PemieHue B pajukaiax ypaBHeHUU 2—-4-ii creneHel. B sTom
IIyHKTe MBI CHOBA BepHeEMCS K YpaBHEHUAM MaJleHbKUX cTeleHel (CM.
m. 1.2). MBI BOCIIONTb3yeMCsI TEXHUKOU pe30ybBeHT JlarpaH:ka u oObsc-
HUM, KaK /IOBECTH CXeMy pelleHHsA ypaBHeHMH u3 1. 1.2 10 ABHBIX ¢op-
Mysn. Camu GOpMyJIBI IPU 3TOM MBI BBITUCHIBATh He OyzeM. 371ech HC-
MOJTb3yI0TCsT 0003HaYeHus u3 1. 1.2, 1.3. Pe3onbBeHTHI JIarpaHxa omnepa-
TOPOB MBI 6yZieM HyMepoBaTb COOCTBEHHBIMU YHCJIAMU STUX OIIepaTo-
poB. CoBMecCTHBIE Pe30IbBEHTHI JIarpamKa map OrepaTopoB Mbl OyZeM
HYMepOBaTh TapaMy COOCTBEHHBIX YHCET 3TUX OTIEPATOPOB.

YpaBHeHme BTOpOil crenmenu. Ha kosblle MHOTOWIEHOB K[X7, X5]
JIUHEWHO JelcTByeT rpymnmna S(2) = Z, nepecTaHOBOK /JIByX 3JIeMEHTOB.
OHa COCTOUT M3 TOXZECTBEHHOTO Mpeobpa3oBaHUsA U OIepaTtopa BTO-
poro nopsgka. JleMeHT X; OTHOCUTENbHO JieHiCTBUA 3TOT0 ollepaTopa
HMeeT /iBe pe30sbBeHTH! JlarpaH:xa:

1 1
Rl = §(X1+X2) = 50‘1,

1
R—l - E(xl - Xz).

Ksazpat pesonbBeHTrl Jlarpan:xa R_; ABIAeTCA CUMMETPUYECKUM MHO-
rowieHom. Mimeem

1 1
Rz_1 = Z((x1+x2)2—4x1x2) = 2(012 —40,).
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[TonyyaeMm mpejcTaBieHue MOJWHOMA X; 4epe3 CUMMeTpUYecKre MHO-

o1x4/ 0% —40,
2
peuieHuA KBaJpaTHOTO YpaBHEHUA.

YpaBHeHme TpeTheil creneHu. [Ipexanonoxum, uro none K cozpep-
’KUT BCe TPU KyOU4YeCKUX KOPHA U3 eANHUIBL. Ha KobIle MHOTOWIEHOB
K[x;, x,, x3] =V pelictByeT rpymnmna S(3) mepecTaHOBOK TpeX 3JeMeH-
ToB. I'pynina S(3) uMeeT HOpMa/IbHBIM /JleIUTeIeM 3HaKOIlepeMeHHYIO
rpynmny A(3), KoTopas ABsAETCS IUKIWYECKOW TPYNIoN mopszaka 3.
I'pynmia A(3) mopokZeHa ollepaTopoM B, 3aZaloliuM IIepecTaHOBKY
X, X3, X; TEPEMEHHBIX X1, X5, X3. PaxToprpymma S(3)/A(3) spiser-
cs IIMKJIWYECKOW rpymnmoi mopsigka 2. O603HauuM depe3 V; KOJbIO
vHBapuaHToB Tpynmbl A(3) (KOTOpoe COCTOUT U3 MHOTOWIEHOB, He
MEeHAIOIMUXCA MIPU YeTHBIX [IepecTaHOBKaxX IIepeMeHHbIX) U depes V, —
anrebpy CUMMETPHYECKUX MHOTOWIEHOB. DJIEMEHT X; UMeeT TPHU pe-
30/IbBeHTHl JlarpaH)ka OTHOCUTENBbHO olleparopa B, Iopokzaroliero

rpynmy A(3):

rowleHsl x; =R; +R_; = , 9TO U 7laeT OObIYHyI0 GopMy

Rl - %(X1+XZ+X3),
1
Ry = §(x1+§2x2+§§x3),

R, = 500 +&1x, +E3x3),
rae &, &y = — Hee/IMHUYHBIE KyOMYecKre KOPHU U3 eIMHMIIbL.

VimeeM x; =R; +Rg +R;,, u R}, Rzl, Rgz nexkat B anrebpe V;. Bonee
TOTO, PE30JbBEHTa R; ABJIAETCA CUMMETPUYECKMM MHOTOYIEHOM, a T10-
JMHOMEI R} ¥ R} TepecTaB/AioTes APYT ¢ APYTOM TPU AeHCTBHHU IpyTI-
bl Z, = S(3)/A(3) Ha xosbiie V;. [IOBTOpsst A1 TOTMHOMOB Rzl u Rzz
KOHCTPYKIIMIO, KOTOPYIO MbI MCIIOJIb30BaIM NIPH PEIEHUH KBaZPaTHOTO
ypaBHEHWUs1, TIOMy9UM, YTO 3T MOJMHOMBEI BBIPAXKAIOTCA Yepe3 CUMMET-
pUYECKHEe TTOMTHHOMBI Rzl —|—R§2 u (Rz1 - Rgz)z. OKOHYATEIBHO TIOMyYa-
€M, YTO MHOTOWIEH X; BHIPAXKaeTcs Yepe3 CUMMETPUYECKUE MHOTOUIe-
HEL R, € V), (Rz.1 + Rzz) eV, u (Rz1 - Rz.z)2 €V, TIpu HOMOITY U3BJIeYe-
HMA KOpHeil BTOPOi U TpeTheil cTeleHy U MpH MOMOIIY apudMeTHde-
CKuX onepauuii. /i1 HanucaHusA ABHOM GOPMyJBI A/ PELIeHUs OCTa-
JIOCh JIUIIb BHIPA3UTh 3TH CUMMETPUYECKHE MHOTOWIEHBl Yepe3 OCHOB-
Hble CUMMeTpPHYeCcKie MHOTOYIEHBL.

YpaBHeHMe YeTBEepTOl cTeneHu. [IpuurHa pa3pelrMoCTy ypaBHe-
HUM 4eTBepTON CTelleHU 3aKI0YaeTcs B Pa3peliuMOCTH IpyInsL S(4).

—1£+/-3
2
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Ipynma S(4) paspeurmma, MOTOMY YTO CyIIECTBYeT T'OMOMOPQU3M
m: S(4) — S(3), AgpoM KOTOpOro fABjfeTcd KOMMyTaTHUBHAas IpyIla
Kl = 7% @ 7°. TomoMopbH3M 7T OMUCHIBAETCSA CIEAYIONIUM OOpa3oM.
CylecTByeT pPOBHO Tpu cmocoba pa3buUTh MHOXECTBO, COAepIKallee
yeThlpe 37eMeHTa, Ha Ba IIOJMHOXKeCTBa, coZepxkallye Io Iape dje-
MeHTOB. Ka/joii mepecTaHOBKE MHO)XXECTBA M3 UYeTHIpEX 3JIeMEeHTOB
COOTBETCTBYET IIePeCTaHOBKA 3TUX TpexX pa3bueHuil. OmucaHHOE COOT-
BETCTBHUE U 337aeT roMoMopdusm 7. Aapo Kl atoro romomopdusma —
HOPMaJIbHBIM ZieuTesb Ipynisl S(4), COCTOAMMM U3 YeThIpeX IiepecTa-
HOBOK: TOX/IECTBEHHO! II€pPeCTaHOBKU U TpeX IepecTaHOBOK, KaXXJas
13 KOTOPBIX fABJAETCA IIPOM3BeJileHreM TPaHCIIO3UIUN AByX Hellepece-
KaloIuxcs Iap s7eMeHTOB.

[Npeanonoxum, 9to nosne K cofep:KUT Bce TpU KyOUIECKUX KOPHS U3
eauHULBL. Ha Kosmble MoMMHOMOB K [x1, X5, X3, X4] =V AelcTByeT rpym-
ma S(4). O6o3HauuM yepe3 V; MOAKOIBII0O NHBAPUAHTOB HOPMAJIBHOTO
pemmtenda Kl rpynnsl S(4). Utak, Ha kombie V = K[xq, Xy, X3, X4] ZAeli-
CTByeT KoMMyTaTuBHasA rpymma Kl ¢ konbiiom nHBapruadTos V. Ha Koib-
e V; zeiictByet paspemumas rpynma S(3) =S(4) /K, u anrebpoii uHBa-
PHUaHTOB OTHOCUTEIBHO 3TOTO JeMCTBUA ABJAETCA KOIbI0 V, cCUMMeTpU-
YeCKUX MHOTOWIEHOB.

IIycts A 1 B — oriepaTophbl, COOTBETCTBYIOIIME [IEPECTAHOBKAM Xy, X1,
X4, X3 U X3, X4, X1, X5 TEPEMEHHBIX X7, X9, X3, X4. Omepatopel A u B
nopoxzatoT rpynny Kl. CrnpaBesiussl ToxzaecTBa A2 = B2 = E. Kopuu
nomiHoMa T(t) = t? — 1, aHHyIMpyIOLIero omepaTopkl A U B, paBHBI
+1, —1. I'pynna Kl ABIA€TCSA CyMMOM IBYX SK3E€MIUIAPOB I'PYIIIIHI U3 IBYX
JIeMEeHTOB, IIepBOe cjaraeMoe IMOpPOXKJeHO ollepaTopoM A, BTOpoe —
ornepaTtopoM B.

DneMeHT X; UMeeT YeThIpe pe30/ibBeHTHl JlarpaH:ka OTHOCHUTETIbHO
JleCTBUA KOMMYTHUPYIOLIUX OIlepaTopoB A, B, TOPOX/JAOIINUX TPYIIITY

Kl: 1
Rl,l = Z(Xl +X2+X3+X4),

1
R_11 = 700 =X 43— x4),

1
Rl,—l = Z(Xl +X2 - X3 - X4),
1
R—l,—l == Z (Xl - X2 - X3 + X4).
ODJIEMEHT X; PABEH CyMMe 3THUX PE30JbBEHT: X; =R;; +R_;; + Ry _; +

2 2 2 2
+R_,_,, ¥ KBagparel Ry, RZ Rl,—l u R—1,—1 pe3onbBeHT Jlarparxa

1,1’ 1,1’
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npuHaznexat anrebpe V;. [IoaToMy Xx; IpU MOMOIIU apudMeTHIECKIX
olepanuii U U3BJeYeHUs KBaZPAaTHBIX KOPHEH BBIpa)kaeTcs depes djie-
MeHTHI anre6pel V;. B cBOIO ouyepenn, a7MeMeHTHl anre6psl V; BIpaka-
IOTCS Yepe3 CUMMETPUYeCKre MHOTOWIEHHI, TaK KaK Ha 3TOH airebpe
nerictByet rpynmna S(3) ¢ anrebpoil mHBapuaHTOB V, (CM. BHIIIE pelire-
HUe KyOUYeCKUX ypaBHEHUI).

[TokaxeMm, 4TO IpPUBeJEHHOE BHIIIE pacCy)KJeHUe JaeT sIBHOe CBesié-
HU€e YpaBHEHUs YETBEPTOM CTEMEHU K KyOMYeCKOMYy ypaBHeHHIO. JleHi-
CTBUTEJIbHO, PE30IbBEHTa Ry 1 = %01 ABJIAETCA CUMMETPUYECKHUM MHO-
rOWIEHOM, a KBaZIpaThl Pe30/lbBeHT R_;;, Ry ¥ R_; _; mepecTaBis-
I0TCS MeXIy coboM mpu JelcTBUM TPymmbl S(4) (CM. BBIIIE ONMUCAHUE
romomopdusma 7 : S(4) — S(3)). Tak Kak aneMeHTH R? 110 Ri_l, R? L1
JIVIITH [TepeCcTaBIAITCSA, TO OCHOBHbBIE CHMMETPHUYECKHE MHOTOUIEHBI OT
HUX UHBApPUAHTHBI OTHOCHUTEIBHO ZIeHCTBUA Ipynnsl S(4) U npuHazie-

)art KonbLy Vs. VITak, MHOTOWIEHBL

— p2 2 2
by =RZ,,+R]_,+R7,_,,

by = Ril,lRi—l +Ri—1R2 +R?

-1,-1

by = Ril,lRi—lRil,—l

ABJIAIOTCA CUMMETPUYECKUMU MHOTOWIEHAMHU OT X1, Xy, X3 U X4, CIEZO0-

BaTesbHO, by, b, U by ABHO BhIpakaloTcs dyepe3 K03 UIINEeHTH ypaBHe-
HUSA

x*+a;x® +ayx*+azx+a, =0. @

YTo6Hl pemuTh ypaBHeHUE (4), IOCTAaTOYHO COCTABUTH U PEIINUTD ypaB-

HeHHne
r3—b17”2+b27”—b3 :O (5)

U TIOIOXKUTh X = %(—al + /11 + /15 + /T3), TAe 1, Iy, U '3 — KOPHU ypas-
HeHuda (5).

B 3akirioueHue PUBEEM ellle OJHO KpPacUBOe SIBHOE CBeéHUE YpaB-
HEHUs YeTBEepPTOU CTelleH! K YPaBHEHUIO TPEThel CTelleH!, OCHOBaHHOe
Ha PacCMOTPEHUM Iy4YKa IUVIOCKUX KBaZpuk [11].

Koopdunamst mouex nepeceueHuss 08yx naockux keadpuk P =0 u
Q =0, 20e P u Q—3adaHHble NOIUHOMbL 8MOPOLL cmeneHUu om X U Y,
MONCHO Hallmu, pewas 00HO Kybuueckoe U HeCKOJbKO K8AOPAMHMbLX ypas-
HeHull. JlelicTBUTENbHO, KaXKJasd KBaZipuka myyka P+ AQ =0, rae A —
MIPOM3BOJIBHBIN MTapaMeTp, MPOXOJUT Yepe3 UCKOMBIE TOYKU. [Ipu HeKo-
TOPOM 3HaYeHUU A, mapamerpa A kBagpuka P+ AQ =0 pacnazaercsa Ha
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napy NpsAMBIX. DTO 3HaYEHHUE YAOBIETBOPAET KyOHYECKOMY yPaBHEHHUIO
det(P + AQ) = 0, rae PuQ—(3x3)- -MaTPUIBl KBaZIPATUYHBIX HopM,
COOTBETCTBYIOIIMX YpPaBHEHUAM KBAJpUK B OJHOPOJAHBIX KOOpAMHA-
Tax. YpaBHEHUA KaXKJOU U3 /IByX NPAMBIX, COCTABJAIOMINX KBAZPHUKY
P 4+ 2,Q =0, MOXXHO HaliTH, pelas KBa/ipaTHOe YpaBHEHHE: Kaxzasd
Takasg NpAMasg MPOXOAUT dYepe3 LIEHTP CUMMETPUHM KBaJPUKH, KOOp-
JVHATBl KOTOPOT'O BBIpAXXalOTCA 4depe3 KodGUIMEHTH KBaJIpUKU TIpU
oMoy apudMeTUYeCKUX Ollepaluii, U Yepe3 OJHY U3 TOUYeK Iiepece-
YeHUs KBAJPUKH C JIIOO0M GUKCUPOBAHHOM MPAMOM. JIjis HAXOXKAEHUA
KOODAMHAT 3TOW TOYKU HY)XKHO PelINTh KBaJpaTHOe ypaBHEHUe. YpPaB-
HeHUe IPAMOMU, IPOXOAsAIlel depe3 /ABe 33/laHHBIE TOYKU, HAXOAUTCS
C IIOMOIIBI0 apuPpMeTHIeCKUX ornepanuil. Ecu M3BeCTHBI ypaBHEHUA
MIPsAMBIX, HA KOTOPHIe pacnagaeTrcs KkBazipuka P+ AyQ =0, To A1 Hax0xX-
JIeHUA UCKOMBIX TOUEK OCTaeTCs JIMIIb PEeLTUTh KBaZpaTHble YpaBHEHUA
JUIA TOYeK IepecedeHUs KBaApUKU P =0 U KaXAOH U3 ABYX IPAMBIX,
COCTABJIAIOIINX KBA/IPDUKY.

IToamomy obujee ypasHeHue uemeepmoll cmeneHu ¢ NOMOWbIO apud-
Memuueckux onepayuil u ussjedeHUsl K8AOPAMHbIX KOPHel c800umcs
K Kybuueckomy ypasHeruio. JIeACTBUTENbHO, KOPHU YPaBHEHMSA dqX”* +
+ alx3 + azx2 + azx + a4, = 0 ABIAIOTCA MPOEKIUAMHU Ha OCh X TOYEK

repeceyeHud KBaJpukK y = x?u aoy2 +ayxy+ayy+azx+ay=0.

§2. HEIIO/IBUKHBIE TOUKHU JENCTBUA KOHEYHOMN I'PYIIIbI
" EE ITIOATPVIIII

31ech [JOKa3bIBAaeTCs OJHA U3 IIEHTPAJbHBIX TeopeM Teopuw lainya,
COIVIACHO KOTOPOU Pa3JUyHBbIE MOATPYIIIH KOHEUHOM T'PYIIIbl aBTOMOD-
$U3MOB 1O UMEIOT Pa3lIUYHbIE IO UHBAPUAHTOB. J0OKa3aTeIbCTBO
OTIMpaeTcsl HA IPOCTYIO SIBHYIO KOHCTPYKIIMIO, MCIIONB3YIOUIYI0 MHTEP-
TIOJIAITMOHHBIM TOMMHOM JlarpaHxa, U Ha TeOMETPUYECKU OUYeBHIHOE
yTBepXKZeHUe, COVIACHO KOTOPOMY BEKTOPHOE IIPOCTPAHCTBO HEJIb3s
MOKPHITh KOHEYHBIM YHCJIOM HMOZATIPOCTPAHCTB.

HauHeM c reoMmerpuyeckoro yrBep:xzaenus. I[lyctes V —addunnoe
MPOCTPAHCTBO (MOXeT OBITh, GeCKOHeYHOMEpPHOe) HaJ HEKOTOPBIM
TIOJIEM.

VTBEPXKAEHUE 2.1. IIpocmparcmeso V He moscem 6bimb npedcmas.ie-
HO 8 8U0e 06BeOUHEHUST KOHEUH020 UUCIA CBOUX COOCMBEHHBIX APPUHHBLX
noonpocmpaxcms.
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JIOKA3ATEJIBCTBO. I[IpUMEHUM HWHAYKIMIO 1O YUCTY apPUHHBIX
MOATIPOCTPAHCTB. IIyCTh yTBEpKAeHHe ZOKa3aHO /A 00beJMHEHUA Me-
Hee 4eM n coOCTBeHHBIX adpGUHHBIX TMOAIPOCTPAHCTB. J[OMYCTUM, YTO
MPOCTPAHCTBO V TMpeACTaBUMO B BHJEe OObEeJUHEHUS N COOCTBEHHBIX
adOUHHBIX MOANPOCTPAHCTB Vi, ..., V,. PaccMoTpuMm Jto6yio cob6CcTBeH-
HyI0 apUHHYIO THIEpPIUIOCKOCTh V B IMpOCTpaHCTBe V, CoAepKalyio
MepBOe U3 3TUX moAmpocTpaHcTB V;. IIpocTpaHcTBo V sABIsAeTcs 00b-
eZIMHEHNEM OGECKOHEYHOTO CeMelCTBa HelepeceKarImuxcs apPUHHBIX
THIIepIUIOCKOCTeH, TIapaJlIeIbHEIX THIepIUiockocTd V. He Gormee uem
n TUNEPIUIOCKOCTEN 3TOTO ceMeMCTBa CoZepKaT OAHO U3 IPOCTPAHCTB
Vi, ..., V,. Bo3bMeM Jt00yI0 IPYTyIO THIEPIUIOCKOCTh U3 ceMeicTBa. K
STOU TUIIePIUIOCKOCTH U ee IepecedyeHusaIM ¢ ahGUHHBIMU IIOCKOCTSIMU
V,, ..., V, IpUMEHNMO UHAYKIIMOHHOE IPeAIONoKEeHNe, YTO U [IOKa3bl-
BaeT yTBep:XKAeHHe. O

CAEACTBHUE 2.2. [Tycms Ha eekmopHom npocmpaHcmae V Oelicmay-
em KOHeuHdas 2pynna JuHeliHblx npeobpasosaruil. Toeda Hatlidemcs gek-
mop a, Ha opbume Komopoeo epynna delicmayem c80600HO.

JlOKA3ATEJNBCTBO. MHOXECTBO HEMOABIIKHBIX TOUYEK JIMHEHHO-
ro npeobpa3oBaHUsA SBIAETCSA BEKTOPHBIM ITOAIPOCTPAHCTBOM. Jlid
HETOXK/IECTBEHHOTO JIMHEMHOro Mpeobpa3oBaHUs 3TO IMOAIPOCTPAH-
CTBO SIBJIAAETCA COOCTBEHHBIM. B KadecTBe BeKTOpa a JOCTATOYHO B3ATh
0601 BEKTOp, He IIPUHA/IeKAMNHA 00beIMTHEHUIO HETIOABIKHBIX 110/ -
MPOCTPAHCTB HETPUBUAIBHBIX TPE0OPa30BaHU TPYIIIIHL. O

CmauyuonapHoil nodepynnoil G, C G BekTopa a € V Ha3bBaeTcs IOJ-
I'PYIINa, COCTOAIAA M3 BCEX IEMEHTOB g € G, OCTABJAIOUINX BEKTOP d
HEIOJABIKHBIM, T. €. TaKuX, 4To g(a) =a.

Boobiie roBops, He Kaxkasa HoArpymna G, KOHeYHOU rpymnmsl G Jiu-
HEWHBIX TPeoOpa30BaHUN SABJISETCSA CTAIIMOHAPHOW MOATPYIIION HEKO-
TOPOTO BEKTOpa d. B KauecTBe mpuMepa JOCTATOYHO PACCMOTPETh LIUK-
JIMYECKYIO TPYIIY JUHEHHBIX TTpeobpa3oBaHuil KOMIUIEKCHOM MPSMOMH,
MIOPOXKAEHHYIO OIIepaTOpOM YMHOXKEHUA Ha IMepBOOOGPA3HBI KOpeHb
CTEIleHW N U3 eAVHUNBL. ECIM Yncio n He SIBIAETCS MPOCTBIM, TO 3Ta
[UKJINYecKas Tpyllla MMeeT HeTPUBUAJIBHYIO IOATPYIIY, HO CTallu-
OHapHble MOATPYIIIBI BCeX 3IEMEHTOB TPUBUANBHBEI (TOX/ECTBEHHAS
MOATPYIIIA IS KOKAOro d1eMeHTa d # 0 U Bca IUKJINYecKas TpyIa
it a=0). TakuM 06pa3oM, CyIeCcTBOBaHUE BEKTOPA d, HETTOABM)KHOTO
JIUIIB /17Is1 TpeoOpa3oBaHUil U3 MOATPYNIH G, HE OUEBUIHO U BEPHO HE
JUT BCEX TIpe/ICTaBIeHUH Irpymniisl G.
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JEMMA 2.3. ITyemb G, u G, — cmayuoHapHble no0zpynnbl 8eKMopos
a u b Hexomopozo 8ekmopHozo npocmparcmaa V. Toeda 8 noonpocmpa-
cmee L, noposcdenHom gekmopamu a u b, cyujecmgyem sexmop ¢, cmayu-
oHapHasa epynna G, komopozo pasHa G, N Gy,

JOKA3ATENBCTBO. [logrpynna G, N G, ocTaBasgeT HENOABWKHBIMU
BCe BEKTOPHI MOANPOCTpaHcTBa L. OHAKO Kax bl aneMeHT g ¢ G, NGy,
HETPUBUAJIBHO ZIeHCTByeT b0 Ha BEKTOP a, 1160 Ha BekTop b. BekTo-
PBI U3 L, HETTOABI)KHBIE OTHOCHUTENIBHO efCTBUA GUKCUPOBAHHOTO dJIe-
MeHTa g ¢ G, N G, 06pa3yroT cOOGCTBEHHOE MOATPOCTPAHCTBO B L. [To
yTBepKJeHUo 2.1 Takye MOAIIPOCTPAHCTBA HE MOTYT MOKPHITh BCE MPO-
CTpaHCTBO L. O

[Tyctb G —HeKoTOpas Tpymna aBToMOpdu3MoB mons P. HemoaBmx-
HbIE 3JIEMEHTH OTHOCUTENBHO AeUCTBUsA TPyl G 06pasyroT MOZIOIE,
KOTOpoe MbI 0603Ha4yuM uepe3 K. [Tose P MOXXHO pacCMaTpyBaTh Kak
BEKTOPHOe IIPOCTPaHCTBO HaZ rnosneM K.

B Teopuu 'asya BayKHYIO POJIb UT'paeT cIefyroliasa TeopeMa.

TeEOPEMA 2.4. IIycmb G —Hekomopasi KOHEUHAsk 2pynna asmomop-
¢usmog nons P. Toeda dns acaxoil nodepynnst G, epynnst G cyujecmayem
anemenm x € P, cmayuoxapHas nodzpynna komopozo cognadaem c noo-
epynnoii Gy.

Jlns1 JoKa3aTesIbCTBa YA0OHO BOCIOIH30BATHCS IPOCTPAHCTBOM IIOJIU-
HOMOB P[t] ¢ koadduiuenTamu u3 monsd P. Kaxkablii aneMeHT f Tpo-
crpaHcTBa P[t] umeer Buz f =aq+ ... +a,,t™, rae ay, ..., a, €P. [lomu-
HoM f €P[t] 3amaeT oTobpaskenue f: P— P, iepeBosliee TOUKY X €P B
Touky f(x)=ay+ ... +a,x™. Kaxgomy aBromopdusmy o nosns P coot-
BETCTBYeT UHAYIIMPOBAHHBIN aBTOMOpdU3M Kosblia P[t], mepeBogAuiuii
MONMUHOM f =agy+...+a,,t™ B monudoM f° =0 (ay) +... +o(a,)t™. Ja
Ka)kZIOTO aJeMeHTa X € P crpaBemuBo ToXxzAecTBO [ (0x) = o (f(x)).
WTak, rpymma aBTomopdusaMoB G mosis P geiicTByeT Ha Komblle P[t]. s
BCAKOTO k = 0 mpocTpaHCTBO P, [t] IONMHOMOB CTelleH! He BhIIle k WH-
BapUaHTHO OTHOCUTEIBbHO 3TOTO e CTBUA.

JIEMMA 2.5. ITycmb epynna asmomopgusmos G noas P codepucum
m anemenmos. Toeda dnsa ecsikoil nodepynnet G, epynnst G cywecmayem
nonuxom f cmeneHu, MeHbulell ueM m, CMAYUOHAPHAS nodzpynna Komo-
pozo cosnadaem c nodepynnoii G,.

JOKA3ATEJIBCTBO. /JlefiCTBUTENbHO, COIVIACHO CJIEACTBUIO 2.2 Cy-
IIECTBYeT 3/leMeHT a € P, Ha opbute O kKoToporo rpymmna G JelCcTByeT
cBo60ozHO. B wacTHocTH, opbuta O COAEPKUT POBHO M 3JEMEHTOB.
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[yctb moarpymnmna G, cofepXuT k anemeHToB. Torza B rpymme G eCTh
g =m/k TpaBbIX KJIACCOB CMEXHOCTH TI0 oArpytie G,. IToz AeiicTBreM
noArpynmel G, MHOXecTBO O pasbuBaerca Ha q opbut O;, j=1,...,q.
®uikcupyeM ( TOMAPHO DPA3NMYHBIX DJIEMEHTOB by, ..., b, monsa uHBa-
puaHToB K M ToOCTpouM MOMMHOM Jlarpaw:ka f CTemeHU MeHbIe m,
NPUHUMAIOIMY Ha BCeX dNIEeMEHTaX MHOXecTBa O; 3HavyeHue b; Ana
j=1,...,q. IlomuHoM f yZIOB/IETBOPSAET YCIOBUAM JIEMMBL.
JlelicTBUTENBbHO, TIOMMHOM f WHBAapUAaHTEH OTHOCUTEIBHO aBTOMOD-
¢u3Ma o, eciu M TONBKO €CHU I KaXKAOTO JIeMeHTa X Moyt P BhI-
nosiHsseTcss paBeHCTBO f (0 (x)) = o (f(x)). Tak KaK MOAUHOM f WMEET
CTeNeHb MeHbIIe M U MHOXXeCTBO O COZEPKUT m 3IeMEHTOB, TO PaBeH-
CTBO JIOCTAaTOYHO IPOBEPUTH JJIA BCEX MEMEHTOB X MHOoxecTBa O. Ilo
IIOCTPOEHUIO TOJMIMHOMA f Ha BCeX 3/leMeHTaX MHoXkecTBa O BBHITIONHA-
ercs paBeHCTBO f (0 (x)) =0 (f(x)), ecu 1 TONBKO ecu T € G,. O
BepHeMcs K /10Ka3aTeIbCTBY TEOPEMBI. PacCMOTpUM TOIUHOM f =
=ag+...+ am_ltm_l, cTaloHapHas IOArpyIla KOToporo pasHa G.
[TepeceueHre CTAI[MOHAPHBIX MOArPYII KO3GOUINEHTOB dq, ..., Ap_q
3TOro IIOJIMHOMA COBIaZaeT ¢ MOATPyIIol G,. PaccMoTpuM BeKTOpHOE
npocTtpaHcTBo L Hajg monmeM K C P MHBAapMAaHTOB OTHOCHUTENIBHO Jeii-

CTBUA I'PyNIbl G, HATAHyTOe Ha KO3GOUITMEHTH! ay, ..., ,,_;. COIACHO
JleMMe 2.3 CyIIeCcTByeT BEKTOP ¢ € L, cTallmoHapHasa MNOArpyIna KOTOPO-
ro pasHa Gy. O

§3. ABTOMOP®HM3MBI ITOJIA M COOTHOIIEHMWA MEX/JY ETO
DJIEMEHTAMUA

B sroMm nmaparpade paccmaTpuBaeTcs KOHeYHas TPyIia aBTOMOpGH3MOB
nosnd. JJokasblBaroTCA Be CJIeAYIoNe TeopeMbl Teopuu l'aya.

[TepBas Teopema (1. 3.2) yTBepKAAET, YTO KaXKABIN IeMeHT IO ajl-
rebpanyeH Ha/l I0JieM UHBAapUAHTOB.

[lycts y u z—aBa anemeHTa nond. [Ipu Kakux yCIOBHUAX CYIIECTBY-
eT nomuHOM T ¢ KO3GQUIIMeHTaMH U3 MTOJIs1 UHBAPUAHTOB, TAKOU YTO
z=T(y)? Bropaa Teopema (1. 3.4) yTBep:KJaeT, 4YTO MoauHOM T cCyIIie-
CTBYET, €CJIM ¥ TOJIBKO eCJIY CTal[MOHapHasA rpyIIa 3JieMeHTa y pUHa/-
JIEXKUT CTallMOHAPHOM IpyIllie a/leMeHTa 2.

3.1. YpaBHeHUA ¢ HeKpaTHbIMHM KOPHAMH. [IycTb T (t) — monuHOM
Haz nonem K, T'(t) —ero mpowmssogHas, D(t) —HaubombIIWi O6IIHiA
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Jle/IUTeNb TUX TIOTMHOMOB U T — [IOIMHOM, OIIpeZie/IeHHBIN GOPMYIOH
T=T/D.

YTBEPKAEHUE 3.1. 1. Kopersv kpamnocmu k > 0 noauroma T (t) s8-
Jisiemcst KopHem kpamHocmu k — 1 noaunoma D.

2. Ionunom T umeem me snce kopuu, umo u noaurom T, npuuem 8ce
xopHu nonuxoma T HeKpammeL.

JIOKABATE/NbCTBO. Ilycts T(t) = (t — 0*Q®) u Q(x) #0. Torza
T'(t) = k(t — )71Q(t) + (t — x)*Q’(t). OTcioza creayroT 06a myHKTA
yTBepxKAeHud 3.1. O

[TycTh MBI XOTMM paCIIMPUTh HEKOTOpoe Tmone K, 106aBUB K HEMY
OJIVH WM HECKOJIbKO KOpHel monuHoMa T Haz moieM K. 3aMeHsis, eciiu
Haz0, momuHoM T Ha momuHoM T, MOXXHO He OrpaHMYMBast OGLIHOCTH
CYMTATh, YTO BCE KOPHU ITOJIMTHOMA ITPOCTHIE.

3.2. AnreO6panyHOCTH HAJ MOJIEM WHBApUAHTOB. IIycTh P — KOM-
MyTaTUBHas anrebpa 6e3 fenuTteseil Hy/s, Ha KOTOPOH AefCTByeT IpyTl-
ma aBToMopdusaMoB 7, U K —nozganrebpa mHBapuaHTOB. MBI He TIpe-
IojlaraeM, 4To I'pyImia 7 KOHeuHa (XOTA AA Teopuu [anya ZoCTaTOYHO
paccMaTpuBaTh JIUIIb AeHCTBUA KOHEYHBIX T'PYIIIL).

TeEoPEMA 3.2. 1. CmayuonapHas nodzpynna asemenma y € P, anzeb-
pauueckozo Hao K, umeem KoHeuHblil uHOeKC 8 epynne 7.

2. Ecau cmayuoHapHas nodepynna ajsemenma y € P umeem undexc n
8 epynne m, mo y yoosnemegopsiem Hao K HenpugooumMomy ypasHeHuio
CMeneHuU N ¢ pasHbiM eOUHUYe CMapuumM Ko3PPUYUEHMOM.

JOKA3ATENBLCTBO. 1. JIomyCcTUM, 4TO 3JIeMEHT Y yZIOBJIEeTBOPAET a-
rebpanyecKoMy ypaBHEHUIO

Py ' +...+p, =0 6)

¢ koabdunrenTamu p; U3 anrebpsl uHBapuanToB K. Torza Beakuii aB-
ToMOpdU3M anre6psl P, OCTaBJIAIONINN Ha MECTE 3IeMeHTHI aare6psl K,
TIepeBOJIUT JIEMEHT Y B OJIMH U3 KOpHeU ypaBHeHUA (6), a 9TUX KOpHeH
He OoJiee UeM n, IO3TOMY UH/IEKC B TPYIIIIE 7T CTAI[MOHAPHOM MOATPYIIIIBL
a7IeMeHTa Y He IIPeBOCXOJUT N.

2. I[ycTh cranyoHapHas HOArpynna G ajeMeHTa y UMeeT WHZEKC N
B rpymme 7. Torza opbuTa s1eMeHTa Y OTHOCUTEIBHO AEHCTBUSA TPYII-
OBl 7T COZEPXXUT POBHO N PA3JUYHBIX 1eMeHTOB. O603HAauMM dYepes
Vis «+-» Yy DTIEMEHTHI 9TOHM OPOUTEHL. [IyCcTh 01 =Y + ...+ ¥, Og = Z YiYis

i<j
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eees Op =Yy ... Y, — OCHOBHBEIE CUMMeTpHUYecKrie QYHKIIUU OT 2IeMEeHTOB
OpOUTHI. DJIEMEHTEHL O, ..., 0, HE MEHSIOTCA [P IIepeCTaHOBKE TOYEK
Vis -+-» Y ¥ TIPUHAZJIEKAT TIO3TOMY ajire6pe MHBapUaHTOB K. DjeMeHT
Y YZIOBJIETBOPSET aNrebpandecKoMy ypaBHEHHUIO

T(Y) =y"—oy" T 4o,y 2+ + (-D"o, =0.

DTO ypaBHeHHe HeIpuBOAUMO (T. e. ojnHOM T He packiajbplBaeTca
B IIpOU3Be/ieHHe /IBYX IIOJTMTHOMOB IOJIOXKUTEIbHBIX CTeneHel, K0adpdu-
I[MEHTHI KOTOPHIX JiexkaT B anrebpe K). JlelicTBUTENBHO, €CJIU OHO TIPU-
BOZVIMO, TO Y YZOBJIETBOPSIET YPABHEHUIO MEHbIIIeH CTelleH: Haj anreb-
poii K 1 opbuTa a1eMeHTa y COAEPKUT MeHbIIe YeM N 37IEMEHTOB. [

3.3. IloganreGpa, cogepxkaimas ko3¢pduneHThl NoJIuHOMa Jlar-
pamxka. B 3TOM ITyHKTe paccMaTpUBaeTCs ITOIMHOM JlarpaHxa, ImocTpo-
€HHBI TI0 CllelaJbHbIM HaYaJbHBIM JAaHHBIM, U OLleHUBAeTCA IOAaJI-
rebpa, cogepxaias ero Ko3bGUIMeHTH. Pe3yabTaThl IPUMEHSIOTCA B
. 3.4.

[Tycts P — KOMMyTaTUBHAsA anrebpa 6e3 AenuTeneii HyId, Yy, -.., Yy —
pa3yIuYHbIe 37eMeHTHl anre6pel P u Q € P[y] — MOJIMHOM CTEIeHH N C
€IMHUYHBIM CTapuIiuM KoddduiimeHToM, 06paiialonuicsa B HyJb B TOY-
KaX Y1, .-, Yo, T-€. Q(¥) =(y —¥1) ... (¥ — ¥,). PaccmoTpuM ciiezyronyio
3azavy. [l 3aJaHHBIX JIEMEHTOB %1, ..., %, AIreOpbl P HAWUTU MOTMHOM
Jlarpamxa T, IPUHUMAIOWIKK B TOUKax y; 3HadeHus z;Q’(y;). (ITo ompe-
JIEJIEHUIO TIOIMHOM Q UMeeT HEeKpaTHble KOpHH, T. e. Q'(y;) #0, u cre-
meHb nonuHoMa Jlarpamwxka T Menbie n.) Jnd GopMyJIUpOBKU OTBeTa
yAOOGHO BOCIIONb30BAThCS PAllOHANBHON GyHKIMelN F, 3alaHHON TOX-

nectBoM F(y) =), yiiyi i
BBITEKAET CJIe/lyIolllee yTBepKeHUeE.

YTBEPXKAEHUE 3.3. Hckomblil nonurom Jlaepannca T paseH npousse-
denuto QF nonunoma Q Ha payuoHanvHyro gyHkyuto F. Koagppuyuenmot
noauroma T npuxadnexncam anzebpe P, m.e. T€P[y].

3AMEYAHUE. [Ipu P = C 3azava JomycKaeT cieAyromyto nepedop-

MYJIHMPOBKY: HaliTu nMosiMHOM T CTeleHUu MeHblle n, Takoi uto 1-popma

3 ssBHOUM GOpMYyJIBI I TOTMHOMA JlarpaH:ka

w= Tay VMeeT B TOYKaX Y, ..., ¥,, BBIYETHI 21, ..., Z,. SICHO, 4TO popma
w paBHa F(y) dy. [Toatomy T =QF.

Hawm noHagobutcs apyras opmysa Aasd monuHoMma T, TI03BOIAoIast
TOYHEE OIEHUTh MOAANTEOPY, COAEPIKAIIyIo ero KoapQuimeHTH. BBe-
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zieM HykHble 0603Hadenus. g k=0, 1, ... MonoxuM my, =Y, 2; yl.k. O6o-
n—1
3HAUMM depe3 M TIOJHHOM OT IepeMeHHOM y ', paBHbId Y. myy 7K.
k=0
TIpezicTaBUM MpOM3Be/ieHUe IOTMHOMOB Q ¥ M OT IIepeMeHHBIX y U ¥~
BBUuZe QM =L+ L_, rae L u L_ — cyMMBl MOHOMOB IToIMHOMa JlopaHa
QM € K[y, y '], uMeroImux COOTBETCTBEHHO HEOTPHIATeNbHble CTelle-
HU U CTPOr'O OTpULlaTe/]bHbIe CTeIIeH! 10 IIepeMeHHOH Y.
YTBEPKAEHUE 3.4. [lonunom T cosnadaem c onpedesieHHbLM 8blille
nonuromom L.
JIOKA3ATEJILCTBO. B Komblle popMabHBIX psAAoB Telsopa 1o cre-
TIeHsAM NepeMeHHoH ¥y~ ! ¢ koaddunuenTamu B anre6pe P BLIIOMTHAIOTCA
cylezyrolyie paBeHCTBa:

n e n oo
FO) =y D m(-yy D7 =y Y > by =y Y imy 7k
i=0

i=1 k=0 i=1
(Eciu P=C, To BBRIIMCAHHBIN pAA ABIAeTca pagoM Teiiopa pauroHanb-
HO¥ QyHKIUU F B TOUYKe oc.) B Kosblle dopManbHBIX psAf0B JIopaHa 1Mo
nepeMeHHOM ¥y~ ! ¢ koaddunreHTaMu B anre6pe P BHIOTHAETC paBeH-

cBo T(Y)=Q(y)y ' > mky_k, U3 KOTOpoTo cieayeT, uto T =L. O
i=0

W3 yrBepxeHuA 3.4 BBITEKaeT TaKoe CIe/CTBUE.

CaeacTBHUE 3.5. ITycmb nodanzebpa K anzebpst P codepicum koagp-
duyuenmst noauHoma Q u anemeHmwvlL My, ..., M,_1, 20e My = Zziyik.
Tozda koagduyuenmst nonunoma T npunadnexcam nodaneebpe K, m. e.
TeKI[yl.

3.4. IlpeacTaBMMOCTh OJHOTrO dJIeMeHTa dyepes3 APyroii Haj IMo-
JieM UHBapHUaHTOB. [IycTb P —mosie, Ha KOTOPOM ZIeHCTByeT T'pyIINa aB-
ToMOpU3MOB 7T, U K — I1ojie UHBapUaHTOB. [IyCTh ¥ U Z — 3JI€MEHTEI
mons P, anrebpandeckuie Haz moneMm K, u Gy, G, — X CcTalMOHapHbIe
moArpymmbl. CormacHo Teopeme 3.2 aneMeHT y (91eMeHT z) anrebpau-
veH Ha/ moneM K, ecnu U ToIbKO ecu rpynna G, (rpynna G,) umeer
KOHEYHBIM WHJEKC B rpymme 7. IIph KakoM yCJIOBUM Z IPUHAJJIEXUT
pacmpenuio K (y) mona K anemMeHToM y? OTBET Ha 3TOT BOIIPOC JaeT
cezyroIas Teopema.

TEOPEMA 3.6. Dniemenm g npunadnexcum noJito K (y), ecau u moavko
ecu cmayuoHapHas nodepynna G, alemeHma z codepycum cmayuoHap-
Hyto nodepynny G, anemenma y.
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§ 4. [IpeacTaBUMOCTD B k-pafiuKamax

JIOKABATEJIBCTBO. B 0fHY CTOpPOHy Teopema OuyeBHJHA: KaXKZbIi
areMeHT 1osis K () HENOABIKEH pU AeWcTBUM rpynmsl G,. JipyrumMu
CJI0BaMU, CTallOHApHAsA IOATPYIIA KaXZoro snemeHTa monsg K(y)
COAEPKUT rpymny G,,.

Ob6paTHoe yTBEPXKJEHWE MBI JIOKa)KeM B 0Oojiee CHWIBHOU ¢opMe.
Ocnabum mpexmnonoxeHus B TeopeMme 3.6. ByzeM mpearonaraThb, YTO
P —xommyTaTuBHas anrebpa 6e3 genuteneil Hynas (HeoOs3aTeTbHO
ABJISAIOMASACA TOJNeM), 7T —TIpynmna aBromopdusamMoB anrebpsr P, K —
anrebpa MHBAPUAHTOB, y U Z —3JeMeHTHl anre6psl P, cTamyoHapHbe
noarpynnsl G, ¥ G, KOTOPbIX MMEIOT KOHEYHBIH WHAEKC B IPyIIe 7.
O6o03HaunM Yepe3 Q HEIIPUBOAMMOE Iiesioe anrebpandeckoe ypaBHEHNE
HaJ anrebpoii K, KOTOpOMY yZOBJIeTBOpsieT ameMeHT y, Q(y) =0 (cm.
1I. 2 TeOpeMEI 3.2). O

YTBEPXKAEHUE 3.7. Ecnu G, 2 G, mo cywecmayem noaunom T ¢ Ko-
agpuyuenmamu 8 anzebpe K, 0ns1 KOMOP0O20 8bINOIHAEMCSA MOHCOECMBO
2Q' N =TW).

JOKA3ATE/NBCTBO. OO03HAUUM 4Yepe3 S MHOXKECTBO IIPaBhIX KJac-
COB CMEXHOCTH I'PYIIIBI 7 10 MOATpyIIe G, . IIycTe MHOXECTBO S cozep-
KUT N 37IEMEHTOB. 3aHyMepyeM 3JIeMeHTH Sy, ..., S, 9TO['0 MHOXeCTBa,
IIPUCBOMB KJIacCy eAMHUYIHOTO deMeHTa Ipymsl 7T HoMmep 1. IlyeThb g; —
060U TIpeAcTaBUTEND Kiacca s; B rpymme 7. O6passl g;(y), g;(2) ane-
MEHTOB Y, Z IpU JeHCTBUU aBTOMOpdU3Ma g; € T He 3aBUCAT OT BbIOopa
aseMeHTa g; B kiacce s;. O603HaYMM 3TH 06paskl Yepes y; U Z; COOTBET-
CTBEHHO. Bce asieMeHTHI Yy, ..., ¥, PA3JIHUYHBI I10 TIOCTPOEHUIO, B TO Bpe-
MA KaK HeKOTOpble U3 3JIeMEeHTOB %1, ..., 2, MOI'YT COBIIaZaTh. /I BCAKO-
IO I[eJIOT0 HEOTPHUIATEIbHOTO k J/IeMeHT My =2, y{‘ +...+z, y,’f WHBapH-
AaHTeH OTHOCUTEJBbHO eWCTBYA IPYIIIEL 7T U, C/IeZloBaTeNbHO, IpUHAIe-
KUT anrebpe K. Jia 3aBepuIeHUs 0Ka3aTeIbCTBA OCTATIOCH COCIATHCS
Ha ciegctBue 3.5. YrBepxkzeHue 3.7 u Teopema 3.6 JOKa3aHBbI. O

8§ 4. IEVCTBUE k-PA3BPENIMMOM I'PYIIIIBI U IIPE/ICTABMMOCTD
B k-PAZIUKATIAX

B aTom maparpade paccmaTtpuBaeTcs mmose P, Ha KOTOPOM /JleficTByeT KO-
HeYHas Ipymia aBToMopou3MoB G ¢ noieM MHBapuaHToB K. MEI OyzeM
Ipe/Ionararhb, 4YTo 1nosue P cofiep:kuT Bce KOPHU U3 eJUHUIILL. BBOAUTCA
ompeziesieHNe k-paspelinMoi rpynmnbl. Mbl oKakeM, YTO €CIM TpyIma
G k-paspemnmMa, TO KaXKZIbIi 2JIeMeHT IOIA P BhIpakaeTcs depes djie-
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I'maBa 2. PazpemnMocts U Teopus l'anya

MeHTHI oJ1s K ¢ TIOMOIIbIO0 PaIUKAIOB ¥ PEIIeHNs BCIIOMOTATENbHBIX
anrebpanvecKuX YpaBHEHUH, CTeleHb KOTOPHIX He MpeBocxoauT k. Jlo-
Ka3aTeJbCTBO OMMPAETCS Ha TEOPEMBI U3 MPEBIAYIINX TYHKTOB.

OnrPEAENEHUE. KoHewyHasd rpynma G HasblBaeTcs k-paspewumotil,
€CJIU Y Hee CYIIECTBYET LIeMOYKa O PYIII

G=Gy; DG D...0G,=e,

B KOTOPO# /7151 Kaxkzaoro i, 0 <i<n, b0 UH/EKC TOATPYIIEL G; B TPYIIIIe
G;_1 He IpeBOCXOAUT k, 1160 moArpymna G; — HOpMaJbHBIN JeTUTeNb B
rpymre G;_; u dakToprpymnma G;_;/G; KOMMyTaTHBHA.

TEOPEMA 4.1. IIycmb G —koHeuHas k-paspewumas epynna asmo-
Mopdusmos nosst P, codepaicauiezo 8ce KOpHU u3 eduHuubl. Toeda kaxncowlil
aslemeHm x nosas P evipancaemcsa uepe3 aneMeHMbl NOASA UHBAPUAHMOS
K npu nomowu apugmemuueckux onepayuil, usgnieueHus kKopHeil u pe-
weHus aneebpauyeckux ypagHeHuil cmeneHu He gblule uem k.

JOKABATENBLCTBO. IlycTh G =Gy D ... D G,,, = e —I]ell0YKa BJIOXKEH-
HBIX MTOATPYIII, YOBIETBOPAIOIIAA YCIOBUAM, IIepedyrCIeHHBIM B Ollpe-
JeneHnu k-paspenruMoii rpymmsl. O6o3HaunM yepe3 K=K, C...CK,, =
= P 1enouky moseli, MHBapUAHTHBIX OTHOCHUTEJIbHO JAEMCTBUA T'PyII
Gos -.vr Gpy.

[Tycts rpymnmna G; ABnasgeTcad HOPMaJIbHBIM JieuTesieM rpynnsl G;_q, U
dbakroprpynna G;_;/G; kommyTatuBHa. KoMMmyTraTuBHast GakToprpyi-
na G;_,/G; eCTeCTBEHHO /IeHCTBYET Ha I10jIe UHBApUAHTOB K;, OCcTaB/IssA
HEIOJBIDKHBIM Iojle MHBapuaHToB K;_;. Ci1efoBaTenbHO, KaXKABIN 2e-
MeHT 1o K; BelpakaeTcs IIpY IIOMOIIK CYMMHPOBaHUA U U3BJIeUYeHUA
KOpHeli yepes anieMeHTHI Ttond K;_; (cM. Teopemy 1.2 u3 1. 1.1).

[Tycts rpynma G; ABAAeTCA MOATPYIIION uHAekca m < k B rpyme G;_;.
Cyl1ecTByeT 27IeMeHT a € P, cTanuoHapHas IOArpyIa KOTOpOro paBHa
G; (Teopema 2.4). Ha none K geiictByet rpymnmna aBToMopdu3mMoB G;_; C
mosieM MHBapuaHTOB K;_;. Tak Kak WHJEKC CTal[MOHAPHOU IOATPYIIIIEI
G; aneMeHTa a B rpymnmne G;_; paBeH m, TO IeMeHT a YJOBIeTBOPAET
anrebpandeckoMy ypaBHEHUIO cTelleHU m < k Haz moneMm K;_;. Corac-
HO TeopeMe 3.6 KaX/blil aneMeHT nosA K; ABIsgeTcs IOJIUHOMOM OT a C
koa¢ounreHTamMu U3 mond K;_;.

[TocnesoBaTebHO MOBTOPAA OTU pacCy:KJEHWsd, Mbl BBIpA3UM KaX-
JIBI 27eMeHT 1onid P depe3 aneMeHTH nos K ¢ moMornbio apudmeTu-
YeCKUX Ollepaluii, M3BJeUeHUss KOPHEH U pellleHus anrebpandecKux
YpaBHEHUH CTelleH! He BBIIIe K. O
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I'maBa 2. PazpemnMocTts U Teopus l'anya

§5. YPABHEHMSA TAJIVA

Anrebpanveckoe ypaBHeHHMe Haj ToneM K HasbIBaeTCAd YPABHEHUeM
TI'anya, ecnu pacmupenue nosa K, nomydeHHOe NpucoeAuHeHUeM K K
JM060r0 OZHOTO KODHS 3TOTO YpaBHEHUA, COAEPXKUT BCE OCTATbHBIE
ero KopHu. B aTom maparpade JoKasbIBaeTCs, YTO AJIA JI060TO anreb-
paudeckoro ypaBHeHua Haz noseM K cyimiectByeT ypaBHeHue lanya,
JJI1 KOTOpOro pacmupenue noiad K, IonydyeHHOe INpUcoeirHEeHUeM
BCceX KOpHeM HCXOZHOI'O ypaBHEHHd, COBIaJaeT C pacllMpeHueM, Io-
JIydeHHBIM IpUCcOoeIMHEHNeM KOpHA ypaBHeHuUA [anya. Jloka3aTenabCTBO
omnupaercs Ha TeopeMy 3.6 u3 m. 3.4. YpaBHeHuA l'anya yZoOHBI A
nocTpoeHud rpynnsl [amya (cM. §6, 7).

Ilycts K — mo6oe none. O6o3HauuM depe3 P anre6py K[xy, ..., X,
MHOTOWIEHOB HaJ moieM K OT mepeMeHHbBIX X, ..., X,,. Ha anrebpe P
JIEHCTBYeT TpyMa aBTOMOPOU3MOB 7T, u3oMopdHasa rpymme S(m) me-
PeCcTaHOBOK m 3JIEMEHTOB: ZIefiCTBHe I'PYIIIIBI 3aKII0YaeTcsd B OZHOBpe-
MEeHHOU IepecTaHOBKe IepeMeHHBIX Xj, ..., X;, BO BCeX MHOTOWIeHaX
u3 xonmbua K[xy, ..., X,,,]. Anmre6pa MHBapHaHTOB K OTHOCHTENBHO 3TOTO
JIefiCTBUA COCTOUT M3 CUMMETPUYECKUX MHOI'OWICHOB OT IlepeMeHHBIX
X15eees Xy

TycTh y € P — HEKOTOPHIA MHOTOWIEH OT 1M TepeMeHHBIX, OpOUTa KO-
TOPOTO IO/ IeHiCTBUEM T'PYIIIbI S(m) CoAep:KUT POBHO n = m! pasand-
HBIX 2JIEMEHTOB Y =Y, ..., ¥,. O603HauuM depe3 Q MOTMHOM Ha/J anreb-
poit K, KOPHAMM KOTOPOTO SABJIAIOTCA NEMEHTHL Yy, ..., ¥, €P (cM. Teo-
pemy 3.2). IIpou3BogHas MosmrMHOMa Q He obpalaeTcs B HYJIb B €70 KOP-
HAX Yq, ..., Yo [IpUMeHAA yTBep:kAeHUe 3.7 K JelCTBUIO Tpynmel S(m)
Ha anre6pe P ¢ anre6poii ”HBapHaHTOB K, TIONy4aeM TaKoe CIe/CTBIE.

CneacTBUE 5.1. Jna ecsakozo anemenma F € D= Klxq, ..., xp1 cy-
wecmeayem noaurnom T, koadduyueHmsl KOMopo20 — cummempuueckue
MHO20UJIeHbL OM NEPEMEHHDBIX X1, ..., X, MAKOLU UMO 8bINOJIHAEMCS MOXC-
decmeo

FQ' =TW).

[Tyctb by + byx + ... + b,,x™ = 0 — anrebpandeckoe ypaBHeHUE Haj
noseMm K, b; €K, kopHu xJ, ..., x° KOTOPOrO MONApHO Pa3/IIYHBI MEXAY
coboii. [Iycth P — mose, OTy4eHHOE TIPUCOEIUHEHNEM K TIOMI0 K Bcex
KOpHeli aToro ypaBHeHus. PaccmoTpum otobpaxkenue 7 : K [x1, ..., X,]1—
— P, comocTasisoliee KaXJOMy MHOTOWIEHY ero 3HaueHNe B TOUKe
(x?, s xgl) epm.
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I'maBa 2. PazpemnMocts U Teopus l'anya

CAeacTBUE 5.2. ITyemb y €KXy, ..., X;,] — makoil MHO20UIeH, UMO
gce N =m! MHO20WIEeHO8, NOJYUEHHbIX U3 Y B8CeB03MONCHbIMU Nepecma-
HOBKAMIL NEPEMEHHDbLX, NPUHUMAM DA3NUUHblE 3HAUEHUS 8 MOouKe
(x(l), cees xgl) € P™. Toz0a 3HaueHue MHO20UJleHd Y 8 MOl mouke nopodic-
daem nose P nao nonem K.

JIOKABATEJIbCTBO. /[leHCTBUTENbHO, anrebpandecKre 3IeMeHTHI
x?, ...,xgl nopoxzawmT noiae P Hag moneMm K. IloaTomy KaKAblii aie-
MEHT TI0JIs P AB/IAETCA 3HaYEHUEM HEKOTOPOT'O MHOTOWIEHA U3 KOJbIla
K[xy, ..., X;,] B TouKe x}, ..., x°. HO COMIACHO CIIE/CTBHIO 5.2 KaX/blii
MHorowieH F mocie ymMHOXeHMs Ha Q'(y) IpezAcTaBIfeTcs B BUZAE II0-
nuHOoMa T OT y ¢ KoabdurmenTamMu u3 aare6pst K. IT0ACTaBUM B COOT-
BETCTBYIOIIEE TOKAECTBO F(Xy, ..., X,) =Q ()T (y) Touky (x?,...,x2).
[To ycnoBuio Bce n = m! KOpHel monuHoMa Q B TOYKe (xg, e xgl) pas-
JIMYHBI MeXAy coboit. [ToaTomy dyHKIMa Q'(y) B 5TOM TOYKe OTIMYHA
OT HyJIf, a 3HAYEHHUE CUMMETPUYECKUX TIOJIMHOMOB B TOYKE (x?, e xg,l)
npuHaexat rmomto K (Tak Kak CHMMEeTPUYECKHE TTOTMHOMBI OT KOPHEH
ypaBHEHUs BhIPAXKalOTCs Yepe3 ero KodhOUIiieHTsr). O

JIEMMA 5.3. /[ns nt06bix NONAPHO PABAUUHBLX ANIEMEHMO8 x?, . xgl
nosst P 2 K cyujecmgyem nuHelHblll MHO20UNEH ¥ = A1 X1 + ... + A, X, €
kKoappuyuenmamu Aq, ..., A, u3z noas K, maxoii umo ece n =m! mMHo-
20UIeHO8, NOJIYUEHHbIX U3 MHO20UIeHA Y NepecaHO8KaMU NepemMeHHbLX,
NPUHUMAIOM PA3JIUUHble 3HAUEHUS 8 MOUKe (x?, e xg,l) epm™

JIOKABATEJBCTBO. PaccMoTpuM n = m! Touek, IMOMYyYEHHBIX M3
TOYKU (x(l), e xg) BCEBO3MOXKHBIMH TI€EPECTAHOBKAMU KOOpAWHAT. JIjIst
Ka)k/IOM TIapbl TOYEK JTMHEWHBIE MHOTOWIEHBI, IPUHUMAIOINIE PaBHbIE
3HAYeHMs B OTUX TOYKax, 06pasyioT co6CTBEHHOE TOAPOCTPAHCTBO B
MIPOCTPAHCTBE JIMHEUHBIX MHOTOWIEHOB ¢ KoaddunmeHtamu B mosne K.
[MoAMpOCTPAHCTBA, COOTBETCTBYIOIIME BCEBO3MOXKHBIM IapaM TOYEK,
He MOT'YT IMOKPHIBATh BCETO MpOCTpaHCTBa (yTBepxkaeHue 2.1). JIrobok
JIMHEHHBIN MTOMIMHOM Y, He JIeXKaIlui B 00beIMHEHUN OTIMCAaHHBIX CO6-
CTBEHHBIX MMOAMIPOCTPAHCTB, YAOBJIETBOPSET YCIOBUIM JIEMMBL. O

ONPEZEJEHUE. YpaBHeHHe dy+ a;X + ... +a,x™ =0 Haz norem K
Ha3bIBaeTcsA ypasHeHueMm lanya, ecau ero KOpHU x(l), ...,x,?l obazatoT
CJIEZYIONUM CBOMCTBOM: [Js JiF0OOO¥M Taphl KOpHeH x?, x;) HauzeTcs
nomiHoM P, ;(t) Haz nonem K, takoii uro P, ;(x}) =x;).

TeOPEMA 5.4. Ilycms nosie P nosmyuaemcs uz noasi K npu nomowju
npucoeOuHeHUs 8cex KOpHell anzebpauuecko2o ypagHenus Hao nosem K,
He uMerWez0 KpamHbvlx KopHell. Tozda mo xce camoe nosie P MONCHO
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§ 6. ABTOMOpQU3MEI, CBA3aHHBIE C YypaBHEHUEM ['arya

nosyuums u3 noas K, npucoeduHsisi 00uH KkopeHs Hekomopoezo (8oobuie
2080ps1, 0py2020) Henpusodumoeo ypasHeHus I'anya Hao nonem K.
JJOKA3ATE/NBCTBO. [lo ycioBHIO Bce KOPHU xg, ...,xgl ypaBHEHUs
IIONIapHO pa3ian4HbL. PaccMOTpHUM Takoil OZHOPOAHBIN JUHEWHBIY MHO-
rowieH y ¢ kodpdunueHTamu B nosie K, 910 Bce n =m! JUHEHHBIX MHO-
TOWIEHOB, IIOJyYeHHBIX U3 MHOT'OUIeHa y IlepecTaHOBKOU ITepeMeHHBIX,
IIPUHUMAIOT B TOYKE (xg, ...,xgl) pasnuyHble 3HauYeHus. PaccMOTpuM
YpaBHEHHUE CTeIleHU n Haz noneM K, KOpHAMU KOTOPOTO ABJIAIOTCA 3TU
3HayeHUA. COmIacHO JOKa3aHHOMY BBIIIIE CIeICTBUIO NTONIyYeHHOE YpaB-
HeHUe ABJAeTcAa ypaBHeHUeM [asya, a ero KOpHU MOpOXKAAIOT mose P.
[lonyyenHOe ypaBHeHUe l'ajya MOXET OKasaTbCAd IIPUBOAUMBIM. Ilpu-
PaBHUBAsA K HYIIO JI0O0H U3 HEMPUBOAUMBIX COMHOXKUTENIEH, TOIyIUM
HWCKOMO€ HeIIpUBOAUMOEe ypaBHeHue ['anya. |

§6. ABTOMOP®N3MbI, CBA3AHHBIE C YPABHEHHEM T'AJIVA

B sTom maparpade CTpOUTCs TPyIIia aBTOMOPGHU3MOB pacIlIupeHus, 1o-
JIY4EHHOTO M3 MICXOZHOTO TIOJIS MPHUCOEeTUHEHUEM BCEX KOPHEH HEKOTO-
poro ypaBHeHus l'anya. [lokasbiBaeTcs (Teopema 6.2), 4TO Iojie MHBA-
PUAaHTOB 3TOH T'PYIIHI COBIIAJAET C T0eM KO3pPUITHEHTOB.

[Tycts Q = by + byx + ... + b, x" — HEIPUBOAUMBIY MHOTOWIEH HaJ
nonem K. Torza Bce mosd, IOpOXAeHHBIE HaJ, 1osieM K OZHMM KOpHEM
ypaBHeHUs Q, M30MOPOHBI MeXKAY cobO0M U Z0MyCKaloT ceayoliee ab-
CTpaKTHOE OIMCaHUe: KaXK/0e TaKoe Imojie M30MOophHO GpaKTOpy Koibiia
K[x] no mpocTtomy uzeany I, HOPOXAEHHOMY HEPUBOAUMBIM MHOTO-
wieHoMm Q. O6o3HaunM 310 moje yepes K [x]/ Iq.

IycTs M — pacumpenue o K, copepxaliee Bce n KOPHeH xJ, ..., X0
ypaBHeHUs: Q(x) = 0. C KaXJpIM KOPHEM x? cBskeM mone K;, ABiA-
oleeca paclivpeHueM Iond K 1npy oMol KOpHA x?. Bce mona K;,
i=1,...,n, usoMopbHBI Mexay coboit u msomopdusl nomo K[x]1/I,.
O6o3HayuM yepe3 0; usoMopdHoe oTobpaxkeHue mona K[x]/I, B mo-
se K;, ocTaBifmoliee Ha MeCTe IeMeHTH Iond KoadouireHToB K u
TepeBoisiiee MHOTOWIEH X B 3JIEMEHT x?.

JIEMMA 6.1. ITycms ypasHeHnue Q =by+byx 4+ ... +b,x" =0 Henpu-
8o0umo Hao nosnem K. Tozda obpaswvt o;(a) anemenma a noas K [x]/IQ
8 none M npu ecex usomopgdusmax o;, i=1,...,n, coeanadarom memncdy
co60ll, ecnu U MONLKO ecal JeMeHm a Jiexcum 8 noJe KodpduuyueH-
mos K.
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JIOKA3ATENBCTBO. Ectub=0,(a)=...=0,(a), To aneMeHT b paBeH
(c.(@+...+0, @)n~! (8 paccmaTpuBaeMoM ciay4dae n7# 0 B mone K).
[ToaTomy aneMeHT b ABIAETCA 3HAUEHUEM CUMMETPUYeCKOTO MHOTOWIe-
Ha OT KOpHeu xg, e xg ypaBHeHUd Q(x) =0, T. e. IPUHAJJIEKUT TIOTIO
ko3 ounreHToB K. O

Temeps Bce TOTOBO MJA [OKA3aTeIbCTBA OCHOBHOTO YTBEPXKIAEHUSA
aToro maparpada.

TEOPEMA 6.2. IIycmb nosie P nonyuero u3 nonst K npucoeduHeHuem
8cex KOpHell HenpugoouMoz0 anzebpauueckozo ypasHeHus Hao nosem K.
Toeda anemenm b € P Henodsudxcen npu ecex asmomopgusmax noas P,
0CMAasNAUUX HeNOOBUNCHBLMU 8ce dlemeHmbl noas K, eciu u moavko
eciu bek.

JlOKA3ATEJIbCTBO. COIIaCHO TeopeMe 5.4 MOKHO CYUTATh, YTO I10JIE
P nonyyeHo u3 K npucoenHeHHeM BceX KOpHel (WM, 9TO TO e caMoe,
OTHOT'O KOPHs) HEMpUBOAUMOTO ypaBHeHUs [amya. Ilo ompezeneHuio
ypaBHeHud [anya Bce noss K;, 0 KOTOPHIX HZET pedb B jeMMe 6.1, coBIa-
JAI0T MeXKAy coboi U coBIazaoT ¢ moueM P. Misomopousm o joi‘l oJIA
K; B mone K; sABnsaercs aBTOMOPOU3MOM TIOJIA P, OCTaBJISIONINM HEIO-
JBIDKHBIMU Bce a7eMeHTHI 1oss K. CormmacHo ieMMe aneMeHT b € P Hero-
JIBIDKEH IIPU BCeX TaKUX aBTOMOPQHU3MaX, eCIU U TONbKo ecmu beK. [

§7. OCHOBHAA TEOPEMA TEOPUMU T'AJIVA

B §2, 3, 5u 6 pakTruecKu y:xe ObUIH JOKa3aHBI IIEHTPAIbHbIE TEOPEMBI
Teopuu T'anya. B aToM maparpade mozpBozarcs uroru. OnpezesssioTcs
pacmipenud lanya (m. 7.1), rpymnsl lamya (m. 7.2), JoKa3bIBaeTcs OcC-
HOBHas TeopeMma Teopuu lanya (1. 7.3), obCy:kJat0Tcss CBOMCTBA COOT-
BeTcTBUA [amya (11. 7.4) u noBezeHue Ipymnnsl [asya npy yBenlndyeHUN
mosst Ko3hUIIMEHTOB.

7.1. Pacumpenus l'aaya. IlpuBezeM Ba SKBUBAJECHTHBIX OIIpesesie-
HUA.

OnresENEHUE 1. [lone P, nonydeHHOe U3 1osda K nprucoeiuHeHueM
BCEX KOpPHEN HEKOTOPOTro alreOpanyecKoro ypaBHeHMs Haj moineMm K,
HasblBaeTcd pacuwuperuem Ianya nona K.

OnrPeEAENEHUE 2. Tlone P aBnaeTrca pacwuperuem [aya CBOEro moj-
mosnA K, ecnu cylecTByeT KOHeEYHasA rpymnmna aBToMopdu3MoB G 1o P,
1oJieM MHBApUAHTOB KOTOPOH ABJsieTcs nose K.
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§ 7. OcHoBHas TeopeMa Teopuu lamya

YTBEPKAEHUE 7.1. Onpedenenus 1u 2 skguganenmust. [pynna G u3
onpedesnieHusl 2 cognadaem ¢ epynnoi acex asmomopgdusmos noas P nao
nosiem K. CnedogamenwvHo, epynna G onpedesieHa 00HO3HAUHO.

JOKA3ATEABCTBO. Eciu nosie P aBadeTrca paciuirpenueM lanya no-
s K B cMmbIcie onpesiesieHus 1, To 1o Teopeme 6.2 mosie P ABiseTcsa pac-
mypeHueM l'anya mona P B cMmbicie onpezeneHua 2. ITycTh Teneps IIo-
Je P asnaerca pacmmpeHueM lanmya nona K B cMmbicie onpeeneHusa 2.
CoryacHO ciefiCTBUIO 2.2 CyIIeCTBYeT 3JIeMeHT d € P, KOTOpPHBIH cABUTra-
eTCs ¢ MecTa JI0OBIM HeTPUBUAIBHEIM 37IeMeHTOM rpynmsl G. PaceMoT-
puM opbuty O a7eMeHTa a OTHOCUTENbHO JAefcTBUA rpymmsl G. Corac-
HO TeopeMe 3.2 CyLlecTByeT anrebpandeckoe ypaBHeHUe Haz noneM K,
MHOXXeCTBO KOpHel KoToporo coBnazaet ¢ O. CoryacHo Teopeme 3.6 Jo-
6011 U3 2/IEMEHTOB OPOUTEHI, T. €. JIIOOOI U3 KOpHe aToro anrebpamnye-
CKOT'0 YpaBHeHUA, Nopoxxjaer nose P Haz nonem K. Tem cameiM niosne P
ABJAeTCA paciinpeHueM 'anya nona K B cMblcie onpefesneHus 1.

JItoboit aBToMopdu3M o 1ot P Haj moseM K mepeBOAUT SIEMEHT d
B HEKOTOPHBIN 27leMeHT MHoxkecTBa O, Tak Kak MHOXXecTBO O ABJAeTcA
MHO)XECTBOM DeIlleHUH ypaBHeHHs ¢ KoapduimeHtamu B mose K. Ilo-
3TOMY JJI1 O HaljleTcs Takou aneMeHT g rpynnel G, uto o(a) = g(a).
ABTOMODPQU3M O COBIAZAET C 3TUM IIEMEHTOM g, TaK KaK dJIeMeHT a
nopoxzaet nosie P Hag nonmeMm K. 3HauuT, rpynna G coBlaZaeT C Ipyll-
oM Bcex aBTOMOPGU3MOB 1oy P Haz mosnem K. O

7.2. T'pynnsl I'anya. IlepeiizeM k rpynmnam [anya — eHTpajJbHOMY
06beKTy Teopuu lamnya.

I'pynnoti I'anya pacwuperus Ianya P nonsa K (win, Kopode, TPyIIION
lanya mona P Hazg nonem K) HasbIBaeTcs I'PyIa BceX aBTOMOPGH3MOB
nons P Haz moneM K. I'pynnotl Tanya aneebpauueckozo ypagHeHUs: HaJ,
nonem K HasbiBaeTcda rpynma l'anya paciupenus 'anya P nonsa K, mnomy-
YEeHHOT'O MPUCOeANHEHNEM K 3TOMY IOJII0 BCeX KOPHel JaHHOTO ajire6-
panvyecKoro ypaBHEHUA.

[TycTp none P nony4aeTrcs u3 nosisa K mpucoefuHeHNEM BceX KOpHeN
ypaBHEHUs

apt+a;x+...+a,x"=0 @

Haz nonaeM K.
Kaxap1ii sneMeHT o u3 rpymnmnsl ['anya nonsa P Hag noneM K nepecTtas-
JisieT KOpHU ypaBHeHUs (7). JleCTBUTENBHO, IPUMEHAA aBTOMOP(U3M
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O K paBeHCTBY (7), loly4aeM
o(lag+ayx+...+a,x") =ay+a,00) +...+a,(c(x))"=0.

Takum obpasom, rpymma l'amya mosns P Haj noneM K UMeeT NmpezcTaB-
JIeHue B IpyIlle lepecTaHOBOK KOpHel ypaBHeHUA (7). DTo npejcTaBbiie-
HUe TOYHOE: eCIM aBTOMOP(U3M OCTaBIAET HEMOABMKHBIMU BCe KOPHU
ypaBHeHUA (7), TO OH COXpaHAeT Ha MecTe Bce aJIeMeHTHI osd P u, cie-
JI0OBaTeIbHO, ABJIAETCA TPUBHUAIbHBIM.

OnPEAEAEHUE. CoomHouleHUeM MeXAY KOpHAMU ypaBHeHUA (7),
oTpezieJIeHHBIM Haz mosieM K, Ha3pIBaeTcs T1000# MOMMHOM Q, IpUHAJ-
nexxamui Kombiy K[xq, ..., X,], KOTOpbIA obpamjaeTcsa B HyJIb B TOUYKE
(x9, ..., x9), tae x?, ..., x° — Habop kopHeii ypaHenus (7).

YTBEPXKAEHUE 7.2. Bcsikuil asmomopgusm u3 epynnet [anya coxpa-
Hsilem 8ce coomHowleHust Hao nosem K mexncdy kopHamu ypasHerus (7).
ObpamHo, 8csikas nepecmaHos8ka KopHell, COXPAHAIOWASL 8Ce COOMHOULe-
HUs Mexcdy KOPHAMU, onpedesieHHble HAO nosem K, npodoaxcaemcs 00
asmomopgusma u3 epynnst Ianya. (Takum ob6pasom, rpymmy amya moss
P naz monmeMm K MOXXHO OTOX/IECTBUTH C T'PYIIION BCeX IePEeCTaHOBOK
KOpHel ypaBHeHUA (7), COXpaHAIOIIUX BCE COOTHOIIEHUA MEXJTy KOp-
HAMH, ollpeZieleHHble Ha/ 1osneM K.)

JlOKA3ATE/IBCTBO. Eciu nepecraHoBKa o € S(n) COOTBETCTBYET aJle-
MEeHTY Ipynimsl l'anya, To MOMWHOM O Q, TMOMYYeHHBIH U3 COOTHOIIEHUS
Q TIepecTaHOBKOM O TIepeMEHHBIX X1, ..., X,, TOXKe 0OpalaeTcs B HyJIb B
TouKe x?, ..., xU. O6pATHO, IyCTh [IEPECTAHOBKA O COXPAHAET BCE COOT-
HOIIIEHUS MeXZAy KOPHAMH, olipeZiesieHHble HaZ moneM K. [Tpopomxum
IepecTaHoOBKY O 70 aBToMopdu3ma nonda P Haz moneM K. Beakuit ane-
MeHT Iojis P ABjfAeTca 3HaYyeHWeM HeKOTOporo IoJluHoMma Q, IpuHaJ-
nexanero konbiy K[x, ..., x,], B Touke (x?,...,x°). 3HaueHne aBTo-
Mopdu3Ma O Ha 3TOM dJIeMeHTe eCTeCTBEHHO OIIPe/Ie/IUTh KaK 3HaueHue
nositHOMa O Q;, TOIY4eHHOTo M3 MoJUHOMa (Q; MepecTaHOBKOU Iepe-
MeHHBIX O, B Touke (x?, ..., x%). Hy>HO IIpOBEPUTB, YTO 9TO ONpeZese-
HUe KOoppekTHO. [IycTb Q, — Apyroi monuHoM u3 kombua Klx, ..., x,],
3HayeHUe KOTOPOI'o B TOUKe (x(l), e xg) COBIIAZIAeT CO 3HaUYeHNEeM B 3TOU
Touke norHoMa Q. Ho Torza nommuom Q; — Q, ABIAETCA COOTHOIIECHU-
eM Haj noseM K mexy kopHaAMU. [loaToMy nonuHoM 0 Qq — 0 Q4 TOXe
JIOJDKEH 0OpaTUTHCS B HYJIb B TOUKE (x(l), e x,?), HO 3TO U O3HA4aeT, YTo
aBTOMOPOU3M O olpezieieH KOPPEKTHO. O
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7.3. OcHoBHad Teopema. IlycTs none P ABideTcA pacliupeHueM [a-
sya nond K. Teopusa T'asya onucelBaeT Bce IIPOMEXYTOYHBIE IIOJA, T. €.
BCe II0JIA, JIexalnue B 1oje P u cogepxaue none K. ConoctaBuM Kax-
Zoli moarpynne L rpynmnsl ['anya nonsa P Haz noneMm K mozmone P, Bcex
JIEMEHTOB, OCTAIOLIVXCA HEeIOABIKHBIMU IIPU JeHCTBUN IOATPYIIEL L.
DTO COOTBETCTBME Ha3bIBaeTCA coomeemcmsauem Ianya.

TEoPEMA 7.3 (OCHOBHAS TEOPEMA TEOPUM ['AnvAa). Coomsem-
cmeue Tanya pacwupenus Ianya seasemcsi 63AuUMHO 00HO3HAUHBIM CO-
omaemcmauem medncdy MHOxcecmeom nodepynn epynnul Ianya u MHoXce-
CTBOM NPOMEINHCYMOUHBLX NOJELL.

JIOKA3ATEJIbCTBO. Bo-IepBHIX, COITIaCHO TeopeMe 2.4 pasjIudHbIe
IIOATPYIIIEI I'PYyNIEl ['alya UMEIOT pasjanuyHble IOJNA MHBAPUAHTOB. Bo-
BTOPBIX, €C/IU Toje P gBideTrca paciiupeHueM lanya mona K, To oHO
ABJIAETCA pacliMpeHreM [ajgya ¥ BCAKOTO NIPOMEXYTOYHOTrO IO, DTO
O4YEBH/IHO, €CJIM BOCIIOJIb30BAThCA OolpeeneHreM 1 pacmupeHus [anya
us 1. 7.1. V3 onpezenenus 2 pacmupenusa [asya (Tam jke) BUZHO, YTO
IIPOMEXXYTOYHOE IToJIe ABIAeTCA HEeIOJBIKHBIM I10JIeM /JIs HEKOTOPOU
rpymmbl aBToMmopduaMoB mosns P Haz noneMm K. Teopema siokazaHa. [

7.4. CBoiicTBa cooTBeTcTBUA l'asya. O6cyauM mpocTeiiivie cBOM-
CTBa COOTBeTCTBUA ['anmya.

YTBEPXKAEHUE 7.4. IIpomexcymouroe noje A65emcs pacuuperHuem
Tanya nons koapduyuenmos, ecau u moabko ecau npu coomeemcmeuu
Tanya amomy nonto conocmasisiemcst HOpMAbHbLll Oenumens epynnet Ia-
nya. I'pynna Ianya npomexcymouHozo pacwuperus Ianya Hao nosiem Ko-
agppuyuenmos uzomopgpra axmopepynne epynnst [anya ucxooHozo pac-
WupeHUsl N0 HOPMATLHOMY 0eNUMeNI0, CO0Maemcmayowemy npomexncy-
mouHomy pacwupenuto Ianya.

JOKA3ATE/NBCTBO. [lycTh H —HOpPMasbHBIN JleuTenb rpymmsl [a-
aya G U Ly —IpoMexyToyHoe I0JIe, COOTBETCTBYIOIee MmoArpymmne H.
[Tone Ly mepexoauT B cebsi Mpu AeHCTBUM aBTOMOPOU3MOB U3 I'PYIIIILI
G, Tak KaK MHOK€CTBO HEeIIO/JIBHKHBIX TOYeK ZeHCTBHA HOPMaJIbHOTO Jie-
JIUTeJI UHBapUaHTHO OTHOCUTEIBHO JEeNCTBUA I'PyNIbl (YTBEp:KAeHHe
1.3). I'pynma aBToMOpduU3MOB m0NA Ly, UHAYLMPOBAHHAA JelcTBHUEM
rpymmnel G, usomopoHa dakroprpymie G/H. [Tore HHBapUaHTOB OTHO-
CUTeNbHO JeUCTBUsA Ha mose Ly WHAYIIMPOBAHHOW T'PYyMNIIBl aBTOMOP-
¢dusmoB coBmazaet ¢ mosneMm K. Utak, eciiui H — HOpMaJIbHBIN eTUTENTD
rpymimsl G, To Ly — pacuupenue T'anya monst K ¢ rpymmoii l'anya G/H.
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IIycth K7 —nipomesxyTouHOe pacimvpenue l'anya nonda K. Ilone K, 1o-
nmydaercs u3 nond K npucoenHeHNEM BceX KOPHEH HEKOTOPOro ajnreo-
pauveckoro ypaBHeHuUs HaZ mosieM K. JIto6oit aBToMOpbU3M g U3 TpyTI-
el Faya G JIUIID TIEpeCcTaBIsieT MEXKY cOO0M KOPHU 3TOTO YpaBHEHUS
U MO3TOMY TiepeBoauT mone K; B cebs. ITycTh mosme K; COOTBETCTBYET
noarpynne H, K, =Ly . D71eMeHT g Irpymnnsl G IepeBOAUT I1oJ1e Ly B 1oje
Lgpg-1. VITaK, eciy MpoMeKyTOYHOE pacuirpenue 'anya K; COOTBETCTBY-
eT noArpymnie H, To JjiA BCAKOIO IeMeHTa g € G CIpaBe/lJINBO PaBeH-
ctBo H=gHg™!. Jlpyrumu cnoBamu, Tpynia H ABageTca HOpMaabHBIM
JenurteneM rpynnsl [anya G. |

YTBEPKAEHUE 7.5. HaumeHbllee aneebpauveckoe pacliupexue no-
51 K, codepacaujee dsa 3adanHblx pacutuperus Ianya nons K, sagnsemest
pacwuperuem I'anya nons K.

JOKA3ATE/NBCTBO. HaumeHblnee nione P, cogepkalee ob6a paciiu-
penus Tanya, MOXKHO TIOCTPOUTH CJIEAYIOIMIUM ob6pasoM. ITycTh mepBoe
moJie mosydaeTcs gobapieHueM K momto K Bcex KOpHel momuHoMa Q,
a BTOpoOe IojIe — BCceX KOpHel mnonuHoMa Q,. Ilone P momydaeTrcsa mpu-
coefuHeHUeM K monto K Bcex KopHed nmonmuHoMa Q = Q;Q, U, ciefoBa-
TEJIBHO, ABJIAETCA paclurpenueM l'anya nona K. O

YTBEPXKAEHUE 7.6. Ilepeceuenue 08yx pacwupeHruil [anya sasisemcs
pacwuperuem Ianya. I'pynna I'anya nepeceuenus sigasemcs gakmopepyn-
noti epynnst [anya kaxicdozo u3 ucxoOHblx pacwupeHull Ianya.

JIOKABATEJIbCTBO. [IycTh P — HauMeHblIIee T0JIe, cofiepKaliee oba
pacmpenusd l'anya. Kak Mbl fokasanu, P — paciuupeHue l'anya mona K.
I'pynna Tanya mosns P Haz moneM K mepeBoAMT B cebs Kak MepBoe, TaK
U BTOpoe paciupenue nond K. CiezoBaTenbHO, IlepecedeHne AByX pac-
mupeHuii Fanya Taxke OyZeT MEPeBOAUTHCA B cebsl AeHCTBUAMU TPYII-
16l G. ITo3TOMy COIVIaCHO yTBEpPXKAECHUIO 7.4 MepecedeHre ABYX paclliu-
peHuii Tanya GyzeT pacuiipeHueM lamya. M3 TOro jKe yTBEPXK/IEHUS BBI-
TeKaeT, 4yTo rpymma l'anya nepeceueHus ABasgeTcA GaKTOPIPYyNIIION I'PyTI-
bl ['ayya KaXk0To U3 UCXOAHBIX pacurrpenuii lanya. O

7.5. N3meHeHue nous koddpdunuerTos. [Iycts
agt+a;x+..+a,x"=0 €)

— anrebpanyeckoe ypaBHeHHe Haj moneM K u P — pacmmpenue lanya
nona K, nony4eHHOe IprcoeiHeHHeM K Tomo K Bcex KOpHeii ypaBHe-
Hus (8). PaccMoTpuM OoJbIliee Tosie K DK u ero pacumpenue lanya P,
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TIOJlyYeHHOe TIPUCOeIMHEHUEM K TIOJIO K Bcex KOpHel ypaBHeHUs (8).
Kak cBasana rpymnmna l'anya nonsa Puaznk c rpynmoii l'anya G nonsa P Haf,
K? Unu, gpyruMu cI0BaMM, YTO MIPOUCXOAUT ¢ Tpynmnoi lanya ypaBHe-
HuA (8) pu yBeIUUYeHUM OCHOBHOTO MOJA (T. €. IIpU Iepexo/ie OT Mo
K % momo K )?

[Tpu yBenudeHuw nonsa KoadduimeHToB rpymnmna [amya ypaBHeHUA,
BOOOIIle TOBOPS, YMEHbBIIAETCS, T. €. 3aMeHsAETCSI HEKOTOPOM MOATPYII-
ol l'anmya ypaBHeHHA HaJ, MCXOZHBIM IosneM. [lelcTBUTENbHO, Haj,
OOJIBINIMM TIONIEM MOXKET OBITh OOJIbIIE COOTHOIIEHUH MEXAY KOPHIMU
ypaBHeHus (8). [IpuBeseM 6ojiee TOUHOE YTBEPKIEHUE.

O6o03HauuM 4depe3 K; mepecevyeHue moneii P u K. Tlorne K, cozepxur
niosie K u iexxut B riosie P, T.e. K C K; C P. CorsacHO OCHOBHOU Teopeme
TeopuH ['asya mosto K; COOTBETCTBYeT HeKoTopas moArpynmna G, Tpymisl
lanya G.

TEOPEMA 7.7. Ipynna Ianya G nons P nad nonem K uzomopgHa noo-
epynne G, 8 epynne I'anya G noast P Had nosiem K.

JIOKABATEBCTBO. I'pymma lamya G ocTaB/iseT aleMeHThl mond K
HEIIOZIBIDKHBIME (Tak Kak K C K) u TepecTaBiisieT KOPHU YpaBHEHUs
(8). TloaTomy mose P mepeBOAUTCA aBTOMOPGU3MaMU TPYIIITBI G B
ce6s1. HemoABMWKHBIMY 37IEMEHTAMU OTHOCUTEIHHO WHAYIIMPOBAHHOMN
I'PYIIIEl aBTOMOPGU3MOB MOJIA P ABIAIOTCA B TOYHOCTH T€ JIE€MEHTEI
nosnda P, koTophle cofepkarcs B II0JIe K , T. €. a7ieMeHTHl tonda K; =P NnK.
[TosTomy UHAYIIMPOBAaHHAA T'PyIIa aBTOMOpGU3MOB IoJA P coBnaziaer
¢ moArpynmnoii G, rpymnmnsl l'amya G mona P Hazg monem K. Ocranoch
MIOKAa3aTh, YTO OIVMCAHHBIM BBHINIE TOMOMOPGU3M I'PYIIIIEI G B TpymIy
G, He uMeeT fAapa. JefcTBUTEIBHO, /PO 3TOTO roMoMopdU3Ma OCTaB-
JIAeT HellOABW)XHBIMU BCe KOPHHU ypaBHeHUA (8), T. €. COAEP>KUT JIUIIb
TPUBUAJIbHBIM 37IeMeHT I'PYIIIIbI G. Teopema fokasaHa. O

IIycTh Temeph B yCAOBUAX HpeABIAyIIel TeopeMsl ojie K caMo ABA-
eTcsa pacmmpenueM l'amya nona K ¢ rpynmoi I'amya I'. CornacHo yTBep-
XKZeHuto 7.6 none K, B 3TOM ciiydae Takke fABAeTcd paclirpeHueMm la-
sya oss K. O6o3Haumnm yepes I'; rpymmy lanya pacmupenus K, mons K.

TEOPEMA 7.8 (OB UBMEHEHUU I'PYIINBI [AJIVA TTPU PACIIMPEHUU
FAIYA TIOJIA KOD®PUIIMEHTOB). [Ipu pacwupenuu I'anya noas koag-
¢uyuenmos epynna I'anya G ucxo0H020 YPABHEHUS 3AMeEHSEMCsl CBOUM
HopMabHbiM desumenem G,. Pakmopepynna G/G, epynnst G no amomy
HOpMabHOMY Oenumento usomopdua gakmopepynne epynnel Ianya Ho-
8020 noJist Ko3aPduyueHmos K nad cmapsim nosiem koagguyuermos K.
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JOKA3BATE/NBCTBO. [leiicTBuTeNbHO, rpynna G; COOTBETCTBYeT IIO-
g P I"IE, KOTOpoe ABjdAeTca paciuvpeHueM lamya nona K. IlosTomy
rpynmna G, fABIAETCA HOPMAaJbHBIM JenuTeneM rpynnsl G, a ee dak-
toprpynmna G/G, usomopoua rpyrmre lanya moss K; Haz moinem K. Ho
rpymmna lanya momst K, Haz monem K usomopdua daxroprpymme I'/T.
Teopema fokasaHa. O

8§8. KPUTEPUM PA3SPEIIMMOCTU YPABHEHUU B PAJUKAJIAX

Asnrebpanyeckoe ypaBHeHHe HaZ mojieM K paspewumo 8 padukanax, ec-
JIU CyIeCTByeT Iienouka pacuupenuit K =K, C K; C ... CK,,, B KOTOpoi
none K;, mony4aercs us nons K;, j =0, 1,...,n — 1, npucoesuHeHrnem
pazukaa, a mosie K, COAepXUT Bce KOPHU UCXOAHOTO aarebpandeckoro
ypaBHeHus. PelraeTcs M 3ajlaHHOe ajireOpanyecKkoe ypaBHEHUE B pa-
nukanax? Teopus lamya Oblia co3aHa Jjisi OTBETA HA 3TOT BOIIPOC.

B m. 8.1 paccmaTpuBaeTcs rpymna KOpHel n-i cTeleHu U3 eUHULIBL,
Jexkamyx B 3aZaHHoM nosne K. B 1. 8.2 paccmarpuBaetca rpymnmna la-
Jiya ypaBHeHUS X" =a. B 1. 8.3 NpUBOAUTCA KPUTEPUI Pa3pEIIMMOCTH
anrebpandecKkoro ypaBHeHHUA B pafvKaiax (B TepMUHAX Ipynisl larya
3TOT'0 YpaBHEHUS).

8.1. Kopuu u3 eguaunspl. Ilyctb K — HekoTopoe mose. O603HaYUM
depe3 K, MyIbTUIIMKATUBHYIO TPYIITY BCeX KOPHEH M3 eZMHHUIBI IO/
K (T.e. a €K}, e U TONbKO ecii a € K U 711 HEKOTOPOTO HaTypaJib-
HOT'O N BHIMIOJIHEHO paBeHCTBO a" =1).

YTBEPXKAEHUE 8.1. Ecnu @ epynne Kg cywecmagyem nodepynnd, co-
depocawas | anemenmos, mo ypasHeuue x' =1 umeem 6 none K posHo 1
PA3NUYHBIX KOPHell U paccmampugaemas nodzpynna obpasosaqa gcemu
3MUMU KOPHAMU.

JIOKABATEJIbCTBO. KaXK/bIll aleMeHT X B T'PyIIIe opsaKa | yzoBie-
TBOpsieT ypaBHeHMIO x' = 1. B moie ecTh He Goee yeM | KOpHeil TaKOro
ypaBHEHUsI, a TPYIINA [0 YCIOBUIO UMEET POBHO [ 3JIEMEHTOB. O

U3 yrBepxkaeHud 8.1 BEITEKaeT, B YaCTHOCTH, YTO B I'pymie K ; €CTb He
6osiee OAHOMN IIUKINYECKOM TOATPYIIIIEL JIF0O0T0 3aZaHHOTO TTopsizKa .

YTBEPXKAEHUE 8.2. KoHeuHas abenesa epynna G, umetouwas He 60-
Jiee 00HOU UUKAUUeCKOU nodepynnbl 06020 3a0AHHO20 NOPAOKA, ABJS-
emcsl yukauveckoll epynnoil. B uacmnocmu, nt06as koHeuHas nodzpynna
8 2pynne K, asnsemca yukauueckoii 2pynnoti.
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JIOKA3ATEJNBCTBO. U3 Kiaccudukauy KOHEUYHbIX abeeBBIX I'PYIIT
cieznyet, 4To abeneBa I'PYIIa, YAOBIETBOPSIOMIAA YCIOBUIO YTBEPXKE-
HUSA, C TOYHOCTBIO /10 N30MopdU3Ma OTpeZiesiieTcs YUCIOM M CBOUX 3Je-
MEHTOB: €CJIM M= pi‘l prljn — pasjoXKeHUe YKcIa m Ha IPOCThle MHOXKMU-
Tenu, To G= (Z/p’le) X ... X (Z/p’;" 7). Tloatomy (cM. yTBepskaeHue 8.1)
TPyIIIbI KOPHEW U3 eJUHUIIBI, coflepKalliiie 3a/laHHOe YHCJIO 3JIeMeHTOB
m, B pa3JIUYHBIX TOMAX U30MOPGHBI MexXAy cob60ii. Ho B 1mosie KoMILTEKC-
HBIX YKceJ IpyIIa IopsAjKa m, COCToAIlas U3 BceX KOpHel 13 eJHUIIBL
IopAzAKa m, OYeBUZAHO, ABIAETCA LIUKINIeCKOH. O

[Iukn1u4ecKyo I'pyNIy U3 m 371eMeHTOB MOXXHO OTOXXJECTBUTH C aj-
JUTUBHOU TPYTIIION KOJbIIA BEIYETOB IO MOZYJTIO M.

VYTBEPXKIAEHUE 8.3. Ipynna asmomopgusmos zpynnvt Z/mZ uso-
MOPPHA MYABMUNAUKAMUBHOTL 2pynne 06pAMuUMbLX 31eMeHMO8 KOAbld
gbluemos no MoOysao m. B uacmuocmu, ama epynna asmomopgpusmos
KOMMYMAamueHa.

JIOKA3BATE/NLCTBO. ABTOMOpOU3M F rpymmbl Z/m7 OZHO3HAYHO
ompenenseTcs sneMeHToM F (1), KOTOpBIH, OYEBUAHO, AOIKEH OBITh
0o0paTUM B MYJIbTHUIUIMKATUBHOW TPYIIIIe KOJbIIA BBIYETOB. DTOT aBTO-
MOp®HU3M COBIAJIAET ¢ YMHOXKeHHeM Ha F(1). O

JIEMMA 8.4. Ilycmw pacwupernue I'anya P nons K nosxyuaemcs u3 no-
251 K npucoeduHeHuem HeKOmMopwvlx KopHell u3 eduHuywl. Tozda epynna
Tanya nons P Had nonem K kommymamueHa.

JOKA3ATENBCTBO. Bce KOpHU W3 eAVHUIIBI, Jexaljde B Ioje P,
006pasyloT IUKINYECKYIO TPYIILY II0 YMHOXKeHUIO. [Ipeobpa3oBaHue U3
rpymmnsl lamya 3agaeT aBTOMOpGH3M 3TON I'PYIIIIHL U IIEUKOM OIpesesis-
eTcsA 3TUM aBTOMOPOHU3MOM, T. e. TpyIa ['asya BKIaAbIBaeTCsA B TPYIILY
aBTOMOPGHU3MOB LIUKINYEeCKON IpynIIbl. Teneps jeMMa 8.4 BhITEKaeT U3
yTBepxkJeHud 8.3. O

8.2. YpaBHeHue x" =a.

YTBEPXKAEHUE 8.5. ITycmb nose K codepacum ece KOpHU cmeneHu n
u3 eduHuysbl. Toeda epynna Ianya ypasHenus x" —a =0 Had nosem K, 20e
0#a €K, asasemcs nodzpynnotl YUKAUUECKOIL 2DYNNbl U3 N eMeHMOs.

JOKA3ATE/NBCTBO. ['pymma KopHeli n-ii CTeleHu U3 eAUHUIIBI LIHK-
nudeckas (cM. yrBepxkaenue 8.2). ITycts & —mo6as obpasyromas 3Tou
rpymmel. ukcupyeM 1t060¥ KOpeHb X, ypaBHeHus x" —a = 0. 3aHyMe-
PyeM KOpHU ypaBHeHU: X" —a =0 BEIYeTaMU i I10 MOZYJIIO 1, IOJIOXKUB X;
paBHbIM & X,. [TycTh Mpeo6pasoBaHue g U3 TPYIIIbI ['alya mepeBoauT Ko-
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PeHb X, B KopeHb x;. Toraa g(x;) = g(EFx,) = E¥ixy = x;; (HamomuuM,
YTO TIO TpeAnonoxkeHuto & € K, moatomy g(&) =E&), T. e. Bcakoe mpeoob-
pasoBaHue rpynmsl [anya 3aaeT UKINYECKYIO IIepeCTaHOBKY KOpHEH.
CrnefoBaTenbHO, Tpynmna [anya BKIagbIBaeTCA B LUKIWYECKYIO TPYIILY
W3 N 2JIEMEHTOB. O

JIEMMA 8.6. Ipynna Ianya G ypagHeHus x" —a =0 Had nonem K,
20e 0 #a €K, obnadaem KOMMYymamugHbIM HOPMANbHbIM Oesumesem
G,, ¢axmopepynna G/G,; OMHOCUMENLHO KOMOPO2O KOMMYMAMUBHA.
B uacmuocmu, epynna Ianya G paspewuma.

JOKABATENBLCTBO. IlycThb P — pacmiupenue nond K, noinydeHHoe z10-
baBJieHHEM K 3TOMY IIOJII0 BCEX KOpHEeH ypaBHeHUs X" = a. OTHOIIeHue
JIOOBIX IBYX KOPHeH ypaBHeHUA X" = a ABIAETCA KOPHEM N-H CTeleHn
u3 eauHUIBEL. OTCIOZIa BUAHO, YTO ToJIe P cofep>XUT BCce KOPHU CTelleH!
n u3 equHulbl. O603HauUUM 4Yepe3 K; pacurmpenue nosus K, monydeHHoe
no6aBIeHreM K 3TOMY IOJIO BCeX KOPHel CTeleH! N U3 eANHULBL. MBI
nMeeM BKItoueHust K C Ky C P. O6osHauuMm yepes G, rpymiy [anya ypas-
HeHMA x" =a Haj noneM K. CoracHo yTBep:keHuo 1.4 rpymmna G; KoM-
MyTaTuBHa. I'pynna G, ABIAeTCA HOPMaJbHBIM JieluTeseM Ipynnsl G,
Tak Kak nosie K, ABngeTtca pacumpenueM ['anya nona K. @akroprpynna
G/G, KOMMyTaTUBHa, TaK KaK COIacHO jieMMe 8.4 rpymma lanya mosst
K, vag nonem K xoMMyTaTUBHa. O

8.3. PaspemumocTh B pagukanax. CIpaBejuB CleAyOIIUN Kpu-
TEpUii pa3pelIMOCTH anrebpandecKux ypaBHEHUH B paZiuKaax.

TEOPEMA 8.7 (KPUTEPUI PA3PELIMMOCTH YPABHEHUU B PAZU-
KAJIAX). Aneebpauueckoe ypagHeHue HAO HEKOMOPbLM NOJEM Pellaemcst
8 padukanax, ecau U Moabko ecau ezo 2pynna I'anya paspewuma.

JOKA3BATEALCTBO. [lycTh ypaBHeHUE pellaeTcd B pajukanax. Pas-
pelIMMOCTb YPaBHEHUA B paJiuKalax Haj rnojeM K o3Ha4daeT CyllecTBO-
BaHMe lienouku pacumpenuii K =K, C K; C ... C K,,, B KOTOpoH Ioje
K, momy4aercsa us nons Kj, j=0,1,...,n — 1, mpucoeanHeHnem pa-
AuKaia, a noie K, comep:KUT BCe KOPHHU HCXOAHOI'O aarebpandyecKoro
ypasHeHusA. O603Ha4nM Yepes G; rpyminy l'ajya Hauero ypaBHeHUA Ha/|
noneMm K;. Ilpocieaym, 9T0 MPOUCXOAUT € rpymmoi anya ypaBHeHUs
mpu nepexoze oT noud K; k nmonto K;, ;. CormacHo Teopeme 7.8 rpymmna
G, ABIAeTCA HOpMabHOM NoArpynnoi B rpymnne G;, npudeM daxTop-
rpynna G;/G;,, fABJsAeTCI OHOBpeMEeHHO GaKTOprpymmoi rpymnms! [a-
nya nona K, Hag moneM K;. Tak kak nosne K;,; mony4yaercsa u3 mond K;

90



§9. KpuTepuii pa3peminMocTy B k-pagukaaax

IIpycoeHeHUeM paJuKara, To CoiacHo jeMMe 8.6 rpynmna ['amya momsa
K;,, Haz nonem K; paspemuma. (B ciydae, korza nosne K cogep>KuT Bce
KOPHU W3 e[JWHULB], rpynna l'amya nona K;,, Hag nonem K; koMMyTa-
THBHA.) Tak KaK BCe KOPHHU alreOpandyecKoro ypaBHEHUS IO YCJIOBUIO
nexar B nosnie K,,, To rpymnmna l'anya G, anrebpandeckoro ypaBHEHUA Ha/
nosieM K, TpuBHaIbHa.

WTak, eciu ypaBHeHHe pelllaeTcs B pajuKajiax, TO y ero rpymmnsl [a-
saya G cylecTByeT lierodka nogarpynin G =G, > G; D... D G,,, B KOTOpOi
rpymna G, ABJIAETCA HOPMaJIbHBIM JeJIUTeIeM IPyNIbl G; ¢ paspelu-
Mo ¢axToprpynmoit G;/G;, 4, a rpynmna G, TpusuansHa. (Eciu mone K
COZIEPKUT BCE KOPHU U3 €AUHUIIBI, TO pakToprpynmsl G;/G;; KOMMYyTa-
THUBHBL.) TakuM 06pa3oM, ecyii ypaBHEHHUE pellaeTcs B paZUuKaIax, TO
ero rpymnmna l'amya paspemima.

[ycts rpymma lanya G anrebpandyeckoro ypaBHeHUs Haz moneM K
paspemuma. O603HaUYNM depes K more, noslydeHHoe u3 nosnda K mnpuco-
elMHEeHNEeM BcexX KOopHel u3 eanHulbl. ['pymnmna Fanya G anrebpanyvecKo-
r'o ypaBHEeHUs HaJ 6OAbIINM ToeM K ABIAeTCA MOATPYIIOi rpymms G.
[Tostomy rpynma lanya G paspemnMa. O603HAYUM Yepe3 P rosue, IO-
nydeHHoe u3 oA K IpUCOeMHEHHUEM BCexX KOpHel anre6pay1qec1coro
ypaBHeHUA. PaspemmmMas rpymmna G JeiicTByeT Ha mone P ¢ momeM MH-
BapuaHTOB K. Cornacto TeopeMe 1.2 Kaxcm;m /IeMeHT TNt P BEIDAXKA-
€TCA B paJUKajax dyepes dJIEeMEeHTHI I10JIA K. To OIIpeZeNIEHUIO I10JIA K
KaXXZIBI 2JIeMEeHT 3TOTO IO/ BEIpAXKAETCA Yyepe3 KOPHU U3 eANHUIIEl 1
aneMeHTHI 1osiA K. Teopema fokasaHa. O

§9. KPUTEPUI PABPENIMMOCTHU YPABHEHUH B k-PA,Z[I/IKA]IAX

CkaxxeM, yTO anrebpamdeckoe ypaBHeHHe HaZ moneM K paspewumo 8
k-paduxanax, ecnu cymecTtByeT nenouka pacmupenuit K =K, CK; C

. CK,,, B KOTOPOI 151 KaxkIoro j, 0<j <n, mubo none K;; nomy4aercs
u3 nona K; mpucoepuHenneM pagukana, m6o none K, ; momydaercsa
U3 1o K; nprcoeAMHEHNEM KOPHs yPaBHEHWs CTENEeHH He BhILIe k, a
nose K, COZEPKUT Bce KOPHU HMCXOZHOT'O anrebpandecKoro ypaBHEHUs.
Pemraerca v 3azjaHHOe anrebpandeckoe ypaBHeHHe B k-pajukanax? B
aTOM maparpade JaeTcs OTBeT Ha 3TOT Bompoc. B m. 9.1 obcyxzaaroTes
cBolicTBa k-pa3pemmMsbIx rpyni. B 1. 9.2 noka3biBaeTca KpUTEPHUH pas-
peumMOoCTH YpaBHeHUH B k-pajukanax.

HauzewMm co ciiefiytoniero npocToro yTBep/eHus.
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YTBEPKAEHUE 9.1. Ipynna lanya ypagHenus cmeneHu m < k uso-
Mop@Ha nodepynne epynnot S(k).

JIOKA3ATE/IBCTBO. JIt000i aneMeHT rpymnsl [anya mepecTapisgeT
KOpHU YpaBHEHMUS U BIIOJIHE OIIpeZieIAeTCs BO3HUKINEH IepecTaHOBKOMN
KopHel. [ToaToMmy rpymma lasya ypaBHEHUs CTeleHH m u3oMopdHa
noArpytiie rpynnsl S(m). IIpu m <k rpynma S(m) ABIAeTcA MOATPYIION
rpymmsl S (k). O

9.1. CBoiicTBa k-pa3pelIuMbIX I'PYIIL. B 5TOM ITyHKTe MBI IIOKQXKEM,
YTO k-paspelrrMble Ipynmbl (cM. § 4) UMeEIOT CBONCTBA, aHAJIOTUYHBIE
CBOWCTBAM pa3pelluMbIX rpymi. HauyHeMm c jeMMbl 9.2, XapaKTepu3syio-
el moarpynmns! rpymmsl S (k).

JIEMMA 9.2. Ipynna usomop¢Ha nodepynne epynnst S(k), ecau u
MOJIbKO ecau y Hee ecms Habop us m nodepynn, m < k, maxoil umo
1) nepeceueHue nodzpynn He co0epHCUM HOPMANbHBLX desilmeiell 2pynnbl,
OMAUUHBIX OM MPUBUANBHO20; 2) CYMMA UHOEKCO8 8ceX nodzpynn He
npesocxooum k.

JIOKA3ATE/NBCTBO. IlycTh G siBasieTcsa moArpymmoid rpymmbl S (k).
PaccmoTpuM InpejcTaBieHue Ipynibl G Kak HEKOTOPOH ITOATPYIIIIBL
IepecTaHOBOK MHOKecTBa M, cozepxkarero k ameMeHTOB. IlycTh mof
JlelicTBHEM I'pymibl G MHOXKeCTBO M pacmaziaeTcs Ha m opout. Beibepem
B Ka)XZI0H opburte 110 TOUKe X;. Habop cranroHapHBIX MOATPYHII G; TOUEK
X; YAOBIETBOPSAET YCIOBUAM JIEMMBEI.

O6paTHo, mycTh rpynna G ob61azaer HaGOPOM TOATPYIII, YAOBIIE-
TBODPSAIOIIUM YCJIOBUAM JieMMbl. O603HauMM depe3 P obObeanHeHHE
MHOXXeCTB P, IpaBbIX KJIaCCOB CMEKHOCTH TPyIIEl G 1o noArpymnie G;,
1 <i<n. I'pynna G obnaZiaeT eCTECTBEHHBIM JeHCTBHEM HA MHOXKe-
ctBe P. Bo3HuKarolee mpe/cTaBieHre rpynmnsl G B rpytie S(P) To4HOe,
TaK KakK fAZIpo 3TOI'0 IIpe/CTaBIe s JeKUT B IlepecedeHun NoArpyni G;.
I'pynma S(P) BkiazbBaercsa B rpymnmy S(k), Tak Kak 4UCIO TOYEK B
MHOXeCTBe P paBHO CyMMe UH/IeKCOB IToArpyn G;. O

CAEACTBUE 9.3. ®akmopezpynna nodzpynnsl cummempuueckoll epyn-
not S(k) usomopgdra nodepynne cummempuueckoil epynnwt S(k).

JOKA3ATE/NBCTBO. IlycTh rpymma G usoMopdHa MOArpyIe Tpyll-
mel S(k), u G; —HAOOP ee MOATPYII, YAOBIETBOPSIOMINX YCIOBHIO JIeM-
MBI [TycTh 7T — IpOU3BONBHEIN roMoMopdu3M rpymnmsl G. Torga coBo-
KynHocTb noArpynn 7t(G;) B rpynie 7t(G) ToXe yZOBIeTBOPSAET YCIOBU-
AIM JIEMMBI. O
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CKaKeM, YTO HOpMANbHbLU Oenumens H B rpymme G umeem 2ytyOuHy,
He npegocxodaugyro k, ecny B rpymiie G CyIecTBYeT Takasa noarpymmna G,
WHJEKca, He IpeBocxogdanero k, uro H fABiAeTcA IepecedyeHHEM BCeEX
MIOATPYIII, CONPSKEHHBIX C G.

ByzeMm roBOpuTbh, UTO 2pynna umeem esiyOuHy, He npesocxodsuyto k,
ecId ee eIUHUYHBIN HOPMAaJbHBIM J€TUTETh UMEET IIIyOUHY He 60Jb-
mre k.

HopmanwHotl 6awHetl Tpynnbl G Ha3bIBAETCS BIOXKEHHAsS IIEMOYKa
nogrpynil G =Gy D ... D G, =e, B KOTOPO! KaxkJasA cileAylollas rpymnmna
ABJISIETCSA HOPMAJIbHBIM JIeTUTeNIeM B NIpeAbIAyIel IpyIIIe.

CNnEACTBUE 9.4. Ecau epynna G sisasiemest nodepynnotl epynnut S(k),
mo y epynnel G cyujecmgyem 8y0%ceHHAsl yenouka nodepynn G = Gy D
DGy D...DG,=e, 8 komopoll epynna G, mpusuaibHa, a 011 Kaxnoozo
i=0,1,...,n—1 epynna G;,, A6715eMcsL HOPMANLHLIM OenUmenem 2pyn-
nut G; enybuHsl, He npegocxodsulell k.

JOKA3BATE/NBCTBO. [IycTh G; — COBOKYITHOCTb IIOATPYIII B T'PyIIe
G, YIOOBJETBOPSIONUINX YCIOBUAM JieMMbl. O603HauuM depe3 F; HOp-
MaJIbHBIN Jle/IUTeNb Ipynnbl G, PaBHBIN ITepecevyeHuIo BceX MOATPYIII,
CONIPsKEHHBIX rpynme G;. Llenouka nmoarpynn 'y =F,, I'T =F,NFy, ...,
I, =FyNF;N...NF,, yaoBIeTBOPsET TPeOOBAHUAM CJIECTBHUA. O

JEMMA 9.5. Ipynna G sensemcs k-paspewumotl epynnoil, ecau u
MOJILKO eciU y Hee Cyljecmayem HOpMaibHas bawns nodepynn G =Gy D
DG, D...DG,=e, 8 komopoll 0ns kaxncdozo i, 0 <i <n, 1ub0 HOPMATbHbLL
denumens G; umeem g 2pynne G;_q 2J1ybuty, He npegocxodauLyto k, aubo
¢axmopepynna G;_,/G; kommymamueHa.

JOKA3ATE/NBCTBO. 1 IlycTh y rpynnsl G ecTh HOpMasibHas1 GarrHs
G=GyDG;D...D G, =e, YAOBIETBOPAWIIAA YCIOBAAM JIeMMbl. Eciu
JJI1 HEKOTOpOTO I HOpMasbHBIM JenuTenb G; B rpynne G;_; uUMeeT
rybuHy He Gosbiie k, To y rpynmsl G;_;/G; €CTh L[eNOoYKa IOATPYIII
G;_1/G; =Ty D ... DTI,, =e, B KOTOPOU WHAEKC KaXKIOU CIeAYIOIEH
MOATPYIIIBI B NpeAbIAyINel He IpeBocxXoAuT k. [T Ka)KAOTO TaKOro
HOMepa [ Mexzy rpynmnaMu G;_; U G; BCTaBUM LENOYKY IOArPYII
Gi_,=mn"'Ty) D...>n }I,) =G; rae m —romomMopdusM aKTOpu-
3aruu. MBI MOMyYUM I[eTIOYKY HOATPYII IPyHIbl G, YAOBIETBOPAIOUIYIO
oTIpeziesIeHUIO k-pa3peIrMOi I'PYIIIEL.

2. [ycto rpynma G k-paspemrima U G =Gy D Gy D... D G, =e — LIeNloy-
Ka IOATPYII, yZOBJIETBOPAMONIAA yCIOBUAM, IEPEUYUCIEHHBIM B OIlpe-
JeneHnu k-paspemnMoil rpynnbl. Mel 6yZieM IIOC/Ie0BAaTENbHO YMEHb-
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IMaTh MOATPYIIB! B IlenodKe. IIycTh { — MepBBIN HOMED, AJIA KOTOPOTrO
rpymnna G; He sIBIeTCs HOPMa/IbHBIM JleuTeNeM B rpymnme G;_,, a sABi-
eTcs MOATPYNIION MHAeKca I B 3TOHM rpymie. B 3ToM ciydae y TpyIIIbl
G;_, eCcTb HOpPMaJIbHBIN JenuTenb H, nexamuii B noarpymnmne G; U Ta-
Ko, uto rpymmna G;_;/H usomopdHa noarpymie rpymmst S(k). JeiicTBu-
TeJIbHO, B KadecTBe H J0CTaTOYHO B3ATh llepecedyeHue BcexX MOATPYIII B
rpymre G;_;, CONPSXKeHHBIX ¢ Ipynmoi G;. VI3MeHUM LIeTI0YKY MOATPYIII
G=GyDG; D...DG, =e cienyomym ob6pa3oM: HOATPYIIIEI C HOMepa-
MU, MEHBIIUMHU 4YeM i, ocTaBUM Oe3 m3MeHeHUs. Kaxayro HmoArpymiry
Gj, i < j, 3ameHuM Ha rpynny G; N H. TlpuMeHuM Ty Ke MPOLEAYPY K
MIOTyYEeHHOH IIeTI0UKe IOATPYIII, U T. I. B pe3ynbTaTe MBI OTyYUM HOD-
MaJIbHYIO OAITHIO TOATPYIII, YAOBIETBOPSIOIIYIO YCIOBUAM JEMMBL. [

TEOPEMA 9.6. 1. ITodepynna u ¢axmopepynna k-paspewtumoil epyn-
nwl A8as10Mea k-paspewiumsimu 2pynnamu.

2. Ecnu epynna umeem k-paspeiuumslii HOpMANbHBLI Oenumens, Gak-
mopepynna no komopomy k-paspewuma, mo pynna mosice k-paspewuma.

JOKA3ATEJIbCTBO. EIWHCTBEHHOE HEOUEBUIHOE yTBEPXK/EHNE TeOo-
pPeMBI — 3TO yTBepXkKZeHHe o ¢aktoprpynme. OHO JIerKO BBITEKAET U3
JleMMbI 9.5. O

9.2. PazpemumMocTs B k-pasmnkanax. CropaBesiauB CIeAyIOMNi Kpu-
TepUH pa3pelMMOCTH YPaBHEHUH B k-pafiuKaax.

TEOPEMA 9.7 (KPUTEPUM PASPENIMMOCTU YPABHEHUH B k-PAIU-
KAJIAX). Aneebpauueckoe ypagHeHue HAO HEKOMOPbLM NOJEM Pellaemcst
8 k-padukanax, ecnu u moavko ecau ezo epynna I'anya k-paspewuma.

JOKA3ATE/NBCTBO. 1. [IycTh ypaBHeHHe pelnaeTca B k-paguKaiax.
Hawm Hazo mokasartb, 4To Tpymmna [anya ypaBHeHHs k-paspemmma. OTO
JIOKa3bIBAeTCA B TOYHOCTU TakK ’Ke, KaK paspelIMMOCTb Ipynnsl [amya
ypaBHEHUS, pelllaeMoro B pajuKaiax.

[Tycts K=K, CK; C... C K, —1lenouka nojiel, cBa3aHHas C pellleHu-
eM ypaBHeHUs B k-pazukanax, u Gy D ... D G, —Ilenouka rpymmn laxya
ypaBHEHUA HaZ 3TUMU noiaMu. ITone K, 10 yCIOBUIO COAEPIKUT BCe KOp-
HU ypaBHeHUsd, T03ToMy rpynna G, TpUBUaIbHA U, CIe0BaTEIbHO, SB-
nsetcsa k-paspemuMoii. Ilpeanonoxum, uyro rpynna G;,, k-paspenmma.
Hazo goxasars, 4to rpymnma G; Toxe k-paspernma.

Ecnu none K;,; nonmy4aeTca u3 noud K; nmpucoefyuHeHNeM pajuKaina,
To rpynna l'anya nona K;, ; Hag nosneM K; paspelminmMa 4, c1e0BaTeIbHoO,
k-paspemnruma.
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Ecnu nmone K;,, nomy4yaerca us nond K; mpucoejuHeHNUEM BCEX KOP-
Hell ypaBHeHUA CTeNeHU He Bbllle k, To rpymma lamya nond K, Haz
noneM K; —nozarpynna rpynmsl S(k) (cMm. yrBepxkzaenue 9.1), u, ciefo-
BaTeJbHO, OHA k-paspemnmMa.

CornacHo TeopeMe 1.2 rpynmna G;,, ABIAETCA HOPMaJIbHON IOArPYII-
no#t B rpymnne G;, nmpuieM ¢dakroprpynna G;/G;,, ABIAETCS OTHOBpE-
MeHHO dakToprpymnmoi rpynmnsl l'anya nonsa K, , Hag nonem K;. I'pynmna
G;41 k-paspenmma mo npeznonoxenuto. I'pynma Tamya mona K, Hag
moneM K;, Kak MBI TOJBKO YTO IIOKa3asH, k-paspenmma. Bocmoabp3oBas-
IHch TeopeMoii 9.6, mosmydaeM, 4yTo rpynna G; k-paspemuma.

2. Iyctp rpymnna lanya G anrebpanyeckoro ypaBHeHUs Haj moneM K
k-paspermmima. OGo3HauMM depe3 K mose, momydeHHoe 13 mos K mprco-
e/lMHeHNeM BceX KOpHel 13 eauHUNEL 'pynna lanya G anrebpandecKo-
r'o ypaBHeHUs Haz 66abIuM ToneM K ABnAeTcs no;[rpynnon rpynmsl G.
ToaTomy rpymmna l'anya G k-paspemmma. O603Ha4MM depe3 P more, mo-
JydeHHOe 13 oA K IpucoeuHeHeM BeeX KOpPHeil aare6pardecKoro
ypaBHenus. I'pymma G zeifcTByeT Ha mose P ¢ moseM MHBAapHaHTOB K.
CoryacHo TeopeMe 4.1 KaX/Jblii a7ieMeHT 107 P BBIpaKaeTCsA 4epes dJle-
MeHTHI 1107151 K TIpM OMOIIY paJiKaioB, apudMeTHIeCKHX ONlepaIuii i
pelleHus anrebpandecKux ypaBHEHUH cTelleHU He BhIle k. [To ompeze-
MeHuo oA K Ka/IpIiA SleMeHT STOro MoJs BBIpaXKaeTca 4yepe3 KOPHU
U3 eJVHULBL U 7IeMeHTHI 1o/ K. Teopema ZjokasaHa. O

9.3. HepaspemmuMmocThb 00Iero ypaBHeHHs creneHu k+ 1> 4
B k-pagukanax. Ilyctb K —HekoTopoe mose. Obiee anre6pandeckoe
ypaBHeHUe cTeleHu k ¢ Koadouimentamu u3 nonsd K —3To ypaBHeHHE

xk+a x4+ +a. =0, ()]

K03(bOUIIMEHTH KOTOPOTO — ZIOCTATOYHO O6IIMe 37eMeHThl 13 mosisd K.
CymiecTBytoT i GOPMYJIBI, BKIIOYAIOIINE pafuKaibl (k-pauKajibl) U
IlepeMeHHbIe Ay, ..., ), KOTOPbIE IIPY N0/ CTAHOBKE BMECTO IIepeMeHHbIX
KOHKDETHBIX 3JIeMEeHTOB a‘l), e ag nond K faioT pellleHUs ypaBHEHUA
xF+ a0+ ad=0?

Obi1ee anrebpanyeckoe ypaBHEHNE MOXXHO pacCMaTpUBaTh KaK ypas-
HeHUe Haz moneM K{a,, ..., a,} panuoHanbHBIX GYHKIUM OT k He3aBU-
CHUMBIX [lepEMEeHHBIX d1, ..., dj C Koaddunumenramu B nosie K (pu Takom
paccmoTpeHnH K03pduimeHTsl ypaBHeHUA (7) —3JIeMeHTH dq, ..., d
nong K{a,, ..., a;}). Tenepp MOXXHO 3aJaThCsi BOIIPOCOM O pa3pelIu-
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MocTu ypaBHenusd (7) Hag noneMm K{aq,...,a,} B pagukaiax (Wi B
k-pagukanax).

Berumcnium rpynny l'amya ypasHenus (7) Haz monem K{ag, ..., ap).
PaccmoTpuM ele ofAuH 3k3eMIUIAp K{x;, ..., X;} TOIA paljioHaJIbHBIX
byHKIIME OT k TIepeMeHHBIX, HaJIeJIEHHOTO TPYIION aBTOMOPGU3MOB
S(k), nevicTByIOIIEl MMepecTaHOBKAMU TIEPEMEHHBIX X1, ..., Xi. [loje WH-
BapuaHTOB K¢{Xy, ..., X} } COCTOUT U3 CUMMETPUYECKUX PallOHAIbHBIX
¢yukui. [lo TeopeMe O CUMMETPUYECKUX (YHKIUAX ITO IIOJNE H30-
MOpPGHO MO0 PAIlMOHAIBHBIX GYHKIWHM OT MepeMeHHBIX 07 = X1 + ...
eee + Xt oen, Oy = Xq...X;. [lo3TOMY OTOOpakeHUE F(a;) = —04, ...,
F(a,) = (-1)"o, nmpozgomxkaercs g0 muzomopousma F: K{aq, ..., a y —
— Kg{xq, ..., x;}. Oroxzpectsum nona K{aq,...,ar} 1 Kg{xq,...,x:} ¢
momo1sio usoMopdusma F. V3 comocrasneHusa ¢opmyn Buera u dop-
MyJ A1 oToOpaskeHUsA F BUAHO, YTO IIPU 3TOM IEPEMEHHBIE X1, ..., Xj
CTaHOBATCA KOpHAMU ypaBHeHus (7), mome K{xi, ..., X;} CTaHOBUTCA
mmosieM, IIOMyYeHHBIM IpucoeinHeHueM kK K{ai,...,a;} BcexX KOpHeH
ypaBHeHusa (7), rpynma aBroMopdusMoB S(k) CTaHOBUTCA TPyNIION
lanya ypaBHeHus (7). itak, MBI IoKazanu ciezymolliee yTBepKAeHue.

YTBEPKAEHUE 9.8. Ipynna lanya ypagnenus (7) nad K{ay, ..., a;}
usomopgra epynne nepecmanogok S(k).

TEOPEMA 9.9. Obuwyee anzebpauueckoe ypasHerue cmeneiu k+1>4
He pewLaemcsi Npu NOMOWU paduKanos U peuleHUs BCNOMO2AMENbHbIX AJl-
2ebpauueckux ypasHeHull cmeneHu He gblule K.

JTOKA3ATE/NbCTBO. I'pynma S(k + 1) uMeeT ciieyOIIyI0 HOpMaJib-
Hyto GamrHio moarpymm: e C A(k +1) € S(k+ 1), tae A(k 4+ 1) —3HaKo-
nepeMmeHHad rpymnmna. [Ipu k 4+ 1 > 4 rpynma A(k + 1) —mpocrasa rpyt-
na. I'pynma A(k + 1) He sABnsAerca moarpynnoi rpynmnsl S(k), Tak KakK B
A(k 4 1) 6onbiie aneMeHTOB, 4eM B S (k). IToaTomy mipu k + 1> 4 rpymmna
S(k +1) He aBnaercs k-pa3peminMoii. /[7is 3aBepIlieHNs J0Ka3aTelbCTBA
0CTaJIOCh COCJIAThCA HA TeopeMy 9.7. O

B kauecTBe CJIeCTBUSA IONYyIaeM TaKYIO TEOPEMY.

TeoPEMA 9.10 (ABENA). Obwee anzebpauueckoe ypasHeHue cmene-
HU eblille 4 He peulaemcs 8 padukandx.

3AMEYAHUE. AGeb Z0Ka3aja CBOIO TEOPEMY APYTHM CIIOCOOOM ellfe
[0 BOBHUKHOBeHUS Teopuu ['amya. Ero moaxoz 6611 pa3BUT JIMyBUJIEM.
Mertoz JInyBWLIA TIO3BOJIAET, HAIPUMED, AOKA3bIBaTh, YTO MHOTHE 3JIe-
MeHTapHble WHTErpajbl He OGepyTcs B 3JeMEHTapHBIX GYHKIUAX (CM.
masy 1).

96



I'maBa 2. PazpemnMocTts U Teopus l'anya

§IO. HEPA3PENIMMOCTb CJA0KHbBIX YPABHEHUWU ITPU ITOMOIIU
BOJIEE IPOCTHIX YPABHEHU U

MoKHO JIM pelTh 33alaHHOe CIOXKHOe aiarebpanveckoe ypaBHEHUE,
WICTIONBb3ys B KAQUeCTBe JOIMyCTUMBIX Ollepalliil pelleHus Jpyrux, 6oree
MPOCTHIX, alrebpanyecKuxX ypaBHeHUI? MBI pacCMOTpeIN JBa TOYHO
IIOCTaBJIEHHBIX BOIIPOCA TAKOT'O POJia: BOIIPOC O Pa3pellnMOCTU ypaBHe-
HUH B paZiukaiax (B KOTOpoM 6GoJiee MPOCThle YpaBHEHUS — 3TO ypaBHe-
Hus X" —a =0) ¥ BOIpOC 0 Pa3pelrMOCTH YpaBHEHUH B k-pasuKaiax
(B KOTOpOM 6OJIEe TIPOCTHIE YpaBHEHUSI — 3TO ypaBHeHus x" —a =0 u
mobble anrebpanyecKkre ypaBHEHUs CTEIleHU He Bhiie k). B aTom ma-
parpade paccmaTpuBaeTrcsa O6IINIT BOIPOC O Pa3peINMOCTH CIOXKHBIX
anrebpanvecKUx ypaBHEHUI TIPU MOMOIIU 6oJiee TPOCTHIX YpaBHEHUH.
B n. 10.1 npuBOoAgUTCA TOCTAaHOBKA 3aayd O B-paspenmmocTy ypaBHe-
HUM U JOKa3bIBAETCS HEOOXOANMOE YCIOBHE ee pa3pemuMocTy. B 1m.10.2
0b6Cy)KIaIoTCsA KJIAcChl TPYIII, CBSI3aHHBIE ¢ 3aZladell B-pa3peluMocTu
ypaBHEHUI.

10.1. HeobOxoamMoe ycioBue pas3pelmuMocTd. [IycTh B — HEKOTO-
pas COBOKYIIHOCTB ajrebpandecKux ypaBHEHHUH. AnrebpandecKkoe ypas-
HeHUe, onpeZieJieHHOe Ha/ rosieM K, aBToMaTH4ecKu ollpeZiesieHO U Ha/
J06eIM 66bIM TI07IeM K;, K C K;. MBI cYMTaeM, 4TO COBOKYITHOCTb
anrebpanvecKux ypaBHEHUH B BMecTe C KaXJbIM ypaBHEHUEM, OIIpe-
JleJIeHHBIM HaZ 1oseM K, coZep:KUT TO Ke caMoe ypaBHeHHue, paccMart-
pUBaeMoe KaK ypaBHeHUe, OTpe/ieIeHHOE Ha/l JTIFOObIM OOIBIINM MTOJIEM
K CK;.

ONPEAEJEHUE. Anrebpandeckoe ypaBHeHHe Haj 1moneM K Hasbl-
BaeTCsA paspeliumblM NpU NOMOWU YpasHeHUll u3 cogsokynHocmu B wnu,
Kopoue, B-paspewiiimsim, €CIU CyIecTByeT Iocaef0BaTebHOCTD Ioel
K=K,CK; C ... CK,, Takad 4TO BCe KODHU ypPaBHEHU: JIeXKaT B II0JI€
K, n pna xkaxzporo i =0, ..., n— 1 none K;,; nony4aerca us noud K; npu-
coeZIMHEHNEM BceX KOpHell HEeKOTOPOTO ajarebpamdecKkoro ypaBHEHUA
13 COBOKYIIHOCTHU B, onpezieneHHoro Haz nmoneM K.

fABnAercs v 3alaHHOe anrebpanyecKoe ypaBHeHNe B-pa3perMbiM?
Teopus Tanya focTaBisieT HeOOXOAUMOE YCIOBUE IS B-paspemumocTu
ypaBHEeHMH. B HacTosIEeM MyHKTe MBI 0OCYZUM 3TO YCIOBHE.

ComocTaBHUM COBOKYITHOCTU ypaBHeHUN B MHOecTBO G (B) rpynm l'a-
JIlya 9TUX YpaBHEHUMU.
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YTBEPXKAEHUE 10.1. MHoxcecmeo koHeuHblx epynn G(B) ¢ kanxcdotl
2pynnoii codepaicum 8ce ee N0OO2PYNNbL.

JJOKA3ATE/NIBCTBO. IlycTh HEKOTOpOe ypaBHeHHe, OIpefeleHHOe
Haz noneM K, MpuHaJIeXUT COBOKYITHOCTU ypaBHeHU# B. Ilyctp P —
Imosie, oJiy4eHHoOe NprcoeHeHrneM K oo K Bcex KOpHel aToro ypas-
HeHUd, G —rpymnna lanya nona P Hag noneM K u G; C G — noArpymnmna
rpymmnel G. O603HaYUM 4yepe3 K; TIPOMEKYTOYHOE TI0JIe, COOTBETCTBYIO-
mee noArpymnne G,. I'pynma l'ajya paccmarpuBaeMoro ypaBHEHUS Haf,
nosieM K; coBmaziaeT c moArpynmoi G;. Ilo ycjoBUIO COBOKYITHOCTH
ypaBHeHUU B BMecTe cO BCAKMM ypaBHEHHEM, OllpeZeJIeHHBIM HaJ II0-
seM K, COIEPIKUT TO JKe caMoe ypaBHeHUe HaZl 66abmuM noinem K;. [

TEoOPEMA 10.2 (HEOBXOAMWMOE YCJIOBUE B-PA3PEIIMMOCTU).
Ecnu aneebpauueckoe ypasHeHue Hao nosem K sensemcsi B-paspeutu-
MblM, mo y ez2o epynnsl Tanya G cyujecmeyem HOPMANbHASA O6AWHSA N00-
epynn G =Gy, D G; D...D G, =e, 8 komopoll kaxidas gakmopepynna
G,/ G; 1 sensemcs axkmopepynnoil 00Hotl uz epynn G(B).

JIOKA3ATEJBCTBO. /JleliCTBUTEIBHO, B-pa3pemuMocTb ypaBHEHUA
Haz noneM K o3HauaeT cyllecTBOBaHHUe Iellouku pacmupenuit K =K, C
CK, C...CK,, B xoTopoii none K;, nory4daeTcsa us nosus K; npucoeau-
HeHUeM BcCeX pellleHUl HeKOTOPOro ypaBHEHUs U3 COBOKYIIHOCTHU B, a
nocieHee mose K, COAepXXUT Bce KOPHU MCXOZHOTO alrebpandecKoro
ypaBHeHHUs:. [lyctb G=G( D ... D G, =e — LlenIo4YKa Ipymni ['asya UCXOAHO-
r'o ypaBHEHUA HaJ 3TOU Ilemoukol moseil. [lokaxkeM, 4TO MoaydeHHas
I[enoYKa MOATpyNn G; YAOBIETBOPSET TpebOBaHUAM TeopeMbl. Jleii-
CTBUTEJBHO, COIVIACHO TeopeMe 7.8 rpymnmna G, ABIAETCI HOPMaabHOU
noArpymmoil B rpymme G;, mpudeMm ¢akroprpynna G;/G;,, SABIIETCSI
ofHOBpeMeHHO ¢dakToprpynmnoi rpynnel l'amya mona K, Haz IHoneMm
K;. Tak xak none K;,; momydaerca us nois K; NpucoeJuHEHUEM BCEX
KOpHeH anrebpandeckoro ypaBHEHHUS M3 COBOKYIIHOCTH B, TO rpymma
lanya mona K; ., Hag noneM K; npuHazAneXuT MHOxecTBy G(B). |

10.2. Knaccsl KOHeUHBIX rpynn. [lycTs M — HEKOTOpPOEe MHOXECTBO
KOHEYHBIX TPYIII.

OnPEAENAEHMUE. [lononHneHuem & (M) MHOXecTBa rpynn M HazoBeM
MUHUMAaJIbHBIN KJIacC KOHEYHBIX I'PYIII, CoAepKaliuii Bce Ipynnbl U3 M
U 001aJalouii CIeyIOIUMU CBOMCTBaMU:

1) xiacc £ (M) BMecTe ¢ Ka)K/[0l I'PYIIION COEPXKUT BCe ee MOATPYII-
IIBI;
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2) xnacc & (M) BMecCTe ¢ KaXIOH IPYIIION COAEPKUT Bce ee GaKTop-
I'PYTIIb;

3) ecau y rpynnsl G ecTh TaKOW HOpMaJbHBIN JenuTenb H, 4To rpyn-
el H u G/H npunagiexar kaaccy 4 (M), To rpymnmna G MpUHA/JIERNAT
kiaccy A (M).

JlokasaHHas BBILIE TeopeMa JiejaeT aKTyaJlbHON ClIefyIoIlylo 3aja-
4y: 1A 33[aHHOT'O MHOXKeCTBa M KOHEYHBIX I'PYIII ONHCATh €ro MOTOJ-
HeHue % (M). Hanomuum Tteopemy JKopmana—I'énpaepa. HopmanabHast
bamwHa G =Gy D ... D G, =e rpynnsl G HA3bIBAETCS HeYNIOMHIEMOL,
eciu Bce daxroprpymmsl G;/G;,, OTHOCHUTENbHO 3TOM GalIHU SBJIAIOT-
ca npocThiMU rpynnamu. Teopema XKopzpana—I'€nbaepa yTBep:kaaeT, 4To
ons 8caxoll koHeuHotl epynnst G mHoxcecmgo pakmopepynn G;/G;, om-
HOCUMeNbHO Nt0601 HeyniomHsemoll HOpManbHol bawHu epynnst G He
3agucum om evlbopa Heyniomusemoll bawHu (¥, caeoBaTeNbHO, Ollpe-
JleJIeHO UHBAPUAHTHO).

YTBEPKAEHUE 10.3. Ipynna G npuHadnexncum xaaccy # (M), ecau u
mosbko ecau kancoas gakmopepynna G;/G; ., OMHOCUMENBHO HEYIIOM-
Hs1eMOTl HOpMANbHOU bawHu epynnst G Asasiemcs pakmopepynnoil noo-
2pynnsL Hekomopoil epynnul u3 mHoxcecmaa M.

JJOKA3ATE/NBCTBO. Bo-mepBbIX, II0 ollpeeneHuto kinacca & (M)
kaxzad rpynna G, yZoBleTBOpAIOIIas yCIOBUAM YTBepKAEeHUA, JIeKUT
B kiacce £ (M). Bo-BTODBIX, HECJIOXKHO INPOBEPUThH, YTO T'pynmsl G,
VAOBJIETBOPSIONINE YCAOBUAM YTBEP)KAEHUA, OOMaZaloT CBOMCTBAMH
1-3 u3 ompezeneHUA OMOTHEHNUA MHOXeCTBa rpymnn M. O

CaeacTBUE 10.4. 1. [TonosHeHUeM MHOMCECMBA 8ceX KOHEUHblx abe-
J1eBblX 2PYNN ABNAEMCA KAACC 8CEX KOHEUHBLX PA3PEIUUMBLX 2PYN.

2. IlononHenuem mHoxcecmaea 2pynn, codepaucawiezo epynny S(k) u ece
KOHeuHble abesiesbl 2pPyNnbl, S6J5eMcs KAACC 8ceX KOHeUHblX k-paspeuiu-
MblX 2pynn.

3AMEYAHUE. HeobXoAWMEbIe yCIOBUA pa3pelluMOCTU ajarebpamnde-
CKUX YpaBHEHWH B pajuKajax U B k-pasivKanax SBIAIOTCA YaCTHBIMU
ciay4yaaMu TeopeMsl 10.2.
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I'maBa 3

PA3PEIIMMOCTbB JUHEMNHEBIX
IVN®PEPEHIIMAJIBHBIX YPABHEHUN
B KBAJPATYPAX 1 TEOPUA IITMKAPA—BECCHO

[Mukap oOpaTWI BHUMaHWE HAa AHAJOTHIO MEXKIY JUHEHHBIMU Audde-
PEHIMATBHBIMUA YPaBHEHUAMU U airebpandecKUMU ypaBHEHUAMU U
Havas CTpouTh AuddepeHIMaNbHBIN aHajaor Teopuu l'andya. BeHIjom
3TOU Teopuu ABAeTcA TeopeMa [Inkapa—Beccuo, B KOTOPOH BOIIpocC O
Pa3pelIMOCTH WK Hepa3pellnMOCTH JUHeHHoro AuddepeHInanibHO-
ro ypaBHEHUs CBA3BIBAETCA C BOIPOCOM O Pa3pelIMMOCTH WIM Hepas-
PEIMMOCTH TPYHIIEl ['asya ypaBHeHUs, SBJIAIOMIElcs anrebpandecKoit
rpymmnoi Jin.

B aTo#l IIaBe MOAPOGHO pacCKa3bIBAeTCs O MPOCTEHMIINX pacIIupe-
Husx [Tukapa—Beccro v 06 aHAJIOTUU MEXAY JUHEHHBIMU AuddepeH-
[[MaJbHBIMU YPAaBHEHUAMU U airebpandecKuMu ypaBHeHUAMU. Dopmy-
JIUPYIOTCS OCHOBHBIE TeopeMbl Teopuu [Iukapa—Beccuo. O6cy:kaaeTcs
JMUHeHHO-anre6panvecKas 4acTb TEOPUM, HYXKHAs JJI TOCTPOEHUs SB-
HBbIX pelneHud auddepeHnManbHBIX ypaBHeHUN Tuma Dykca (cm. § 1
miaBel 6). @opmynupyeTcs Kputepuii KomumHa, MO3BOJIAIOMIMN AaTh
SIBHBlE KPUTEPUHU PA3INYHBIX BU/JOB Pa3pelIMMOCTH JJiA CUCTEM Aud-
depeHIMANBbHBIX ypaBHeHU Thna dykca ¢ Z0CTaTOYHO MasbIMU KO3¢-
¢dunmenTamu (cm. § 2 TIaBe 6).

§ I. AHAJIOTUS MEX/JY JUHEWHBIMU AUOPEPEHIIMATBHBIMU
YPABHEHUAMMU U AJITEBPAMYECKUMHU YPABHEHUAMUN

HamoMHUM TpoCTeHIe CBOMCTBA JUHEHHBIX AubbepeHIIHaNTbHBIX
VpaBHEHMH U UX aHAJIOTH I aarebpandecKix ypaBHeHUH.

1.1. leneHue ¢ OCTaTKOM ¥ HaUOOJIBIIHNH OOIIHI AeJTUTENDb ArUd-
depeHIMATBHBIX OMEPATOPOB. JIUHelHbIM OUuPPhepeHUUANbHBILM One-
pamopom nopsdka n Haz auddepeHIranbHBIM ToleM K Ha3bIBaeTcs
onepatop L =a,D" + ...+ ay, t8e a; €K u a, # 0, geiicTByIOIMi Ha
aseMeHTHl Y o K 1o gpopmyiie

L(y) =a,y™+...+apy.
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Jnsa onepartopoB L, u L, Hag K ux mpousBegenue L =L, 0L, =1L (L,)
TOXe ABJIAeTCA omeparopoM Haz K. IIpousBezieHre onepaTopos, BOOO-
11je rOBOPsA, HEKOMMYTAaTUBHO, HO B CTapllleM YieHe 3Ta HeKOMMYTaTHB-
HOCTb He IposBiAeTca. CTapliuii wieH ImpousBeJeHusa L =1, o L, ome-
partopos L, u L, paBeH IPOU3BEEHUIO CTAapLIUX YWIEHOB OIIepaToOpoOB L,
uL,.

g onepatopoB L u L, nopsazakoB n u k Haz K cylecTBYIOT U e/I1H-
CTBEHHHI omiepaTtopksl L; u R Haz K, Takue yto L =L, oL, + R U NIOpALOK
omepaTopa R cTporo MmeHblie 4eM k. OmepaTtop R HasbIBaeTCs ocmam-
Kom om OeJsleHusl cnpasa oreparopa L Ha oneparop L,. Onepartops! L; u
R cTposarca o onepaTropaM L u L, ABHO: aIrOPUTM JieJIeHUA OIlepaTOpOB
C OCTaTKOM OCHOBAH Ha IPUBEAEHHON Bbille GOpMyse [ CTaplIero
WieHa MPOU3BeEeHMs OTIePAaTOPOB U aOCOMIOTHO aHAJIOTHYEH aJITOPUTMY
JleJIeHUs C OCTaTKOM IIOJIMHOMOB OT OJHOM IepeMeHHO.

Jlis mo0bIX ABYX omepaTopoB L, u L, Haz K MOXKHO SIBHO HaWTH UX
TIpaBbIfl HAaMOOMBIINI 06K AenuTenb N. ITo Takoi omepaTtop N Has
K HaumbosbIlero BO3MOXXKHOTO MOPSAKA, KOTOPBIH JETUT ClipaBa olepa-
TOpel Ly Ly, T.e. Ly=M;oN u L,=M,0oN, rae M; u M, — HEKOTOpbIEe
orneparops! Haz K. Haxoxzenue oneparopos M;, M, u N 1o omneparo-
pam L, u L, abCONIOTHO aHAJOTUYHO alroOpyUTMy EBKINMZA HAXOXKAEHUS
HauboIbIIEr0 OOIIEro AeMUTeN AByX IOJIUMHOMOB OT OZHOU IepeMeH-
HOI M OCHOBAHO Ha ajJrOPUTMe JieIeHUs OllepaTopoB ¢ ocTaTKoM. Kak
¥ B KOMMYTaTUBHOM CJIy4ae, HauOONbIIUK 06Ul AeauTenb N mpes-
craBuM B Buzie N =AL; + BL,, e A, B— HeKoTopble orlepaTtopsl Haz K.

fcHo, uTo y ABnAeTcd pelleHreM ypaBHeHUA N (y) =0, ecii U TOIbKO
ecmu L1(y)=0wu L,(y)=0.

1.2. IToHn:xeHNe NOpAAKA TUHEHHOTo AnddepeHnnaTbHOrO ypas-

HEHMs KaK aHajor Teopemsbl Be3sy. IlycTb L —auHeWHBIN AuddepeH-
N

o

ero yiorapupmMudecKas IpousBogHas u L, = D — p — onepaTop mepBoro

nopsZka, aHHynupytomui y;. Ocratok R oT geneHusa cupasa L Ha L,

LMaJIbHBIN onlepaTop Haj K, y; — HeHyneBoH aneMeHT nond K, p =

1 .
ABJISIETCSA OIEepPaTOPOM YMHOXKEHUS Ha Cp, THAe €y = EL(J’J JeiicTBu-

TeJbHO, HY>XHOE PaBEeHCTBO IIOJy4aeTcs IMPU TOACTAaHOBKE y = y; B
ToxzAecTBO L(y) =L; o Ly(y) + coy. Onepatop L fgenuTca crpaBa Ha
omneparop L,, CIM 1 TOJIBKO €CJIU 3/IeMEHT ), YZOBIEeTBOPSAET TOKAECTBY
L(y;) =0.
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§ 1. luddepenianbhbie U anrebpandeckiie ypaBHEHUs

Vicnionb3ysi HeHy/IeBOe pellleHre y; ypaBHeHus n-Tro nopsagka L(y) =0,
MOXXHO IIOHU3UTb INOPAZOK 3TOro ypaBHeHud. /lid aTOro Hazo Ipez-
CTaBUTh omnepatop L B Buge L =1L, oL,, rae L; —omnepatop (n — 1)-ro
nopazaka. Koagduyuenmot onepamopa L, nexwam & pacwupeHuu oug-
deperyuansHozo noasi K nozapugmuueckoil npouzgodHoll p anemenma
y;. Eciu usBecTHO stoboe perieHue u ypaBHenus Lq(u) =0, To 1o
HeMy MOXXHO IIOCTPOUTH HEKOTOPOE pellleHHe y MCXOAHOI'O YpaBHEHUA
L(y)=0. Jljst 5TOro 0CTaTOYHO PELINTh ypaBHeHUe L, (y) =y’ — py =u.
OmnucaHHas mpoueaypa Ha3bIBAETCS NOHUJNCeHUeM Nopsioka dugdeper-
YUANIbHO20 YDABHEHUS.

3AMEYAHUE 1. Omeparop, aHHYJIUPYIOUIUN Y, OIPesieJieH C TOYHO-
CTBIO ZI0 YMHOXXEHUS Ha TPOU3BOJIbHYIO GYHKIIMIO, M OT BBIOOpA 3TOM
GYHKIMY 3aBUCHUT IIpolieZlypa NMOHIKEeHUA MopsazAka. Jlerde zenuTh Ha
omeparop L,=D o Yy ! aBnArommiica KOMIIO3UIMEeH YMHOXKeH S Ha 3JIe-
MeHT y; ' u guddepeHymposanus. [l 3TOr0 AOCTATOYHO BBIYUCTHTH
onepatop Ls =L o y;, ABIAOUIMNACA KOMIIO3UIIMEN YMHOKEHUA Ha 3Je-
MEHT y; U omneparopa L. Oneparop L Aenurca Crpasa Ha D, T.e. Ly=
=, 0D, Tak xak L;(1) =Lo y; (1) =0. Buzgso, uro L =1L, o L,. Vicxognoe
ypaBHenue L(y) =0 cBoAUTCA K ypaBHeHHUIO L, (1) =0 MeHbIIero mops-
Ka. OOBIYHO UMEHHO TaKyIO IPOLeAYPY MOHKEHUS MOPSAKA TPUBOZASAT
B yyeOHUKaX 1O AuddepeHITnaNIbHBIM YpaBHeHUAM. OTMETHUM, YTO KO-
adduIHeHTH oneparopa L, Iexart B pacmupeHuy AuddepeHIaIbHOro
monsad K caMuM 3/1IeMeHTOM Y, a He ero JIorapupMUIecKod mpousBoJ-
HO# p, 4TO HHOT/A /ieflaeT OIeparop L; MeHee yZOGHBIM, UYeM OIepa-
TOp L;.

B anrebpe ecThb cieAylolle aHAJIOTH IPUBEAEeHHBIX GaKToB: 1) ocTa-
TOK OT JleJIeHUA IOJMHOMAa P OT mepeMeHHOM X Ha X — a paBeH 3Ha-
YyeHUIO moiaruHoMa P B Touke a (Teopema Besy); 2) eciau U3BECTHO Of-
HO peleHHe X, ypaBHeHus P(x) =0, To ero crerneHb MOXXHO ITOHU3UTD,
ocTajibHBle KOPHU IMOJIMHOMA P y0BIETBOPAIOT YPaBHEHUIO MeHbIIeH
crenieHu Q(x) =0, rme Q =P : (x — x;). Kpome aHanoruu 3zech nme-
eTcs W OmINYMe: penieHus AuddepeHINaNTbHOTO YpaBHEHUsI, ITOIyYeH-
HOTO TIPOIIeIypOli MMOHM)XEeHUs TIOPSAKa, BOOOIIe TOBOPS, He SBJISAIOTCS
pelIeHUAME UCXOAHOTO YpaBHEHNU .

3AMEYAHUE 2. DKCIIOHEHTHI SABJISIOTCA COOCTBEHHBIMU GYHKIIUIMU
mrddepeHINaNbHBIX onlepaTopoB P(D) ¢ MOCTOSHHBIMU KO3dduImeH-
Tamu. DTOT GaKT SKBUBaJEHTEH TeopeMe besy. /leHiCTBUTENBHO, €CITU
P=Q(x—a)+P(a), o P(D)=Q(D)o(D—a)+P(a). [ToaTomy pelieHue
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I'maBa 3. Pazpemnmocts u Teopus Ilukapa—Beccruo

y; auddepennmaapHoro ypaBHeHus (D — a)y =0 ABnseTcs coGCTBEH-
HBIM BeKTOpOM onepaTopa P(D) ¢ co6CTBEHHBIM 4ucioM P(a).

1.3. OOGiiee snHeliHOe qUddepeHINaTbHOE YpaBHEHHUE € ITOCTO-
SIHHBIMH K03$HUIMEeHTaMH U pe30JbBeHThI JlarpaHxka. IlokakeM,
YTO pellleHre JUHeHHoro AuddepeHInaIbHOIO YpaBHEHUA C IOCTO-
SIHHBIMH KO3(QQUITMEHTAMH aHAJOTUYHO PEIleHHI0 anre6pandecKoro
ypaBHeHUs B pasukanax (cM. §1 raBsel 2).

PaccMoTpuM JTUHEWHBIH AnddepeHIManbHbIi onepatop L(D) =D" —

—a,_ ;D" ! —...— ayE ¢ NOCTOAHHBIMU KOMILIEKCHBIMH KO3dHIMEH-
TaMHu d,_q,...,dy. [IyCTh XapaKTepuUCTUYecKuil monmuHoMm T (t) =t" —
—a, 1t"' — ... — a, aTOro OmepaTopa MMeeT POBHO N Pa3IUYHBIX
KOMILJIEKCHBIX KOpHEH A4, ..., A,. Torza nuHeliHOe AuddepeHIIaNIbHOE

ypaBHeHue L(y) =0 pelaeTcs sSBHO IIPU ITOMOIIY 0606IIIEHHBIX PE30JTh-
BeHT Jlarpamxa. Pe3osnbBeHTHI Jlarpanxa MCIIONb3YIOTCA 3[eCb TOYHO
TaK ’Ke, KaK NP pellleHuU ainrebpanvecKux ypaBHEHUH B paZiKasax.
O6cyaum aTo moApobHEe.

PaccMOTprM BEKTOPHOE MPOCTPAHCTBO V pellleHui ypaBHEeHUA

LD)y=y™—a, ;y" P~ . —a,y=0. (10)

fAcHo, yTo onepaTop AuPpPepeHITUPOBaHUsA D MepeBOAUT MPOCTPAHCTBO
V B cebs. Onepatop D: V — V yzmosneTBopsieT ypaBHenuto T (D) = 0.
O6o3nauumM vepe3 T;(D) 0606IIEHHYIO Pe30JbBEHTY JlarpaHika omepa-
Topa D: V —V, cCOOTBETCTBYIOIIYIO KOPHIO A; (cM. 11. 1.3 T71aBHI 2).

TeoPEMA 1.1. Bcakoe peutenue y ypagHeHus (10) siensiemcsi cymmotl
c8oux 0606weHHbLX pe3onbeerm Jlazpanuca: y =y, )+ ...+ Y, ). 0606-
weHHas pesonvbeenma Jlazpandca y, = P(;(D)y ydoenemsopsiem Oug-
depeHyUANbHOMY YPABHEHUIO yii =AY,

JOKA3ATENBCTBO. TeopeMa 1.1 HeMeJIEeHHO ClIeAyeT U3 YTBEPXKE-
HuA 1.4 rnaBw 2. O

WTak, o6OOIIeHHbIe pe30abBeHTH JlarpaH:ka MO3BOJSAIOT CBOAUTH
obee ypaBHeHue (10), 751 KOTOPOTO XapaKTEPUCTUYECKOE YpaBHEHUE
HMMeeT IIPOCThIe KOPHU, K YPaBHEHUSIM yi_ =AY,

YI0BHOE OBO3HAYEHHUE. IlycTb Q(X) = by + byx + ... + bxk —1o-
suHoM Hag noneM C u uy, ..., U — IOCTI€0BATENTbHOCTb KOMILUIEKCHBIX
yrcen. Komnnexcroe uucno (boug + byuy + ... + b)) € M yoobro obo-
3Hauams cumeonom Q(uy, ..., Uy).

104



§ 1. luddepenianbhbie U anrebpandeckiie ypaBHEHUs

Vcronb3ysi 3T0 0003HaYeHHEe, MOXKHO Hamucatbh GopMysty Jis pelie-
HuA y ypaBHeHusa (10), uMerolero cieAyroliye HadalbHBIE JaHHBIE:
V(o) =Yos - Y V() = x5

CAEAcTBUE 1.2. PeuweHue cpopmynuposaHHoil evlie 3adauu Kowu
3adaemcs caedyrowell gopmynoil:

y() = Z Py (Yos +e yé”_l)) exp A; (t —to).
1<i<n

Vcronb3ysi MHTEPIIO/SIIIMOHHBIE TTOTMHOMBI C KPAaTHBIMH y3JaMU
VMHTEPIIONIMPOBAHUSA, MOXXHO HAlKCaTh SBHbIE GOPMYJIBL AJI PeIleHuUs
JUHEWHOTOo nddepeHITHaNTbHOIO YPaBHEHHS C MTOCTOSHHBIMU K03¢ddu-
I[eHTaMH, XapaKTePUCTUIECKOe YpaBHEHNE KOTOPOTO UMEET KpaTHbIe
kopHU (cM. [48]).

1.4. Ananor ¢opmyn Buera ana auddepeHnHasbHbIX OllepaTo-
poB. Ecim m3BecTHBI Bce KOPHH Xy, ..., X, TIOTMHOMA P cTemeHU n co
crapmiuM KoddpdunreHToM 1, TO MOAMHOM P MOXXHO BOCCTAaHOBUTBH:
no dopmynam Buera P(x) = x" + p;x" 1 +...+p,, Ae p; = —04, ...,
pn=D"o,uo1=x1+... +x, ..., Oy =X1...X,. PyHrIMHU O, ..., O,
He MEHAIOTCS IpU NepecTaHOBKe KOpHeN M Ha3bIBAIOTCA OCHOBHBIMU
CUMMETPUYECKUMU QYHKIUAMH.

AHaJIOTUYHO 3TOMY €C/IM U3BECTHBI n JMHEHHO He3aBHUCHUMBIX pelle-
HUH Yy, ..., ¥, TUHeNWHOrO AnddepeHIInaNibHOI0 YpaBHEHUA N-T'O MOPAA-
ka L =0, rae L —omnepaTop, y KOTOPOro KO3(QQUIIMEHT TPU CTapliei
IIPOU3BOZHOM paBeH eANHUIle, TO OIepaTop L MOXXHO BOCCTaHOBUTD.
JlelicTBUTENBHO, TIPEXK/E BCErO TaKOW omeparop He 6Oojee YeM OJUH:
pasHocth L; — L, AByX OIllepaTopoB, 06JaZarolUX STUMH CBOMCTBAMH,
ABJIIETCA OIlepaTOpoOM IOpsAAKa MeHbIlle YeM n, UMeIOIIUM N JUHeHHO
He3aBHCHUMBIX PelleHN, YTO BO3MOXKHO, JIUIIb ecau L, coBnagaer ¢ L.

BpoHckran W OT n He3aBUCUMBIX peIleHUuH Y, ..., Y, JUHEHHOro
aubdepeHINaTBHOTO YpaBHEHN He paBeH Hy0. PaccMOTpUM ypaBHe-
Hue W(y, ¥, ---, ¥,) =0, rme W(y, y1, --.., ¥,) — BDOHCKHAH OT HEN3BeCT-
HOM QYHKUMH Y U QYHKUMH Y, ..., V,. PACKpbIBasg BpOHCKUAH

Yy n - o
WY, Yiseees Vi) = |oeveveenoenennnnns

IO TIEPBOMY CTOJIOLY U f1esis ero Ha W, IOMyYuM ypaBHEHHE
y®+py™ Y+ +py =0, an
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B KOTOPOM p; = —1, ..., P = (—1)"¢,, T1e

1 Yn N Yn
SITIIRES B SITTREI B
yl(n(n)) yrgn 2) 1(“(”)) yrEn 1)
¥ ym n ym
1=y e P = W (12)
®dyHKIIUY Yy, ..., ¥, U UX JIUHEHHble KOMOUHALINY SBJISAIOTCA PeIleHuUs-

mu ypaBHeHUA (11). Popmyser (11)-(12) BromHE aHAJIOTUYHBI popMyIam
Buerta.

DyHKIIUU @1, ..., P, ABIAIOTCA PAUOHATbHBIMU GYHKIUAMU OT HyH-
KUUHA Y, ..., Y, U OT UX IPOU3BOAHBIX [0 MOPAAKA n. DTU OGYHKIUU
3aBUCAT JIUIIb OT INHEHOT'O IIPOCTPaHCTBa V, HATAHYTOr0 Ha GYHKITUU
Yis --+» Yo, HO HE 3aBHUCAT OT BbIOOpa KOHKPETHOTO 0asuca Yy, ..., Y
B mpoctpaHcTBe V. JIpyruMu cjaoBamMu, QYHKIUU @1, ..., SIBIAIOTCSA
GL(V)-uHBapuaHTHBIMU GYHKIUAMU OT Y, ..., Y, U OT UX IPOU3BOZA-
HbIX. OYyHKIIUU @1, ..., », OyZeM HasbIBaTb OCHOBHbIMU OuddepeHyu-
ANbHBIMU UHBAPUAHMAMU OT Y1, ..., Y-

1.5. AHasor TeopeMbl O CUMMETPHUYHBIX PYHKIMAX A1MA JUd-
depennuanbHbIXx omepaTopoB. Kak M3BeCTHO U3 anreOphl, BCsKasd
panuoHasbHasg QYHKIUA OT IEePEMEHHBIX X, ..., X,, HE MEHAIOUIAACT
IIpU IlepecTaHOBKaX IlepeMeHHBIX, Ha caMOM Jeje fABJAeTcA palno-
HaJIbHOU (QyHKI[MEeN OCHOBHBIX CUMMeTpUYeCKUX QYHKUUH Oy, ..., O,
IIepeMeHHBIX Xy, ..., X,. [JpyTUMU cJI0BaMU, BCAKOE PallOHATbHOE BHI-
pakeHHe, CHMMETPUYHO 3aBHCAlllee OT KOpHeH IOJIMHOMA CTelleHHU n,
paLMOHANBHO BhIpaykaeTcs yepe3 Ko3pUIMEHTH 3TOTO OIMHOMA.

AHayornyHas TeopeMa i JUHEWHBIX AuddepeHInaabHbIX ypaBHe-
HUM 6bUTAa OTKpBITA [TUKapoOM.

TEOPEMA 1.3. Bcakasi payuoHanbHas gyHkyus R om suHeliHo He3a-
gucumbvlx PyHKyuil yq, ..., ¥, U UX NPOU3BOOHBLX, KOMOpPAS SBISAEmcs
GL(V)-uneapuanmuoil (T. e. KOTopas He U3MEHUTCS, ecau (GyHKIUU
Y1, ---» Yo 3aMEHUTh WX JUHEHHBIMM KOMOWMHALMAMM Zq = dj1); + ...
ce A Y05 oo Zp=0p1Y1 + ... + Ay Yy, TPU YCIOBUU, YTO MaTpUIlA
A ={q;;} HEBBIPOXK/IEHA) HA CAMOM Oesle SBNAEMCS PAYUOHANLHOU
dyHKyuell om 0CHOBHLIX OUPPepeHyUANbHBIX UHBAPUAHMO8B P1, ..., P,
dyHkyuil yy, ..., Y, U 0M nNpou3B0OHbLX IMUX UHBAPUAHMOS.

JOKA3ATE/NbCTBO. Kaxzaaa PyHKIUA y B mpocTpaHcTBe V, HATH-
HYTOM Ha Y1, ..., Y,, yAOBIeTBOpsAeT ToxaectBy y™ — @,y 1 + . +
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§ 2. I'pynmia lanya auddepeHnanbHOro ypaBHEHNA

+ (=D, y =0. IuddepeHIupysa 3TO TOXAECTBO, MOKHO BBIPA3UTH
JMo6yI0 TTPOU3BOAHYIO QYHKIIMHM Y TOpsAKA HE MeHbIle n 4epe3 QyHK-
I[UI0 Yy, ee MPOU3BOAHbBIE TIOPSAZKA MeEHBIIEe N, OCHOBHbIE AubdepeH-
I[MaJbHble UHBAPUAHTHl U UX MPOU3BOAHBIE. [10ACTaBIAI HalJeHHbIE
BBIDYKEHUS CTApIIUX IPOU3BOAHBIX GYHKIUHM Y, ..., Y, B pallOHaIb-
HyI0 GYHKIHIO R, MBI OMYYMM palOHAIBHYIO GYyHKIHIO R oT dyHKIMit
P15 +-+> Pp, UX TIPOU3BOAHBIX U OT 31€MEHTOB GpyHZaMeHTaIbHON MaTpH-

el Y, rae

OyuKIMA R He MOXeT MeHAThLCA TIPU TMHeHHBIX Tpeo6pa3oBaHUAX MPo-
cTpaHcTBa V, HATAHYTOrO HA Yy, ..., Y,. JIF00as HEBBIpOXKAEeHHAA (N X n)-
MaTpHUIla MOXET OBITh TIOTy4YeHa Kak obpa3 ¢pyHJaMeHTaJIbHOU MaTpH-
Ipl Y IpU HEKOTOPOM JIMHEWHOM Ipeobpa3oBaHUM IpoCTpaHCcTBa V.
ParuoHanbHaA GYHKIHMA R J0mKHA GLITH MOCTOSHHA HA MHOMKECTBE
HEBBLIPOXK/IEHHBIX MaTPUII, IIO3TOMY OHA ITOCTOSTHHA Ha MHOXKECTBE BCEX
MaTpHuIl, He 3aBUCUT OT MATPHUIIbl Y, a 3aBUCUT JIUIIb OT AubdepeHIn-
aJbHBIX MHBAPUAHTOB U UX MPOU3BOAHBIX. O

CneAcTBUE 1.4. Bcsikas payuoHanvHash GyHKUUs om He3asucu-
MblX pewleHUll Y, ..., Y, JUHelH020 OuddepeHyUANbHO20 YPABHEHUS U
OMm UX NPou3B00HbLX, KOMOPAsl He MeHslemcsi npu evlbope Opyz020 6a-
3uca %p,...,%, 68 npocmpaxcmae peuueHull, HA camom Oese S8Jsemcs
pauyuoHanvHol @yHxuyuell om xoagduyueHmos JupgdepeHyUATbHOZ0
YPABHeHUsL U OM UX NPOU3BOOHbLX.

§ 2. TPYIIIA TAJIVA TUHEHUHOTO ANP®OEPEHIIMAJIBHOT O
YPABHEHUA

PaccMmoTpuM JuHelHOe AuddepeHITnaibHOe YpaBHEHUE
y®P+py™ V4 4+py=0 (13)

¢ k03bduIeHTaMy B HEKOTOPOM (YHKIIMOHATBPHOM AuddepeHIatb-
HoMm nore K. (HamomHUM, 4TO MBI Beerzia mpeArmonaraemM, 4yro noue K
COZIEPKUT BCE KOMILIEKCHBIE KOHCTAHTHL.)

Juppepenyuansvvim noruHomom Hag K ot ¢yHKuuit uq, ..., u, Ha-
3BIBAETCS IIOJMIMHOM C Kodddurmentamu u3 K ot GyHKIUHA Uy, ..., U, U
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OT UX NMPOU3BOAHBIX. Juddepenyuansroim coomuoweruem Haz K Mex-
[y PeleHus MU Y, ..., ¥, ypaBHeHua (13) HasweBaeTcsa auddepeHIInamb-
HBIN TTOJTMHOM Haj moneM K ot GyHKIuH U, ..., U,, KOTOPBIN obparia-
eTcA B HyJIb IIPU IOACTAHOBKE Uy =Y, ..., Up = Y;-

OnPEAENEHUE. Ipynnotl lanya dupgdeperyuansHozo ypasHenus (13)
Hao OugpgepeHyuansbHbim nosem K HasbiBaeTca moArpymnna G TPYIIIBL
GL(V) Bcex JUHEHHBIX TMpeobpa3oBaHUIl MPOCTpPAHCTBA pelleHuit V
ypaBHeHus (13), coxpaHsomux Bee AuddepeHIaabHbe COOTHOIIEHUS
Hag K Mexay pelieHUsMH ypaBHeHUs (T. e. ecmu A € G u Q —nroboe
cooTHouleHue HaJ K MeXAy HEKOTOPBIMU pelIeHUsAMH Y1, ..., Yy, TO pe-
meHus Ay, ..., Ay, ZOKHEL OBITh CBA3aHBI TEM JKe COOTHOIIEeHNEM Q).

YTBEPXKAEHUE 2.1. Ipynna lanya auHeliHoz0 dugpdepeHyuanbHO20
ypasHeHus s8siemcs anzebpauueckoti nodzpynnoii 8 GL(V).

JOKA3BATEJNBCTBO. [l KaxxA0ro AUPpPepeHINaIbHOIO COOTHOIIe-
HUA Q MeXZYy pelleHusAMH Y, ..., ¥, MHOXKeCTBO JIMHEHHBIX ITpeobpaso-
BaHUU A, [Tl KOTOPBIX COOTHOIIeHHe Q BBINOMHAETCA AaA Ay, ..., AV,
SABJIAETCA, OYEBUAHO, anrebpandeckuM. [lepecedeHue J060T0 YKCIa aj-
re6panyecKux MHOT0O00pasuii ABJISeTCA aarebpandyecKuM MHOTooOpa-
3UEM. O

OnPEAENEHUE. DyHKIMOHANBHOE AuddepeHaIbHOE TToTe P Ha-
3bIBaeTCs pacwuperuem ITukapa—Beccuo GyHKITMOHAIBHOTO AubdepeH-
nuanpHoro nonA K, eciu cymiecTByeT JIMHelHOe AnddepeHIInamibHOe
ypaBHeHue (13) ¢ koapdunmentamu B aubdepeHIaibHOM 10Te K,
Takoe 4yTo P monydaerca mpucoeinHeHMeM K K Bcex pelleHHH ypas-
Henws (13). Ipynnotl I'anya pacwupenus ITuxkapa—Beccuo nad nonem K
Ha3bIBaeTCs TPyIIa BceX aBToMopdu3MoB AuddepeHInanbHOTro 1o P,
OCTaBJIAIONINX HA MecTe Bce 3lIeMeHTHI 1o K.

KaxzpIii asieMeHT T U3 rpynmnsl Tanya auddepeHnanibHoro monsa P
Haz aubdepeHITManbHBIM MosieM K 3aiaeT TMHEHHOe Mpeobpa3oBaHue
IIPOCTPAHCTBA pellleHUH U coxpaHsAeT Bce AuddepeHIaNIbHBIE COOTHO-
IIeHYs1, OTlpeZie/ieHHble HaZ mosieM K Mexzy penreHUsAMU. Takum o6pa-
3oM, rpymma lanya guddepeHnuanpHoro mossa P Hag K UMeeT Mpe/cTaB-
JneHue B rpymmne lanya G ypaBHeHus (13), ompezensatoliee paciipeHue
[Tukapa—Beccro P. DTO mpezcTaBieHHWE, OYEBUAHO, ABIAETCA U30MOP-
¢uzmom rpymm, T. e. rpymna l'anya ypaBHeHus u rpymmna anxya 3agaHHo-
ro umM pacurpenus I[Tukapa—Beccro nu3oMopdHsI. Vcmnonb3ys 3TOT U30-
MopdH3M, MOXKHO OIIpeZie/IUTh Ha rpytie ['axya pacmupenus [Tukapa—
Beccuo cTpyKTypy anrebpawdeckoil rpymnmsl. Ecau gBa pa3iIudHBIX JIU-
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§ 3. OcHoBHas TeopeMa Teopuu ITnkapa—Beccro

HeWHbIX AuddepeHITNaTbHBIX YpaBHeHNA HaZ noneM K 3aZaloT OfHO U
TO ke pacurrpenue [lukapa—Beccuo, To rpynmel [anya 3TUX ypaBHEHUN
1“30MOpPdHBI HE TOTHKO KaK abCTpaKTHBIE IPYIIIIEL, HO U Kak anrebpaunye-
cKue rpymmbl. [103TOMy CTPyKTypa anrebpandeckoil IPyIIIbl Ha TPYIIe
lanya pacmvpenus [nkapa—Beccuo onpezeneHa KOPPEKTHO.

§3. OCHOBHAA TEOPEMA TEOPUU ITMKAPA—BECCHO

[yctb auddepeHIuambHoe mone P aBiasgeTcs paciumpeHueM [Iukapa—
Beccuo auddepenipanbaoro noia K u G —ero rpymnmna l'axya. Teopus
[Mukapa—Beccro OMMCHIBAET BCe IMPOMEXYTOUHbIE ANHEpeHIaTb-
Hble TIONA, T. €. Bce AubdepeHINaNbHbIE TOMNA, JeXanue B 1one P
u cogepxxkamue mone K. ComocTaBUM KaX/JoM mozarpymme [ rpymmsl
lanya G nuddepennuanbHoe mosie Fix(I'), cocTosiee U3 31eMEHTOB T10-
Ja P, ocraromuxcs HEeMOJBYKHBIMU IIPU AeiicTBuU noArpynmnsl I (AcHo,
yto K C Fix(T")). ComocTaBUM KaXKJOMy IIPOMEXYTOUHOMY AuddepeH-
nuanpHoMy nomto F, K € F C P, noarpynny Gr(F) € G, ABIAOIYIOCA
rpymnmnol l'amya pacuupenus [Tukapa—Beccuo P monsa F (P sBisgeTcs
pacurpenueM [Inkapa—Beccro 1osa K, ¥ TI03TOMY OHO aBTOMAaTU4eCKU
ABJsAeTca pacmupenueM [Tnkapa—Beccro mpomexxyrouHoro guddepen-
nuanbHoro nosns F, K CF C P). OtobpaxeHnus Fix u Gr ycTaHaBIUBAIOT
coomeemcmsue Ianya Mexzy NOArpyIIaMu rpymnnsl [amya u mpome-
J)KyTOUHBIMU AuddepeHIIaTPHBIMU TONAMM paciiupenus [Tukapa—
Beccuo. TIpuBezieMm 6e3 10Ka3aTENbCTBA CIEAYIOUIYIO TEOPEMY.

TEoOPEMA 3.1 (OCHOBHAS TEOPEMA TEOPUU IIMKAPA—BECCHO).
Coomeemcmaue Ianya ycmaxagaueaem 83aumMHO 00HO3HAUHOe cOOmaenm-
cmeue mexcdy MHOXNCeCmeoM aneedpauueckux nodepynn epynnst [anya u
MHOXCECTB0M NPOMENCYMOUHbLX OUPPepeHyUaNbHBIX NoJlell pacliupeHUs.
IMuxapa—Beccuo. TouHee, cnpagednuswl ciedyroue ymeepicoeHUus:

1) komnosuyus omo6bpaxcenutl Fix u Gr signsiemcs mojcoecmeeHHbIM
omobpadiceHlemM MHONCeCMB8Ad NPOMeNCYmouHblX noJell 6 cebsi: ecau F —
duppeperyuansvHoe nose u K CF C P, mo Fix(Gr(F)) =F,

2) komnosuuus omobpanceruil Gr u Fix conocmasisiem kaxcooil noo-
epynne T 6 epynne Ianya G ee anzebpauueckoe 3amvikanue I 8 epynne G:
ecnu T'—nodzpynna 2pynnst Ianya, T' C G, mo Gr(Fix(I')) =T

3) npomexncymounoe dugpgdepenyuansroe none F, K C F C P, agisem-
cs pacuuperuem Iukapa—Beccuo noas K, ecau u moavko ecau zpynna
Gr(F) siesiemest HOpManbHbIM Oetumeniem epynnst G. IIpu amom epynna
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TI'anya pacwupenus IMuxkapa—Beccuo F nons K siensiemcsi pakmopepyn-
noti epynnst G no HopmanbHomy deaumento Gr(F).

JlokakeM TIIOle3Hoe XapaKTepUCTHYecKoe CBOMCTBO PpacIIUpeHUN
[Tukapa—Beccro, HemocpeACTBEHHO BBITEKalollee M3 OCHOBHOW Teo-
peMBL.

CaeacTtBUE 3.2. JuddepenyuansHoe nose P sgisemes pacuiupenu-
em Iuxapa—Beccuo duggeperyuansroeo noas K, K € P, eciu u moavko
ecnu cywecmgyem makas epynna I' asmomopgusmos dugpdepeHyuanbHo-
20 nosas P, umo 1) ona ocmasnisiem HenooBUNCHbIMU 8Ce A1eMeHMbl NONS
K u monvko anemenmul nons K; 2) cyuiecmsyem Jsiexcauiee 8 P koHeuHo-
MepHoe JiuHellHoe npocmpaHcmeo V Had nosem KOHCMaHm, UH8APUAHM-
Hoe omHocumenvHo epynnst I, 0719 KOmopozo nosie P siensiemcs HAUMeHb-
wum duggeperyuansHuvim nosem, codepucawjum V u K.

JOKA3ATENBCTBO. Pacumpenue [Tukapa—Beccuo obnazaer yka-
3aHHBIMU CBOMCTBaMH. DTO BBITEKAET U3 I. 1 OCHOBHOU TeopeMBbl, IpU-
MeHeHHO# K nonto F =K. O6paTHO, IyCTb Yy, ..., Y, — 0a3UC TUHEHHOTO
mpocTpaHcTBa V, o KOTOpoM ujeT peuyb B I. 2. KoadoduimeHts! u-
HeliHoro auddepeHIaTPHOTO YpaBHEHHUS N-TO TMOPsAAKA, KOTOPOMY
VIOBJIETBOPAIOT GYHKIUH Y, ..., Y, THBAPUAHTHEL OTHOCUTENBHO BCEX
JUHEHHBIX Mpeobpa3oBaHuil mpocTpaHcTBa V. [103TOMy OHM HWHBa-
pUaHTHBI OTHOCUTeNbHO rpymnnel I u jexar B K. CremoBatenbHO, P
nosrydaeTcst u3 K mpucoefuHEHNEM BCeX pellleHUl yKa3aHHOTO ypaBHe-
HuA P u asinaercd pacimpenueM [Tukapa—Beccuo nona K. O

Yro mpousoizeT ¢ rpymmoi l'anya auHeliHOTO AUddepeHITnaaIbHOTO
ypaBHeHUs, eciau AubdepeHIrantbHoe none koagduimeHToB K paciu-
puTh, 3aMeHUB ero 6OnbpuIMM AuddepeHIuaTbHEIM moeM K;? DTOT
BOIIPOC 0COOEHHO MHTEPECEH B TOM CJydae, Korga moje K saBisgeTcs
pacmupenueM I[Mukapa—Beccuo mona K. O6o3HauuM 4yepe3 G TPYIITY
Tanya pacmmipenus K; auddepeHnuanbHoro mons K. Pe3ynbraThl 0O
Hepas3pelIMMOCTH JUHEHHbIX AuddepeHINaNbHBIX YpaBHEHUN OCHO-
BaHBI Ha cjeAyiollell TeopeMe u3 Teopum [lmkapa—Beccro, KOTopyio
MBI IPUBOANM 0e3 ZloKa3aTeJbCTBa U KOTopass GOPMYIUDPYETCS BIOTHE
AQHaJIOTUYHO TeopeMe 7.8 U3 IJIaBhl 2.

TEoOPEMA 3.3 (OB UBMEHEHMU T'PYIINbI [AJIYA YPABHEHUS TIPU
PACHIMPEHUU [IMKAPA—BECCUO TOJA KOD®®UIIMUEHTOB). Ilpu
3ameHe Jugd@epeHyUANBLHO20 NON KoaPPuyueHmos K e2o0 pacuiuperuem
Iuxapa—Beccuo K; 2pynna [anya G ypasHeHUS 3AMeHAeMC S HEKOMOPbIM
ceouM aneebpauueckum HOpManbHbim Oenumenem H. Paxkmopepynna
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§ 4. Ipocretiue pacmupenus [Tukapa—Beccro

G/H epynnst G OMHOCUMENbHO 3M020 HOPMANLHO20 OeAUMeNst U30-
MopdHa Hexomopoll anzebpauueckoil axmopepynne epynnst Ianya G,
H08020 duddeperyuansHozo noas Ky Had cmapsim OugddepeHyuanbHbLM
nonem K.

§4. IPOCTEUIINE PACIIMPEHUA TUKAPA—BECCUO

B aTrom maparpade paccMaTpUBAIOTCS CIEAYIOUINE IPOCTENIITNE PACIIN-
penus [Mukapa—Beccro: anrebpanveckoe paciiipeHHe, MPUCOEANHe-
HUe WHTEerpaja U IpUCcOoeJUHEHNE SKCITIOHEHTH MHTETpaJa.

4.1. AnreGpaudeckoe pacuiupeHue. PaccMoTpuM anrebpandeckoe
ypaBHeEHNE
QM) =x"+a,_1x" ' +...+a,=0 (14)

Ha/ QyHKIIMOHAMBHBIM AubdepeHIInaNbHBIM ToeM K U pacCMOTPUM
paciuupenue l'anya P, nosnyyaroleecsd IIpUCOeSHEeHUeM K oo K Bcex
peueHuii ypaBHeHus (14).

JIEMMA 4.1. ITone P sisasemcs duddepeHyuansHoim nosem. Kancowlii
asmomopgpusm nosast P nad nonem K, komopslil coxpansem auuls apug-
Memuueckue onepayuu 8 nose P, asmomamuuecku coxpaxsiem u onepa-
yuw ougp@epeHyUpo8aHus.

JlOKA3ATE/NBCTBO. VI3MeHUB, eCiii HY)XKHO, airebpamdecKkoe ypas-
HeHUe (14), MOXKHO CUUTATh, YTO OHO HENPUBOAUMO Ha/ osieM K 1 4To
KaXZbl KOpeHb X; ypaBHeHuA (14) mopoxzaetr mosne P Hazg moneMm K.

Juddepennupys Toxaectso Q(x;) =0, momydum % (xi)x{ + % (x;) =0,

n—1

rae aa—? = zi alfxi. [TonyHOM % He MOXeT o0palnaThcsi B HYJIb B TOY-
Ke X;, TaK lKaK ypaBHeHue Q =0 HempuBoguMO. [lonyyaeMm anrebpande-
CKOe BEIP@)KeHHE TPOU3BOAHOM X| = —% (x;) / %—(3 (x;) KOpHA X;, KOTOpOe
OJIMHAKOBO /IJIT BCeX KOpHeH X; momuHoMa Q. OTcrofja U BBITEKAIOT 06a
YTBEpKJeHUA JIEMMBI. O

I'pynma l'anya I' paciuupenus l'asya P Haz noseM K ocTaBisdeT Helo-
JBWKHBIMU JIMIIB 37eMeHTHl nonda K. JInHeliHoe mpocTpaHcTBO V Haz
IIojleM KOHCTaHT, HaTAHyToe Ha KOPHU X1, ..., X,, YypaBHeHuA (14), uHBa-
PUaHTHO OTHOCUTENBHO JielicTBuA rpynnsl ['. CornacHo ciaeAcTBUO 3.2
mnddepennnanpHoe nosie P sApnderca pacmupenueM [Tukapa—Beccuo.
I'pynna lanya pacmupenusa [Iukapa—Beccro P mona K coBnazaer ¢
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rpymmnoi anya anrebpandeckoro ypaBHeHus (14). OcHosHas meopema
meopuu IMuxapa—Beccuo 0 pacwupeHus ITuxapa—Beccuo P dugde-
peHyuansHozo noas K coenadaem c ocHosHotll meopemoii meopuu I'anya
pacwuperus I'anya P noas K.

4.2, TlpucoeauHeHue MHTerpana. IlycTs y; —uHTerpan HaJ QyHK-
IMOHANLHEIM AuddepenianbHeM noneM K u y; =a, a€K, a #0.

Oxuopognoe auddepennuanbHoe ypasHenue ay’ —a’y’ =0 umeer
CBOVIMH HE3aBUCHUMBIMY PEIleHUAMU y; U eANHUIy. Pacumpenue aud-
depennuanpHoro nosia K, monydeHHoe U3 K mpucoesuHeHUEM d1eMeH-
Ta y;, ABJsAETCA MO3TOMY paciimpenueM [lukapa—Beccro (HamoMHUM,
YTO MBI BCerzia IIpejronaraeM, 4To nose K cozepKuT Bce KOMIUIEKCHBIE
IIOCTOSIHHBIE).

JIEMMA 4.2. UHmezpan y; aubo npuxadnexcum noaio K, nubo mpamc-
ueroeHmeH Hao K.

JOKA3ATE/NBCTBO. JlOMyCTUM, YTO MHTErpan y, aarebpaudeH Haj
noneMm K. Iycts Q(y) =a,y" +...+ay,=0— Henpusogumoe Haj K ypas-
HeHUe, KOTOPOMY YZOBJIETBOPAET Y. MOXKHO CUHUTaTh, 4YTO n > 1 U 4TO
a, = 1. lIpoguddepennuposas ToxzAecTBO Q(y) =0, MOIyInM ypaBHe-
HUe MeHbIlIel cTeleHu nay”_1 +...+ a{) =0, KOTOPOMY YZOBJIETBOPSAET
¥1. OTO IPOTUBOPEUUT HEIPHUBOAUMOCTH ITONUHOMA Q. O

IlycTh anmeMeHT y; TpaHclueHJeHTeH Haz K. IloxaxeMm, 4To efuH-
CTBEHHOe He3aBHCHMoOe AuddepeHIaIbHOe cOOTHoLIeHre HaZl K, Ko-
TOPOMY YZOBJIETBOPAET Y;, €CTh Y, = d. [leHCTBUTENIbHO, HCIOMb3ysa
3TO COOTHOULIEHMWE, KaXABH AruddepeHINaNbHbI moauHOM Haz K ot
Y1 MOXHO IepemnucaTh Kak IOJIMHOM OT y; ¢ KoadoduiueHnramu us K.
Ho HM oAWH Takol HETPUBUAIBHBIA TIOTUHOM HE MOXKET 0OpaTUThCS
B HyJIb, TaK Kak 3JIeMeHT y; TpaHcleHJeHTeH Ha/ K. [losTomy rpynna
Tanya ypasHenus ay” —a’y’ =0 cocTOUT U3 TMHERHBIX IPe06pa30oBaHUI
Buga Ay; =y, +C, A(1) =1, rae C —mr060e KOMIUIEKCHOe yuciio. UTak,
epynna [aya HempuguaibHO20 UHMEe2PAlbHO020 PACULUPEHUS UBOMOPPHA
adoumueHoll epynne KOMNIEKCHbIX UUCe.

B repmunonoruu Komunna [20] anre6panyeckasi TpyIna Ha3bIBaeTCs
aHMUKOMNAKMHOU, eCI OHAa He COAEPXKUT 3JIEMEHTOB KOHEYHOrO IIO-
pAfKa, OTIMYHBIX OT eAUHULL. Ipynna [arya HempueuaibHO20 UHMe-
2PANbHO20 PACWUUPEHUS, 0UeBUOHO, AHMUKOMNAKMHA.

YTBEPKAEHUE 4.3. He cywecmsayem OugdepeHyuansHbix nosetl
mencdy nonem K u K(y), 20e y — unmezpan nao K, we nexcaujuii 8 K.
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§ 4. Ipocretiue pacmupenus [Tukapa—Beccro

JIOKA3ATEJIbCTBO. J[eiICTBUTENBHO, yCTh F — Takoe AudQpepeHIT-
anpHoe mose, uto K C F C K(y). [lycte b€ F u b ¢ K. Toraa aneMeHT
b mpezacTaBiM B BHZle HETPUBUAIBHON pal[MOHANBHON QYHKIIUU OT Y C
koaddunrentamu us K. CyiiecTBoBaHue TaKOH GYHKIIUY O3HAYAET, YTO
a7eMeHT y anrebpaudeH Hazg F. Ho aneMeHT y SBJseTCS MHTErPaoM
Haz F, Tak kak y’ =a € K. UnTerpan anrebpandeH Haj auddepeHnab-
HBIM TIOJIEM, €CJTH U TOJIbKO €CJIU OH JIEXKUT B 3TOM Tosie (CM. ieMmy 4.2),
T.e. F=K(y). O

Ymaeepacdenue dokasvieaem ocHogHyr meopemy meopuu ITuxapa—Bec-
cuo Ons npucoeduHeHusi uHmezpand. JleficTBuTenpHo, rpynna lanya C
monst K(y) uaz monmem K He uMeeT anrebpandyecKux MOATPYIII, a Ia-
pa auddepennuanbHbIx noneit K C K(y) He COAEPKUT IPOMEKYTOUHBIX
mrddepeHINANTBHBIX TTONEH.

4.3. IlpucoesuHeHUe 3KCIIOHEHThI MHTerpana. IlycTb y; — aKcIo-
HeHTa WHTerpasia HaJ QyHKIMOHATbHBIM AuddepeHInaabHbIM I0IeM
K, T.e. y; =ay;, rae a €K. Pacmupenue nosa K aleMeHTOM y; ABIAETCA
II0 ompezeseHuI0 pacivperuem [ukapa—Beccuo.

JIEMMA 4.4. ITycmb 3KcnoHeHMa uHmezpand y,; sgjasiemcs aneebpau-
yeckum Hao nosem K anemenmom. Tozda y, — padukan Hao nosem K.

JOKA3ATENBCTBO. Ilycth Q(y) =a,y" + ... + ay = 0 — HenpuBoAU-
Moe HaZ K ypaBHeHUE, KOTOPDOMY YZOBJIETBOPAET JIEMEHT Y;. MOXHO
cuuTaTh, 4To n > 1, a, # 0 u a, = 1. [IpoaudbdepeHnrpoBaB TOXKe-
ctBo Q(y;) =0, nonyunum ypasHenue ) (a, + ka,a)y* = 0, koTopomy
VZOBIETBOPAET y;. DTO YpaBHeHHe HMMeeT CTelleHb He BBIlle 1, HO He
colep’kUT cBoboAHOTO wieHa. Bce k03ddUIIMEHTHI 3TOTO ypaBHEHUS
JIOJDKHBL TOXXIECTBEHHO OOpPATUTHCSI B HyJIb, TaK KaK B IPOTHBHOM
cjlydae MBI [TOJIyYUM IIPOTHMBOpeYMe ¢ HelIPUBOAUMOCTBIO IToMuHOMa Q.
PaBeHCTBO a + na,a =0 03HaYaeT, 4TO YaCTHOe d,/y; = ¢ ABIAETCA
KOHCTaHTOM. JIefiCTBUTEIbHO, U3 COOTHOLIEHHA Y, = a); BBITEKAEeT, YTO
;™' +na(y;™) =0, T.e. 4T0 y; " U A, YAOBIETBOPAIOT OZHOMY 1 TOMY
’Ke ypaBHeHuo. [Toatomy y" =a,/c. Jlemma Zjoka3aHa. O

JlonycTuM, 4TO 37IeMeHT y; TpaHcleHAeHTeH Haz K. [TokakeMm, 4TO B
3TOM CjIydae eIMHCTBEHHOE He3aBHcUMOe AnddepeHIInajibHOe COOTHO-
meHue Haz K, KOTOPOMY yZIOBJIETBOPAET Yy, €CTh Y| = ay;. JleficTBUTe b
HO, WCIIO/IB3YSl 3TO COOTHOIIEeHUE, KXKABIN AnddepeHIInaNbHbIN MTOTH-
HOM HaZ K OT y; MOXHO Iepenucarh KakK IIOJIMHOM OT Y; C K03dpdu-
nueHTtamu 13 K. Ho HU ofuH Takoli HeTpHUBHUAJIbHBIM IOJIWHOM HE MO-
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’KeT 00paTUThCA B HyJb, TaK KaK y; TpaHcIeHzeHTeH Hag K. [loatomy
rpymma lanya ypaBHeHUs Y’ = ay COCTOUT W3 JMHEHHBIX MpeobpasoBa-
Hult Buga Ay; = Cy,, rae C # 0 —ob0e HeHy/eBoe KOMILUIEKCHOE YHC-
so. Utak, epynna lanya Heaneebpauueckozo pacuiupeHus,, A6JisHuLe2ocst
npucoeduHeHUeM IKCNOHEHMbL UHMe2PpAd, cognaddem ¢ MyAbMuniuKa-
mueHoll epynnoti C* HeHyneablx KOMILEKCHBLX UUCe.

OKCcIIOHeHTa WHTerpaia Hajg K sBisgeTcs anrebpanvecKuM 3yeMeH-
TOM y Haz K, eciu U TONbKO ecnu y — pagukain Hag K. IlosTomy ecau
npucoeduHeHue 3IKCNOHEHMbL UHMe2paAnd seJsiemcs dnzebpauueckum
pacutuperuem, mo ezo 2pynna Ianya siensemcst KOHEUHOU MYAbMUNIU-
kamueHoil nodzpynnoil 8 C*.

B TepmuHonoruu Komurna [20] anrebpanyeckas rpyIna Ha3bIBaeTCs
K8A3UKOMNAKMHOIL, eCTU KaK/asd ee HeeJMHUYHAA IIOATPYIIIA COAEPKUT
3JIeMeHTBl KOHEYHOTr'o MOpAAKa, OTINYHbIe OT efUHULBL. [pynna lanya
Heaszebpauueckoz0 pacllupeHusl, NOJyuUeHH020 NpucoedUHeHUeM IKCNO-
HeHmbl UHMe2pad, 0ue8UOHO, K8A3UKOMNAKMHA.

YTBEPXKAEHUE 4.5. Ilycmb y — akcnoHenma unmezpana Hao K u ane-
MeHm y mpancuyeHOeHmeH Ha0 K. Tozda kajcdomy HeompuyameibHOMY
UeJIoMy HUCTY N MOJYCHO nocmasums 8 coomeemcmaue ougdgdepeHyuab-
Hoe nosie mexcdy noasmu K u K(y). Umenro, amo duddeperHyuansHoe
nose K,, cocmosuee u3 payuoHanibHulx gyHkyuili om anemenma y" ¢ ko-
apdpuyuenmamu uz nons K. Jna pasusix n nons K, pasnuunst. Besxoe
npomexcymouHoe dudgdepeHyuanbHoe nose cognadaem ¢ HeKomopsLm no-
nem K.

JIOKA3ATEJNBCTBO. [IycTh F — quddepeHInanbHOE Moje, CTPOTO CO-
nepkaree none K u sexkaree B mosie K (y). [IOBTOpsist pacCy:KAeHus u3
yTBepkAeHUA 4.3, TOy4aeM, 4TO JIEMEHT y anrebpaudeH Haj F. Oie-
MEHT y ABJAETCA SKCIIOHeHTOH uHTerpasa Haz F. [IosToMy HepuBoJu-
Moe HaZ moneM F anrebpandeckoe ypaBHeHUEe, KOTOPOMY VZOBJIETBOPSI-
et y, umeet Bug y" —a =0, rme a€F (cm. 1emmy 4.4), caefoBaTeNbHO,
K, € F. Tlone K, nomxHo coBnagath ¢ F. /lelicTBUTENBHO, B IPOTUBHOM
ciydae cyiiecTByeT aieMeHT b € F, b ¢ K,,. DneMeHT b ABIsi€TCA HEKOTO-
poO¥i panmoHaMbHOU QyHKIMENR R OT ¥, 1 cooTHomeHue R(y) He ABIAET-
s cJIeICTBUEM ypaBHEHUA Y™ =a. TO IPOTUBOPEYUT HEIIPUBOAUMOCTHU
ypaBHeHUs y" =a. [IpoTuBopeune fokasbiBaeT, uyTo K,, =F. [Tona K,, mpu
Pa3HBIX N pa3IWYHbI B CWIYy TPAHCIIeH/IeHTHOCTU ieMeHTa y Hag K. O

YTBepxk/JieHue [oKa3blBaeT OCHOBHYIO TeopeMy Teopuu Ilukapa—
Beccuo zAna npucoesrHeHUA SKCIIOHEHTHl WHTerpasa. JeficTBUTENBHO,
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§ 5. PazpemmmocTs fuddepeHIanbHbIX YpaBHEHUH

Kakziasg coOCcTBeHHas anrebpandeckas moArpymnmna rpymnsl C* apiseTcs
TPYyIIoN KOpHeW n-¥ CcTelmeHUu M3 eAUHULBI Jji HekoToporo n. Ilpo-
mexxyrounoe mexxkay K u K(y) auddepeHiuanibHoe Moje COCTOUT B
TOYHOCTU U3 371eMeHTOB 1osisi K (y), KOTOpble OCTAlOTCsA Ha MeCTe TPy
JEeVCTBUU TPYIIIB KOPHEH n-i CTeleHu U3 efuHUIbl Ha K(y).

§ 5. PABPEIIMMOCTD IM®PPEPEHIIMAJJIbHBIX YPABHEHUH

CkakeM, uTO anrebpaudeckas rpymnmna G sSBAsSeTcsS paspewumoll, k-pas-
pewuMoll Unu noumu paspeuwumoll 8 kamezopuu aneebpauueckux epynn,
€CJIN Y Hee CyIIeCcTBYeT HopMasbHasa 6anrHsa anrebpandecKyx MOATPYIIIL
G=GyD...DG,, =e CO CIeyIOUMU CBONCTBaAMU:

a) AN paspelIMMbIX TPy g Kakgoro i =1, ..., m gakroprpyrmmna
G;_,/G; xommyTaruBHa (T. e. rpymmna G paspenmma);

6) A k-paspelmuMbIX TPYII: A Kaxkaoro i =1, ..., m jaubo rryou-
Ha rpynmsl G; B rpymme G;_; He mpeBocxoaut k, subo rpymmna G;_;/G;
KOMMYTATHUBHA;

B) ZUI OYTH Pa3pelluMbIX TPYIIL: A1 KaKaoro i =1, ..., m 1mubo uH-
Jekc rpynmsl G; B G;_; KoHeueH, ubo rpymnna G;_;/G; KOMMyTaTUBHA.

TEoPEMA 5.1 (ITukara—BEccuo). JluueiiHoe JupgdepeHyuansHoe
ypagHeHue Hao dugdepenyuanvibim nonem K pewaemcs 8 keadpamy-
pax, 8 k-kgadpamypax uau 0600ueHHbIX K8AOpAMypax, ecau U moabko
ecau epynna Ianya ypagHenus Hao nonem K sensiemces coomseemcmaeHHO
paspewiumotl, k-paspewumotl unu noumu paspewumotl epynnoii 8 kame-
20puU aneebpauUeckux epynn.

3AMEYAHUE. B kmaccuueckoit Teopeme IIukapa—Beccro He 06-
CY’KZaeTcst BOIIPOC O Pa3pellMOCTH YpaBHEHUN B k-KBazpartypax. Mel
BKJIIOYIJIM 3TOT BOIIPOC B T€OPEMY, IOTOMY 4YTO, BO-IIEPBBIX, OTBET HA
HEro aHaJIOTMYeH M, BO-BTOPBIX, OH II€PEHOCUTCA B TOIOJIOTHYECKYIO
Teoputo l'anya.

B aToMm maparpade MbI JOKaKeM JIUITbL HEOOXOJUMOCTh YCJIOBUH Ha
rpymmny lanya A71s paspemrmMocTy ypaBHeHMs. JloKa3aTenrbCTBO J0CTa-
TOYHOCTH OTJIOXKUM Jio § 7. VITak, cripaBesiuBa CaeAyIolas Teopema.

TEOPEMA 5.2. Ecau niuHeliHoe dugdepeHyuanbHoe ypasHeHue peula-
emcsa 8 kgadpamypax, 8 k-keadpamypax unu 8 0600weHHbIX K8adpamy-
pax, mo 2pynna Ianya G 3mozo ypagHeHUsl S8151eMCsL COOMBEmcmaeHHO
paspewiumotl, k-paspewumotl unu noumu paspewumotl epynnoii 8 kame-
20puU aneebpauUeckux epynn.
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JIOKA3ATEJNBCTBO. Pa3penmmmocTs ypaBHEHUH B 0O0OIEHHEIX KBa-
IpaTypax Haj moseM K o3HadaeT CyllecTBOBaHUeE Ienouku auddepeH-
nuanbHbIX nonel K =K, C... C Ky, B KOTOPOY IlepBOe II0JIe COBIIaAaeT C
rucxogHbeIM TionieM K, mociezHee mone Ky COAEP:KUT Bce pelleHUs Aud-
dbepeHIMANTBHOTO ypaBHEHUA U 1A KaxAoro i =1, ..., N nose K; nony4a-
ercs u3 nmosa K;_; 1ubo mpucoeuHEHNEM UHTerpasa, Jubo Mpucoeiu-
HEHUEeM SKCITOHEHTHI UHTETpaa, 160 NprucoeANHEHUEM BCeX PEIleHUH
anrebpandeckoro ypaBHeHHUsA. (B ciydae paspennMocTy B KBapaTypax
TIOCJIeTHUH U3 9TUX TUIIOB paclUIMpeHUl 3ampelreH. B ciydae paspenmm-
MOCTH B k-KBaZpaTypax AOITycKaeTcs JUIIb IpUcoeIMHeHNe KOpHeH al-
re6panvyecKuxX ypaBHEHUI CTEITeHH He BBIIIE YeM K.)

[lycts G =Gy D ... D G,, = e —yOBIBaIONIas IeloYKa T'PYII, B KOTO-
poli rpymmna G; —rpymnna l'aaya ucxogHoro ypaBHeHUA Haz moineM K;.
CoriacHO OCHOBHOU TeopeMe 4.4 paxToprpymna G,_,/G; apisieTcs dak-
TOprpymnmnoi rpymmsl I'anya pacunpenus [ukapa—Beccuo K; nmona K;_.
Ecnu sTo pacmpeHue fABaseTCA IpUCOeIUHEHWEM WHTerpana Win
SKCITOHEHTHI MHTEerpasa, To rpymma G;_;/G; KoMMyTaThBHA Kak GaKTop-
rpymnna KOMMYTaTUBHOM Ipymnmsl (cM. 1. 4.2-4.3). Eciu pacuiupenue K;
nons K;_, TOoJy4eHO IpUCOeJMHEHNEM BCeX KOpHEH anrebpandecKoro
ypaBHeHwust, To ¢dakroprpynmna G;_;/G; koHeuHa. Eciu ato anrebpau-
YecKoe ypaBHEHUEe MMeeT CTelleHb He BBIIe Kk, TO MEXIY TpyIIIaMHu
G; D G;_; MOXXHO BCTaBUTb L[ENIOYKY HOPMaIbHBIX AenuTeneit G; =G, ; D
D ... > G;, =G;_y, B KOTOPO# rmybuna rpynmsl G, ; B G; j_; He MPeBOC-
xoauT k (cM. § 9 raBbl 2). JJoKa3aTelbCTBO TEOPEMBI 3aKOHUYEHO. |

TosbKO YTO OKA3aHHYIO TeOpeMy MOXKHO cHOPMYIHPOBATH CIEAYIO-
muM 06pasom.

Ecnu pacwupenue Iukapa—Beccuo sisassemcs pacwuperuem Jluysui-
a8, k-pacwupenuem Jluysunns unu 0606ujeHHbIM pacuiuperuem Jluy-
8UJLISL, MO e20 epynna lanya s8asiemcsi coomeemcmaeHHo paspeiumotl,
k-paspewumoti unu noumu paspewumoil 2pynnoii 8 kamezopuu anzebpa-
uuecKux 2pynn.

B Takoi# nmepedopMyIUpPOBKE TeOpeMa CTAHOBUTCS IIPUMEHUMOU U K
anrebpanvecKuM ypaBHEHUAM HaZl AubdepeHInanibHBIMU TonaMu. OHa
JaeT bojiee CHIbHBIE PE3YJAbTaThl O HEPa3pelINMOCTH aarebpandecKux
ypaBHEHUH.

TEOPEMA 5.3. Ecau 2pynna Ianya anzebpauueckozo ypagHeHus Hao
ougpdeperyuansivim nonem K Hepaspewuma, mo amo anzedpauueckoe
YpagHeHle He MOJbKO He pelldemcsi 8 padukanax, Ho U He peulaemcs 8
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keadpamypax. Ecau epynna T'anya He siensiemcsi k-paspewumotl, mo an-
2ebpauueckoe ypasHeHue He pewaemcs 8 k-keadpamypax Hao K.

§6 AJITEBPAMYECKHWE MATPUYHBIE I'PYIIIIBI 1 HEOBXO/JWMBIE
YCJIOBUA PABPENIMMOCTHU

I'pynmna lamya nauHeliHOTO AMddepeHIINaNibHOIO YpaBHEHUA ABIAETCA
anrebpanvecKoll MaTpUYHOM rpymnmnoi. Takue rpymmbl 06gazaloT o06-
UMY CBOMCTBaMHU, KOTOPBIE TTIOMOTAIOT epepOPMYTUPOBATh YCIOBUS
Pa3pelrMocTy, k-pa3pelmMOCTd U TIOYTH Pa3pelIruMOCTH Ipynnsl [a-
Jlya ¥ JI0Ka3aThb, YTO 3TU YCIOBUA SBJIAIOTCA JOCTATOYHBIMU (cM. § 7)
JUIST PA3pEIIMMOCTH YPaBHEHUS.

OTMeTUM TIpeX/Je BCEro, YTO 8CAKAA anzebpauueckas MAmpuuHas
2pynna seasemcsi epynnotl Jlu. JlelicTBUTENTbHO, MHOXKECTBO OCOOBIX
TOYEK BCSAKOTO anrebpandecKoro MHOrooOpasus UMeeT KOpa3MepHOCThb
He MeHblle 1. Ho rpynmnoBeiM npeobpa3oBaHUeM Jt06asi TOYKA TPYTIIILI
MIEPEBOAUTCA B JIOOYIO APYTYIO TOUKY. [103TOMY OKOJIO KaXKAOW TOYKHU
I'pyIia yCTpoeHa OAMHAKOBO, U, CJIeI0BATEbHO, MHOXXECTBO €€ 0COOBIX
TOYeK ImycTo. KomnoHenma c8siaHocmu eQUHUUbL Azebpauueckoll 2pynnot
S8J15eMCs HOPMAIbHBIM OesiumesieM KOHeUH020 UHOekca 8 amotll epynne.
JleicCTBUTEIPHO, KOMITOHEHTA CBA3HOCTH €IWHUIIBI SABJISIETCS HOPMaJlb-
HBIM JIeJTUTEJEM BO BCAKOHW Tpymme JIM, W KaxzAoe aarebpandveckoe
MHOT006pa3ue UMeET JIUIIb KOHEYHOE YHCI0 KOMIIOHEHT CBSI3HOCTH.

1A fasbHeNIero KI04YeBylo POJib UrpaeT cleyionias 3HaMeHuTasa
TeopeMa JIu, KOTOPYIO MBI IpUBeZeM 6e3 0Ka3aTeNbCTBa.

TEoPEMA 6.1 (JIu). Cga3Has paspeuwilumasn mampuuHas pynna Jiu e
Hekomopom b6asuce NPUBOOUMCSL K MPEY2ONbHOMY 8UDY.

YTBEPXKAEHUE 6.2. Anzebpauueckass MAmMpuuHas 2pynna sesasem-
€Sl noumu paspewumotl epynnoil 8 kamezopuu aneebpauueckux 2pynn,
ecau U MOJIbKO eclll 8Ce MAMPUUbL ee KOMNOHEHMbL C8SI3HOCMU eOUHU-
ubl 8 Hekomopom 6asuce 00HOBPeMEHHO NPUBOOAMCS K MPEY20JIbHOMY
8u0y.

JOKA3ATEJIBCTBO. BeAkad rpymnma, cocTodmas U3 TPeyroJbHBIX
MaTpull, paspemuma. JTO JOKa3bIBaeT yTBep:KAeHHE B OJHY CTODOHY.
[Tycte G=G( D ... D G, =e —HOpMaIbHas OalIHA anrebpandecKux Moj-
rpymn rpymmel G, AJsi KOTOpo# kakzaas dakroprpynmna G;/G;_, nmubo
KOMMYTATUBHA, JU60 KOHeuHa. PacCMOTPUM KOMIIOHEHTHI CBSI3HOCTHU
€/IMHUILIEL 5TUX IPyIil. OHM 06pasyioT HOpMaIbHyIo GamHo G°=G) D ...
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...D Gg = e anrebpandecKuX NOATPYII KOMIIOHEHTHI CBA3HOCTU eVHU-
el GO rpynmel G. [Ipu aToM, ecu dakToprpymnmna G;_;/G; KOMMyTaTUB-
Ha, To paKToprpyImIa G?_l / G? TOXXe KoMMyTaTtuBHa. Eciu pakToprpym-
na G;_,/G; KOHeYHa, TO TPYIIIIbI G?_l u G? COBIIAZIAIOT. YTBEpXKJEHUE
JOKa3aHo. O

VTBEPXKAEHUE 6.3. Anzebpauueckas mampuuras epynna G sensem-
ca paspewumoti unu k-paspewumoti epynnoti 8 kamezopuu anzebpauye-
CKUX 2pynn, ecau U MOJbKO ecl 8ce MAMpuybl ee KOMNOHEHMbl C853HO-
cmu edunuust GO 6 Hekomopom 6asuce NPUEOOAMCS K MPey20JbHOMY BU-
Jy u koHeuHast pakmopepynna G/G, coomeemcmeeHHO paspewuma Wit
k-paspewuma.

JIOKA3ATENLCTBO. COIMIACHO yTBeP:KAeHHIO 6.2 Tpynma G° aBigeT-
cs1 TpeyronbHOi. KpoMe Toro, rpynma G° ABigeTcsa HOpMalbHBIM Jefu-
TesleM KOHEYHOTO WH/eKca B rpyine G. Koneunas paxroprpymnmna G/G,
SIBJISIETCSI COOTBETCTBEHHO Pa3pENIMMON WU k-pa3pelrMoi rpynmoi. B
06paTHYIO CTOPOHY YTBEPXKAEHME OUEeBUIHO. O

B rpynmax mMaTpuI] ecTh 3aMedyaTeIbHas TOIOJIOrUA 3apUCCKOr0, CO-
TocTaBJIsIoNas kaxxaou rpymme I' C GL(V) ee anrebpanyeckoe 3aMbIKa-
Hue I'. DTa omepanus no3poasgeT 0606IUTh yTBepkAeH:s 6.2 1 6.3 Ha
[IPOU3BOJIbHBIE MAaTPUYHBIE TPYIIIIEL.

YTBEPXKJEHUE 6.4. 1. MampuuHras 2pynna s8,semcsi noumu paspe-
wumotl epynnotl, ecnu U MOJbKO ecall y Hee Cyuiecmayem mpeyeoJibHblil
HOpManbHblll Oenumens H koHeunozo uHOexca. MampuuHas epynna si8-
nsiemes k-paspewumotl unu paspewiumotl, ecau U moabko ecau KOHeu-
Hasi pakmopepynna G/H zpynnst G no HEKOMOPOMY MpPeYy2oabHOMY HOP-
MansHomy dequmenro H KOHeuH020 UHOeKCa s18JI1emcsl COOMBemcmaeHHO
k-paspewumoti unu paspewumoti zpynnotl.

2. Anzebpauueckas mampuunas epynna G sigJisiemcst noumu paspeulu-
Motl, k-paspewiumotl wnu paspewumotl epynnotl 8 kamezopuu anzebpau-
UecKUX 2pynn, ecau U MOJbKO ecll OHA S8JSLeMCsl COOMEemcmeeHHOo no-
ymu paspewumoti, k-paspewumotl unu paspewumotl epynnoti.

JOKA3ATENBCTBO. Ilycth G=Gy D ... D G, =e —HOpMasbHas bari-
HA rpynnel G, TOTZa 3aMbIKaHHE B TOIIOJIOTMU 3apUCCKOTO I'PYII U3
9TOM GalrHu 06pasyeT HOpMasbHYIO OalllHIO anrebpandecKux TPYII
G=GyD ... D> G,=e. Ilpu aToM, eciu rpynna G;_;/G; KOMMyTaTUBHa,
KOHEeYHa Wi eciu rpynmna G; umeeT B G;_; ybuHy He 6osbie k, TO
rpynna G,;_;/G; 6yeT cOOTBETCTBEHHO KOMMYTaTHUBHOM, KOHEYHOMN WIN
rpynna G; 6yzeT umeTs B rpymmne G;_; Ty6uHy He 6omblie k. DTo Z0Ka-
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3bIBaeT BCe MyHKTHI YTBEP)KJEHUA B OZHY CTOPOHY. B Zpyryio cTopoHy
BCe yTBepPK/IeH!s OYeBU/IHEL. O

§7. AOCTATOYHOE YC/JIOBHUE PABSPEHNIMMOCTHA
AU®OEPEHIIMANBHBIX YPABHEHU U

I'pynmy aBToMopdusmoB I' auddepennuansaoro noud F ¢ auddepen-
I[MaJbHBIM IIOJIEM HEIOJBIDKHBIX /eMeHTOB K HazoBeM donycmumotil
2pynnoil agmomop@usmos, eciy cyliecTByeT KOHeYHOMepHOoe IIPOCTPaH-
cTBO V HaJ mojieM KOHCTAHT, MHBAPUAHTHOE OTHOCUTENBHO T'PYIIIEL [
u Takoe, uyro K(V) =F. Cornacuo Teopuu IIlukapa—Beccuo (cm. cre-
ctBue 3.2) audbdepeHiuanbHoe none F sBisgeTcs pacmupenuem [lu-
kapa—Beccro auddepennmanpHoro noisa K, ecid U TONBKO €C/IU Cy-
IIECTBYeT JOMyCTUMAasl I'pyIa aBTOMOPGU3MOB AUPPEepeHITUATEHOTO
nmons F ¢ auddepeHITMAIbHBIM TI0JIEM HEMOABIDKHBIX leMeHTOB K. B
obIeM ciyJyae CyllecTBOBaHUE AOIMYCTUMON T'PYIIIHI Tpeobpa3oBaHUin
Ui pacmupeHusa IIlukapa—Beccuo coBceM He OYEBUIHO U SIBJISIETCS
YacTbl0O OCHOBHOW TeOopeMbl 3TOW Teopud. OAHAKO [Jisi OOIIMPHOTO
KJIacca CIy4aeB CyLIeCTBOBAHUE JOIYCTUMOM I'PYyIIIBI aBTOMOPGH3MOB
HU3BecTHO ampuopu. TakolW Kjacc cIydaeB [OCTaBIAIOT PacCIIUpeHUs
TIOJIS PAIIMOHAIBHBIX QYHKIIMH BCEMU PelleHUAMU JII060ro JMHEHHOTo
muddepeHnranpbHoro ypaBHeHus tumna Pykca (cMm. §1 miaBsl 6). B aTux
cJTyJasiX TpyIna MOHOAPOMUU YPaBHEHUS UTPAET POJIb TPYIIHI I

Ecnu rpynmna I' paspemuma, TO 3/1eMeHTHI 1o/ F mipeacTaBidoTca B
KBaJpaTypax yepe3 meMeHTH! oA K. KOHCTPYKIINA TaKoro Ipe/cTaB-
JIEHUS TIO CYLIECTBY OTHOCUTCS K JIMHEHHOI anrebpe U He UCIIOIb3yeT
OCHOBHBIX TeopeM [Tukapa—Beccuo. JlomycTuMas rpyrna aBToMOpou3-
MoB ' m3oMopdHa WHAYIMPOBAHHOHW TIpYIINe JUHEHHBIX Ipeobpaso-
BaHUI IpOCTpaHCTBA V, U ee MOXKHO pacCMaTpPUBaTh KaK MaTPUYHYIO
TPYIIIY.

TEOPEMA 7.1 (JIuyBuab). Ecnu ece npeobpasosanus donycmumotil
epynnst I npusodamcs 8 Hekomopom b6asuce K mpeyzonbHOMY 8UdY, MO
JugpdeperyuansvHoe none F sensemcs pacwuperuem Jluysuinsa dugdde-
peHyuansHozo noas K.

JOKA3ATENBCTBO. IIycTh ey, ..., e, — 6a3uc npocrpancrea V, B Ko-

TOpOM Kazi0e TipeobpasoBanue u € I' umeeT Buz u(e) = Y. a; je;. Pac-
j<i

/
~ . e
CMOTPUM BEKTOPHOEe IIPOCTPAHCTBO V, HATAHYTOE Ha BEKTOPHI €; = (é) ,
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roe i =2, ...,n. IIpocTpaHcTBO V MHBAPUAHTHO OTHOCHUTENIBHO T'PYIIIIHL,
mpuYeM Kakzoe ImpeobpasoBaHue U rpymmel ' B 6asuce é; nMeer Tpe-
YTONBbHBIN BUJ. JleliCTBUTEIBHO,

. e’ i1 J € Gij o
“(ei)_“([a] )_ (‘111+ Z 01131) Z al,lej'

25j<i

2<j<i
[IpocTpaHcTBO V MMeeT MEHBIIYIO pasMEPHOCTD, YeM IIPOCTPAHCTBO V,
[IO3TOMY MOXKHO CYHTaTh, 4yTo Auddepeniuanpaoe none K(V) ects pac-

HIpEeHNe .HI/I}’BI/IJI]IH mubdepennuanbHoro monsa K. Jlng Beskoro y €T
/

e1 al’lel 6/1 1
nMeeM ,u( ) = @a — &> CIGAOBATENbHO, BNEMEHT - = @ JIKHUT B
,Z[I/Icl)cl)epeHHI/IaJIbHOM mosie mHBapuaHToB K. TudpdepeHnuaapHoe mone
F monyyaerca u3 guddepeHnnanpbHoro nousi K mpucoerHeHNEM 3KC-
IIOHEeHTHl MHTeTpaja e; OT 2JieMeHTa d U MHTerpajaoB % OT 37IEMEHTOB
é,rmei=2,...,n. O

YTBEPKAEHUE 7.2. Ecau epynna I' donycmumbsix agmomop@uzmos
nons F ¢ nonem HenodsudcHulx anemenmos K noumu paspewuma, mo
cywecmayem UHBAPUAHMHOe OmHocumensvHo 2pynnet I' none K, makoe
umo: 1) none F agnsemcs pacwuperuem Jluygunns noas Ky; 2) undyyu-
posanHas epynna asmomopdusmos noss K, koHeuna, npu amom kaxncoowlil
anemenm noas K, sensemcs anzebpauueckum Hao nosnem K; 3) ecau
epynna T paspewuma, mo kaxcowviii anemenm noas K, npedcmastim 6
padukanax Hao nosem K.

JJOKA3ATENBCTBO. [lycThb V —MHBapuaHTHOE OTHOCUTENBHO I'PyIl-
el I mpocTpaHcTBo, Takoe 4yto K (V) =F.

V3 yrBep:xeHUA 6.2 BEITEKAET, 4To rpymma I ob61azaeT HOpMaIbHBIM
JenuteneM I’y KOHEUHOTO MHZEKCa, IPUBOAAIIMMCA B HEKOTOPOM 6a3u-
ce mpocTpaHcTBa V K TpeyronbHOMY Buay. Ilycts Ky — auddepeHiyans-
HOe TIoJle WHBapuaHToB rpymmel I'. CortacHo nemMme 7.1 gubdepeHny-
anpHOe mosnie F ecth pacmupenve JlnyBwuia auddepeHInaIpHOro mo-
14 K.

OueBugHO (cM. yTBep:xzAeHue 1.3 11aBbl 2), uTo nosie K, HBapHUaHT-
HO OTHOCUTEJIbHO e¥cTBUA I'PyNiibl I' ¥ MHAYIIMPOBaHHAA IPyIla aBTo-
MOP)UIMOB 3TOTO MOMA ||, ABIAETCA KOHEUHOH (BaKTOPTpPyIIIOi rpym-
el [, TToaTOMy KaxK/bli aneMeHT nons K, anrebpauden Hag K (cM. Teo-
pemy 3.2 rnaBsl 2). Eciu ucxopHas rpynna ' pa3pemnma, To ee KOHeY-
Has paxToprpymmna [, Toxke paspemma. B aToM ciiydae mo6oii ameMeHT
nonig K, BeIpakaeTcs B paZiukaznax yepes sneMeHT mmond K (cm. Teope-
My 1.2 riaBeI 2). O
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JlokasaTenbCTBO CJIeZyIoUero yTBep:KJeHNa OIMpaeTcsa Ha TEOPUI0
lanya.

YTBEPXKAEHUE 7.3. Eciu 8 ycnogusax ymeepyucoeHus 7.2 epynna T’
k-paspewuma, mo kaxncoelil anemenm nonst K, eviparcaemcs uepes ane-
Menmbl nonst K npu nomowu padukanos u peuleHust anzebpauieckux
ypasHeHull cmeneHu He gblule k.

JIOKABATE/IbLCTBO. Tak Kak rpymnma fo KOHEYHa, TO pacuvpenue K,
nons K sBnseTcs pacummpenveM anya nons K. Ecm rpynma Iy k-paspe-
myUMa, TO ee KOHe4YHas $aKTOPrpymIa Toxe k-paspemmma. YTBepxK7e-
Hue 7.3 Tenepb BeITeKaeT U3 TeopeMbl 4.1 I1aBhl 2. O

3aKOHYMM /JI0Ka3aTeNbCTBO TeopeMbl [Inkapa—Beccro (cMm. §5).

CorytacHO OCHOBHOU TeopeMe 3.1 i1 BCIKOTO JnHeHOTO nuddepeH-
[[HaJbHOTO YpaBHeHUA HaZ AuddepeHnnaapbHeIM noseM K ero rpymnmna
lanmya ocTaByifgeT HENOABWXHBIMU JIMIIb leMeHTH nond K. [TosTtomy
IIPUMEHMMBI TOJIBKO 4TO JOKasaHHble yTBep:KJAeHuUd 7.2 u 7.3, 4To u
JIOKa3bIBAET ZI0CTATOYHOCTD YCAOBUH Ha rpynny l'anya B Teopeme Iluka-
pa—Beccuo.

Teopema Tlukapa—Beccro He TOJMBKO [JOKa3blBaeT Kpurepuit Jiny-
BwuIi—Mopayxaii-bosntoBekoro (cM. § 5 miaBer 1), HO TIO3BOJSIET €r0
0600ImUTh Ha cTyyali pa3pellMMOCTH B KBaZpaTypax U k-KBaJpaTypax.
VIMeHHO, cripaBeJ/IUBEL ClleAyIOlINe YTBeP:KAeHU.

JluneitHoe nuddepeHIaTbHOE YPABHEHUE N-TO MOPSAAKA PENIaeTcsa
B 0606IIEHHBIX KBaZIpaTypax Haj AuddepeHIuanbHeIM noeM K, eciu
U TOJBKO €C/IU, BO-TIEPBBIX, ¥ HETO CYIIEeCTBYET pellleHUe Y, yAOBJe-
TBOpAIOIee yPaBHEHHIO Y, = ay;, Tie a — 3NeMeHT, PUHa/IeKaIINH
HEKOTOPOMY ajrebpanvecKoMy pacuiupeHuio K;, U, BO-BTOPHIX, €C/IU
muddepeHnranbHOe ypapHeHne mopaaka n — 1 Ha dyHknmo =y’ —ay
¢ koadurmeHTaMu u3 nond K, MosydeHHOe U3 UCXOAHOTO YPaBHEHUA
MIPOILIeIypOH TIOHIKEeHU mopsiAKa (cM. 1. 1.2), pentaeTcs B 06061IeHHBIX
KBaZpaTypax. AHaJOTUYHble YTBEpP)KAEeHUs CIIPaBe/JIUBEL U I paspe-
MUMOCTH JIMHEeHHOro AuddepeHInaNTbHOTO YPaBHEHUA B KBaApaTypax
u B k-xBazipaTypax. [lJi1 pa3pelIMOCTH B KBapaTypax HaZo JAOIOTHU-
TeJIbHO TpeboBaTh, YTOOHI anrebpandecKoe paciupenue K, moaydaunoch
u3 K mpucoeamHeHUeM PaZUKaOB, a [Jid pa3peluMocTu B k-KBajpa-
Typax —4ToObl pacimupenre K; momydanoch u3 K mpucoeirHeHUEM
paZuKaIoB U KOpHEH anrebpanvyecKux ypaBHEHUH CTEeleHU He BhIIIE K.
A okazaTenbCTBa 3TUX YTBEPXKJEHUN JIOCTATOYHO IOCMOTPETH Ha
KOHCTPYKIIUIO pelieHud quddepeHnnaabHbIX ypaBHEHUH.
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JIunddepennuanbHas anrebpa MO3BONAET CYIIECTBEHHO YTOYHHUTH
3TOT KPUTEPUU. /[N JUHelHbX OuPdepeHyuanbHblX ypasHeHUll, Ko-
adduyuenmamu KOmMopwvix SABNAAOMCSL PAUUOHAIbHblE GYHKUUU C pa-
UUOHANbHBIMU KO3PPuyuenmamu, yodemcss noayuums KOHEUMbli -
2opumm, nossoasrowuil onpedenums, pewaemcsi au ypasHeHue 8 06006-
WeHHBbIX Keadpamypax, U, ecau peutaemcsi, Haimu ezo peuterue [33].
AJropuTM HCIONB3yeT: 1) OIEHKY CTeleHW pacimupenus K, monsa K,
3aBUCAIIYIO JIMIIb OT MOPSiZIKA YPABHEHUS U BHITEKAMOIUIYI0 U3 OOIIUX
COOOpaKeHUH Teopuu TPyl (CM. 1. 2.2 TJIaBkI 6); 2) TEOPUIO HOPMaJIb-
HBIX GOpM JMHENHBIX AuddepeHIINaTbHBIX YPaBHEHUH B OKPECTHOCTU
0CO00M TOYKHU; 3) TEOPUIO UCKIIOYEHUs A quddepeHIInaIbHBIX YPaB-
HEHWH Y HEPAaBEHCTB OT HECKOIbKMX OGYHKIMHM (HalZeHHyO 3ailieH-
6eprom u obobmiarllyio TeopeMy Tapckoro—3aigeHb6epra Ha caydai
mrddepeHINATBHEIX TTONEH).

§ 8. IPYIUE BU/ZBI PASPEIIMMOCTH

Komuun gomnomuun teopemy Ilukapa—Beccuo [20]. OH paccmoTpern 3a-
Jlauy O pa3pellrMOCTU JIMHEMHBIX YPaBHEHUH OT/ZEeNbHO B MHTErpajax
U OTZEeJIbHO B DKCIIOHEHTAaX MHTErPaJOB M BapUaHTHI 3TUX 33/Ja4, B KO-
TOPBIX [JOMTYCKAIOTCS alrebpandecKye paclInpeHus.

[lpyn ompefeneHUu pacmupeHni JIMYBWUIA HCIONb30BANIKUCh TPU
BUJIA pACIIMpEHUl: anrebpandeckue pacIIUpeHUsd, MPUCOeIUHEHUs
HMHTErpajoB U IMPUCOeANHEHUA SKCIOHEHT MHTerpasoB. MOXXHO olpe-
JenuTh Ooslee YacTHble BHUJBI Pa3peIlNMOCTH, HCIONb3Ys B KauyecTBe
«CTPOUTETbHBIX KUPIIMYUKOB» TOJBKO HEKOTOpPBlE M3 3THUX paclIvpe-
HUl (1 UCIIONB3YS JIUIIb CIelNalbHble aarebpandecKre paciIivupeHus).
[TepevrciM OCHOBHbIE BAPUAHTHI:

1) pa3pemmuMoCThb B MHTerpasax,

2) paspemumMocTb B MHTErpalax U paJuKaiax,

3) paspemumMocTb B MHTErpaiax U B aarebpandeckux GyHKIUAX,

4) pa3peuIMoCTb B SKCIIOHEHTaX UHTETPAJIOB,

5) pa3pemuMocTh B SKCIIOHEHTaxX MHTErpajioB U B ajirebpandecKux
byHKIUAX.

PacumdpyeM TpeTbe U3 3THUX OIpeZeeHUH.

PaccMOTpHM TNIPOM3BOIBHYIO ILeTNOYKy AuddepeHIInaNbHbIX IToMeil
K=K, <...CK,, B KOTOpOH KaxJoe ciefymollee none K;, i=1,...,n,
b0 moy4yaeTcs U3 npezblaymiero noud K;_, IpucoefuHEHNEM HHTe-
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rpana Haz K;_;, 1u60 ABIsSeTCsa aarebpanvecKUM pacIlipeHUeM IO
K;_,. Kaxpgplii onemeHT guddepeHnranbHOro moss K, Mo onpezeseHuo
npedcmasum 8 uHmezpanax u anzedbpauveckux dyHkyusx Haz monem K.
YpaBHeHUe peltaeTcss HaZl mojeM K B MHTeTpajax U B ajrebpandecKux
bYHKIUAX, €CITU KaXK/J0€ ero pellleHUe MPe/CTaBlIeH0 B MHTETpaiax v B
anrebpandeckux GYHKIUAX.

AHaJIOTUYHO pacuubpOBBIBAIOTCA U APYTHe BUABI Pa3pelIMMOCTH
1-5.

3AMEYAHUE. 1. OTaenpbHO paccMaTpuBaTh pas3pellMMOCTb B pajiu-
KaJlax U 9KCIIOHEHTaxX WHTErpajioB He HaZlo, TaK KaK KaXAbI pafiuKai
SIBJISIETCS DKCIIOHEHTOM MHTErpasa.

2. Bplllle MBI pacCMaTpUBaIU CIlelIaIbHbIE aareOpauvecKue pac-
MIUpEHUs, TOMyIeHHblEe TPUCOEANHEHNEM KOPHeH ajrebpanvecKux
ypaBHEHU CTelleH! He BhIle k. MOXKHO GBUIO GBI, CKaXKEM, OTIPEAETUTh
k-pa3pemmMocTh B HHTerpajax, KOMOWHHpys NoA0OHbIe anrebpau-
YecKue paclIupeHys ¢ MPUCOeIUHEHUSMHU UHTErPajoB. MBI 3TOrO He
JleiaeM, YTOObI He 3aTPOMOXK/IATh TEKCT U M3-3a OTCYTCTBUSA MHTEPECHBIX
MIPUMEPOB.

OnpEAENEHUE 1. CkaxeM, YTO MaTpuyHasd rpynna G ABidgeTcd cne-
yuanbHoll mpeyzonbHoll epynnoil, eciu CylecTByeT 6a3uc, B KOTOPOM
BCE MaTPHIIbI TPYNIbI G ONHOBPEMEHHO TPUBOJATCA K TPEYTOJIHHOMY
BU/y U BCe COOCTBEHHBIE YMC/IA KAXKAOW MaTPHUIIbI U3 TPYIIbl G PaBHBI
eZINHUIIE.

OnPEAENEHUE 2. CKakeM, YTO MaTpUYHAs I'pymnmna oudzoHANbHA,
€CJIH CyIIEeCTBYeT 6a3uc, B KOTOPOM BCE MATPHIIbI IPYIIHI AMATOHATbHBI.

TEoPEMA 8.1 (KO/NMYMHA O PA3PEMMMOCTU B HHTETPAJIAX).
Jluneiinoe dugdeperyuansHoe ypasHeHie HA0 OuPdepeHlUaANIbHbIM NOo-
nem K pewaemcsi 8 unmezpanax, 8 uHmezpanax u paoukanax, 8 uH-
Mmeepanax u anzebpauueckux @yHKUUSX, eCaU U MOJbKO ecau 2pynnd
Tanya ypasHenus Had K coomeemcmeeHHO S8J15emcsl CneyuaibHol mpe-
Y20/1bHOU 2pynnotl, pazpeuuma u co0epucum cneyuaibHblil mpey2onabHblil
HOPMAIbHBLU Oenumenb KOHEUHO20 UHOeKCd, cOO0epiuCUm CneyudanbHblil
Mpey201bHblll HOPMAbHbLIL 0elumelb KOHeUH020 uHdeKcd.

TEoPEMA 8.2 (KOJYMHA O PA3PEINIMMOCTU B DKCIIOHEHTAX
UHTETPAJIOB). JluHeliHoe OuddepeHyuanvHoe ypasHeHue HAO Oug-
¢depeHyuansHbim nosem K pewaemcs 8 IKCnoHeHmMax uHmezpanos u 8
IKCNOHEHMAax UHMe2panos u anzebpauueckux GyHKYUsX, ecau U moJibko
ecnu ezo epynna I'anya Had K coomgemcmeeHHO pazpeuuma u cooepicum
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O0UA2OHAbHBLI HOPMANBHLLI Oenumenb KOHeUH020 UHOeKcd, codepaicum
O0UA2OHAbHBLI HOPMALHBLLL Oeiumenb KOHeUH020 UHOeKcd.

HeckombpKko €I0B 0 l0Ka3aTenbCTBe 3TUX TeopeM. ['pymma 'amxya npu-
CcoeIMHEHUA WHTerpaja aHTUKOMIakTHa (cM. 1. 4.2). I'pymma lanya
[IpPUCOEVHEeHU SKCIIOHEHTHl UHTerpajia KBasukoMnaxkTHa (cM. II. 4.3).
KoyanH pasBUI TEOPUIO aHTUKOMITAKTHBIX ¥ KBa3UKOMITAKTHBIX aire6-
panyecKux MaTPUYHBIX TPYII. BOT 0ZHO HeCJIOXKHOe YTBep)KJeHUe U3
3TOM TEOpUH.

YTBEPXKAEHUE 8.3 [20]. 1. Aneebpauueckass mampuuHas epynna
K8A3UKOMNAKMHA, eCAU U MOJbKO eCaU Kaxcdas mMampuyd 2pynnst npu-
g8o0umcs k OUAZOHAILHOMY 8UDY.

2. Anzebpauueckas MAmMpuuyHas 2pynnd aAHMUKOMNAKMHA, ecau U
MOJIbKO eciu 8ce cOOCmBeHHble YUCAA KAHOOU MAMPUUbL 2DYNNbL PABHDLL
eduHuye.

Teopra KBa3sMKOMIAKTHBIX U aHTMKOMIIAKTHBIX I'PYII BMeCTe C OC-
HOBHOU TeopeMoli Teopuu [Tukapa—Beccro nosponwim KomunHy foka-
3aTh €ro TEOpeMBI O Pa3pelIMMOCTY B UHTErpajax U O pa3peliMoCTH B
SKCIIOHEHTax UHTEeIrPaJoB.

Paszymeetca, Teopembl KomuuHa, Tak ke Kak U TeopeMma [lukapa—
Beccuo, cripaBefs BBl He TOJNBKO IS JIMHEWHBIX AndepeHIIHaNibHbIX
ypaBHEHUM, HO W Ajd pacmupeHuil [Tukapa—Beccro (kaxkzgoe Takoe
pacuIipeHre IOPOXKAeHO PelIeHUAMU TNHEHHOTO A depeHIIaTbHOTO
ypaBHeHUdA). ChopMynrupyeM KpUTepUi [J1d pa3InyHbIX BUOB IIpe/CTa-
BUMOCTHU BCeX 3lIeMeHTOB pacipenus [lukapa—Beccuo ¢ TpeyroibHON
rpymnmol T'aimya. DTOT KpUTepull Jlerko BBITeKAaeT U3 TeopeM KomymHa
u TeopeMsl [lukapa—Beccro. MBI IpuUMeHUM 3TOT KpUTepUM B II. 2.3
IIaBbl 6 TIPU OOCY)KAEHUU DPA3JMYHBIX BU/OB Pa3peIIUMOCTU CUCTEM
ypaBHeHu# Tuna Pykca ¢ MasbiMu KO3hPUITIEHTaAMHU.

PACHIMPEHUE C TPEYTOJIbHOU reynnoi 'anva (cp. [20]). Ilycms
pacwupenue ITuxapa—Beccuo F dugdepenyuansrozo nons K umeem
mpeyzonvHyto epynny Ianya. Toeda kasxcovlil anemenm nons F

1) npedcmasiim 8 keadpamypax Had nonem K;

2) npedcmasiim 8 uHmezpanax u anzebpauteckux GyHKYUAX ULl 8 UH-
mezpanax u padukanax' nad nonem K, ecaiu u monwvko ecnu cobcmeenHbie
qucaa ecex mampuy, epynnst [anya — KOpHU U3 eOUHUUbL;

13Ty BUABI Pa3pElIMMOCTH Pa3IMYAIOTCH, €CTH He TPeGOBaTh TPEYTONbHOCTH TPYIIIHI
lanya.
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3) npedcmasiim 8 unmezpanax Haod nosem K, ecau u moavko ecaiu ece
cobcmeetHble YUcaa 8cex mampuy, epynnst Ianya pasHvt eOuHuue;

4) npedcmagiim 8 3KCNOHEHMAX UHMezpanos U 8 aneedpauueckux
dyHICUUAX UL 8 IKChOHeHmax urmezpanos’ nad nonem K, ecau u monw-
Ko ecau 2pynna I'anya OuazoHaibHa;

5) npedcmastim 6 anzebpauueckux GyHKUUAX Ul 6 padukaiax’ Had
nosem K, ecnu u moavko ecau epynna I'anya duazonanwvHa, a ece cob-
CmeeHHble UUCaa 8cex mampuy 2pynnot [anrya — KOpHU U3 eOUHUUbL;

6) siecum 8 nose K, ecau u moavko ecau epynna Ianya mpusuanbHa.
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I'nmaBa 4

HAKPBITHA U TEOPUA TAJIYA

OTa r1aBa MOCBsIIEeHA TeOMETPUHN HAKPHITUM U ee CBiA3U ¢ Teopueii [a-
sya. CylecTByeT yAUBUTENIbHAA aHAJIOTHA MeXAY Kiaccudukanyein Ha-
KPBITUY HaZl CBA3HBIM, JIOKQJIBHO CBA3HBIM U JIOKQJBHO OJHOCBA3HBIM
TOTIOJIOTUYECKUM IIPOCTPAHCTBOM U OCHOBHOH TeopeMoi Teopuu l'arya.
Mz1 bopMyIupyeM pe3ynbTaThl KiIacCUPUKAIUU HAKPHITUI TaKUM 06pa-
30M, 4yTOOBI 3Ta aHaJIOrHsA Opocaach B IJIasa.

EcTb Lesblif psizi 6IM3KUX 3a/1a4 0 KiaccupUKaluy HaKpeITuii. Kpome
0OBIYHON KJIacCUPUKAIUN, €CTh KIacCUPUKAIUA HAKPHITUH C OTMe-
YeHHBIMU TOYKaMHu. MOXXHO ¢(UKCHpPOBaTh HOPMaJbHOE HAKpBITHE U
KIaccudUIUPOBaTh HAKPHITUA (M HAKPBITUA C OTMEYEHHBIMHM TOYKa-
MU), TOAYMHEHHBIE STOMY HOPMaJIbHOMY HaKPBITHIO. J[JIf HAIIKX Iejei
He0OXOAMMO pacCMaTpUBATh Pa3BeTBJEHHbBIE HAKPBITUA HaJ PUMAaHO-
BBIMH ITOBEPXHOCTSMHU UM peIlaTh aHAJIOTUYHBIE KJIACCUPUKAIMOHHBIE
3a/1a4¥ I pa3BeTBIEHHBIX HAKPBITUH U T. 1.

B § 1 paccMaTpuBarOTCA HAaKPHITUSA HaZ TOTOJOTUIECKUMU IIPOCTPaH-
cTBaMU. MBI OAPOOGHO OOCYXKJaeM KiIacCUPUKAIIUI0 HAKPHITHH C OT-
MeYeHHBIMU TOYKAMU HaZ CBS3HBIM, JIOKQJIBHO CBSI3HBIM U JIOKAJIBHO
OZTHOCBSI3HBIM TOTIOJIOTMYECKUM IIPOCTPAHCTBOM. OCTasbHbIE KJIACCU-
bUKalMOHHBIE 337aYU JIETKO CBOJSATCA K 9TOM KIacCUbUKALIUM.

B § 2 paccmaTpuBarOTCs KOHEYHOMVCTHBIE Pa3BETBIEHHbIE HAKPHITHA
HaJ, PUMAaHOBBIMU ITOBEPXHOCTSIMU. Pa3BeTBIeHHblE HAKPHITHS CHa-
Yajia ONpeseNAloTcd KaK COOCTBEHHBIE OTOOpaKeHUA BeleCTBEHHBIX
MHOTr0o00pasvii B pUMaHOBY IIOBEPXHOCTb, HMeEIOIIUE OCOOEHHOCTH,
XapakTepHble [ KOMIUIEKCHBIX aHAJUTHYECKUX OToOpakeHUU. 3a-
TeM IOKa3bIBAETCS, YTO Pa3BETBIEHHbIE HAKPBITUA UMEIOT €CTECTBEH-
HYIO aHAJIUTUYECKYIO CTPYKTYpy. OOCYXaeTcs onepanys MOIOTHEHUA
HaKpBITUU HaJ, PUMaHOBON IOBEPXHOCThIO X, M3 KOTOPOH yZAaJIeHO
JUCKpeTHOe MHOXKecTBO O. DTa omepaius OAWHAKOBO IPUMEHHMa
KaK K HaKpBITUAM, TaK UM K HAaKPBITUAM C OTMEYEHHBIMU TOYKaMH. B
pesyJbTaTe ee IPUMEHEHUS U3 KOHEYHOIUCTHOTO HaKphITUA HaZ X \ O
HOJTy9aeTcs pa3BeTBIeHHOE KOHEYHOINCTHOE HaKphITHE Haz X.

Knaccuduraiiysa KOHETHOMUCTHBIX PAa3BETBIEHHBIX HAKPHITUH ¢ GUK-
CHPOBAHHBIM MHOKECTBOM BeTBJIEHUS [TOYTH JOCIOBHO IIOBTOPSET aHa-
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JIOTUYHYIO KJIacCUUKAIINIO Hepa3BeTBIEHHbIX HAKPHITUN. I109TOMY MBI
OTpaHUYMBAEMCS JIUITh GOPMYINPOBKAMU PE3YIbTATOB.

1 cpaBHEHUA OCHOBHOU TeopeMbl Teopuu ['asnya u kinaccudukanum
Pa3BeTBJIEHHBIX HAaKPHITUH Toe3eH cieaytomuii pakt. MHOXeCTBO Op-
OUT ZeiiCTBYUA KOHEYHO! I'PYIIIBI HA OAHOMEPHOM KOMIUIEKCHOM aHaJIU-
TUYECKOM MHOT000pa3uu MMEET eCTECTBEHHYIO CTPYKTYPY KOMILIEKC-
HOTO aHAJIMTUYECKOT'O MHOTO0Opasus. B okazaTenbCTBe UCIONb3YeTCs
pe3onbBeHTa Jlarpamxka (B Teopuu ['amya pe3osbBeHTHI JlarpaHka uc-
IIONIb3YIOTCA JJIA J0Ka3aTelbCTBa Pa3pelIMMOCTU B paZlKaiax ypaBHe-
HUU C pa3peniuMmoi rpymnmnoii [anya).

B 0. 2.4 onepaiiyd IONOJHEHUA HAKPBITUN IIpUMeHAeTcs [ ollpe-
JleleHNsl PUMaHOBOH ITOBEPXHOCTH HENPUBOAMMOIO aarebpandecKoro
ypaBHeHus Haz noneM K (X) mepomopdHBIX GYHKIIMI HAa MHOTOOOpA-
3uu X.

[Taparpad 3 ocHOBaH Ha Teopuu l'ajya U TeopeMe CyIIECTBOBAHUA
Pumana (KOTOpy:0 MBI IpUHMMaeM 6e3 J0Ka3aTeJbCTBA) U IOCBAIIEH
CBA3K MEX/y KOHEYHOJMCTHBIMU Pa3BeTBIEHHBIMU HAKPBITUAMHU HaJ
MHOroob6pasveM X W anrebpaniyecKMMU pacmupeHusMu mons K(X).
[MokasbiBaeTcs, uto mose K (M) mepomopdHbIX GyHKITMI HAa M ABIseTCA
anrebpandeckuM pacirpenueM moss K (X) mepoMopdHbIX GyHKITHI Ha
X um uyTO KaxkJoe anrebpandeckoe paciupenue nond K (X) monyyaercs
TaKUM CII0COO0M.

KntodyeByto posnb urpaer ciefyrolias KOHCTpyKuuA. PUKcHUpyeM Auc-
KpeTHOe MoAMHOXkecTBO O B MHOroo6pasuu X u Touky a € X \ O. Pac-
cmorpuM mnone P,(0), cocrosmee U3 MePOMOPGHBIX POCTKOB B TOU-
Ke a € X, KOTOpble MepOMOPPHO IIPOAOIKAIOTCA 0 KOHEYHO3HAYHBIX
¢byuxumit Ha X \ O, uMmeromux anrebpandeckre O0COOEHHOCTH B TOY-
kax MHOXecTBa O. Omeparnua MepoMOpGHOro IPOJOIKEHUS POCTKA
B/IOJIb 3aMKHYTOU KPUBOU 3aJaeT AielicTBrEe QyHAAMEHTATbHON TPYIIIIHI
711(X\ 0, a) na none P,(0). K zeiicTBHUIO 3TOM TPYIIITEl aBTOMOPOU3MOB
nonsa P,(O) npumeHAOTCA pesynbTaThl Teopuu [amya. OmnucelBaeTca
COOTBETCTBHE MeXAy mnognonamu nons P,(0), asmgoomuMucsa anreb-
pandeckuMu pactmpeHuaMu noud K(X), u noarpynmnamMyu KOHEYHOT'O
uHzekca B dyHaaMmeHTanbHOM rpyme 71 (X \ O, a). JlokaspiBaeTcs, 4To
3TO COOTBETCTBUE ABJIAETCA B3aUMHO OZHO3HAUHBIM. B foKasaTenbcTBe
KpoMe Teopuu ['anya ncronbsyeTcs TeopeMa CyliecTBoBaHUA PumaHna.

HopMmanbHble pa3BeTBIeHHble HAKPBITUSA HaJ CBA3HBIM KOMILIEKC-
HBIM MHOTOO6Opa3sueM X CBs3aHBI ¢ paciuiupeHusamu lamya monsa K(X).
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OcHoBHas TeopeMma Teopuu l'anya g TaKUX paclIUpeHUN UMeeT Ipo-
3pavyHyI0 reOMEeTPUYECKYI0 UHTEPIIPETAIHIO.

JIoKaJbHBI BapUaHT CBS3U MEXKAY Pa3BeTBIEHHBIMU HAKPBITUSIMU
U anrebpanyecKUMHU pacCIIUPEeHUsIMHU I03BOJISIET OMMCATh aarebpau-
YecKHre pacCUIMpeHHs IO CXOAAmMXCs psagoB JlopaHa. PacumipeHus
3TOTO TIOJIS AaHAJOTHYHBI aJrebpandecKUM pPacIIUPEHUAM KOHEYHOT'O
nonst Z/pZ (npu 3TOM aHAJIOTUY 3aMKHYTOM BellleCTBEHHON KPUBOM Ha
IUIOCKOCTH, 00XOAAMNIEH BOKPYT TOUYKU 0, COOTBETCTBYET aBTOMOPGH3M
®pobeHunyca).

B KoHIle IIaBBl pacCMaTpUBAIOTCA KOMIIAKTHBIE OJHOMEDPHEBIE KOM-
IUIeKCHble MHOro0o6pasusa. C OfHOHM CTOPOHBI, COOOpaXeHUs TEOpUU
Taymya TOKa3bIBAIOT, YTO IoJie MepOMOP(HBIX (PYHKIIMA HAa KOMIIAKT-
HOM MHOT000pasuy SBJIAETCS KOHEYHONOPOXKIEHHBIM pPacIIMpeHueM
IIOJI1 KOMIUIEKCHBIX YHCeJl CTeNeHU TPAaHCLEeHJEeHTHOCTH OAWH (B JO-
Ka3aTeJbCTBe HCIONb3yeTCsl TeopeMa CyllecTBOoBaHUA Pumana). C apy-
rol CTOPOHBI, pa3BeTBJIEHHble HAKPBITUA IO3BOJAIOT JOCTATOYHO AB-
HO OmMcaTh BCce anrebpamyveckue pacCIIMpPeHUs MO PaIlfMOHATbHBIX
byHKIIMH OT offHOTO TIepeMeHHoro. I'pymnma l'asya Takoro paciupeHus
VMeeT reOMeTPUYECKUI CMBICI: OHA COBIIA/IaeT C I'PYIIION MOHOAPOMUU
PUMAaHOBOM TMOBEPXHOCTU anrebpamdeckoil GYHKIUU, OIMpeerleHHOM
3TUM ypaBHeHHeM. [loaToMy Teopus lasmya [JOCTaBJsAeT TOIOJIOTHYe-
CKOe TIPEMATCTBHE K MPEeACTAaBUMOCTH ajrebpandeckux OGyHKIWH B
paJuKaiax.

§ I. HAKPBITUA HAZ TOIMIOJOTUYECKMMU ITPOCTPAHCTBAMU

SToT maparpad IMOCBsAIleH HAaKPBITUAM HaJ, CBA3HBIM, JIOKAJIbHO CBA3-
HBIM U JIOKQJIbHO OZIHOCBA3HBIM TOIIOJIOTUYECKUM ITPOCTPAHCTBOM. ECTh
LEJTBIN Pzl OIU3KUX 33/1a4 O KiIacCubUKAIIMK HAKPBITHHA. B 1. 1.1 MBI 1O-
IPO6HO 06Cyx/1aeM KiaccuUKAIMIO HAKPBHITUH ¢ OTMEUYEeHHBIMU TOYKa-
Mu. OcTasbHble KIaccupUKAIMOHHbBIE 3aZa4u (cM. 11. 1.3) JIerKo cBOAAT-
¢ K aTo¥ Kiaccudukanuu. B m. 1.2 06cykAaeTcss COOTBETCTBUE MEKIY
noArpymnnamMu GyHgaMeHTaNbHOU IPYIIIBEL M HAKPBITUAMU C OTMeYeHHBI-
MM ToyKamu. B 1. 1.4 omuckiBaeTcs yAuBUTeNbHAs GpopMabHast aHAIO-
U MEeX/y KiaccubuKalmel HaKpbITUE U Teopuel Tamya.

1.1. Knaccudukanusi HAKpBITUHA ¢ OTMEYEHHBIMM TOYKamu. He-
TIpEPBIBHBIE OTOOPAKEHUS f; U f, TOMOJOTUYECKUX MPOCTPAHCTB Y, U
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Y, B Tomosoruyeckoe IIPOCTPAHCTBO X HA3BIBAIOTCA J1€B0IKBUBATIEHM-
HbIMU, €CJIA CYIECTBYET ToMeoMopdusM h: Y; — Y,, KOMMYTUDPYIOIIHUI
¢ oTobpakeHUAMU f; U f,, T. e. TakoH, 4To f; = f, o h. Tomomoruye-
CKOe MPOCTPaHCTBO Y BMecTe ¢ mpoeknuei f: Y — X HasbBaeTca Ha-
Kpbimuem co cioem D Haj TOIOJIOTMYECKUM IIPOCTPAHCTBOM X, TZe
D — AWCKpeTHOe MHO)XECTBO, €CJIU Y KaKAOH TOYKU ¢ € X CYIIECTBYET
OKpecTHOCTb U, Takasg 4TO OTOoOpa’keHHEe IMPOEKINU IPOU3BeAEHUs
U X D Ha MepBBIi COMHOXHUTEh JIEBOIKBHUBAJIEHTHO OTOOPaKEHUIO
f:Yy; > U, rae Yy = f1(U). Jina HakpHITUii cIpaBeIMBa TeopeMa o
HakpbIBatoleil romoTonuu (cM. [35]), KOTOpyto MBI He 6yzZeM [0Ka3bl-
BaTh. JTa TeopeMa HaM OyZeT Hy)XHa B CJIydasx, Korza KomIuiekc Wi
SIBJIAETCS TOUYKOU M oTpeskoMm [0, 1].

TEOPEMA 1.1 (0O HAKPBIBAIOIIEW TOMOTONUN). [Tycms f: Y =X —
Hakpsimue, W, — k-meprsiil knemounsiii komnaekc u F: W, — X, F:
W, — Y —e20 omobpancerus 8 X u Y, makue umo T o F =F. Tozda
ons ecsikoil eomomonuu Fo: Wy x [0, 1] = X omo6paxcenus F, Fy =F,
cyujecmsyem, U npumom eOUHCMBEHHOe, ee NoOHAmMuUe 00 20MOmonuu
F,: W, x [0, 1] =Y omo6paxcenus F, Fy=F, n(F,) =F,b.

PaccmoTrpuMm HakpeiTre f: Y — X. Tomeomopdusm h: Y — Y HasbiBa-
eTcs1 npeobpazosaHilemM HANONHCEHUST STOTO HAKPHITHA, €CJIU BHITIOTHAETCS
paBeHCcTBO f = f o h. [Ipeobpa3oBaHUs HAJOXEHUS OOPA3yIOT TPYIIIY.
HaxprITHe Ha3bIBaeTCs HOPMAIbHbIM, €CJIU ero Ipymnmna mnpeobpasoBa-
HUN HaJOXKEeHWs TPAH3UTHUBHO JEWCTBYeT Ha KaXJoM cjoe f (),
a € X, HaKPBITUs U BBHITIONHAIOTCS CJIEAYIOIINE TOMOIOTMYECKUE YCIOBUS
Ha mpocTpaHcTBa X M Y: IIPOCTPAHCTBO Y CBA3HO, IIPOCTPAHCTBO X
JIOKAJIbHO CBSI3HO U JIOKAJbHO OZHOCBA3HO.

Tpotika f: (Y, b) — (X, a), cocTosIas u3 MpOCTPAHCTB C OTMEYEHHBI-
Mu Toukamu (X, a), (Y, b) u orobpaxkeHus f, Ha3bIBAETCS HAKPbMUEM
C OmMmeueHHbIMU moukamu, eciu f: Y — X —Hakpeitue u f (b) =a. Ha-
KPBITHSA C OTMEeYeHHBIMU TOYKaMU Ha3bIBAIOTCA IKB8UBATEHMHBIMUL, €CTTU
CyLIeCTByeT roMeoMOpPGH3M MEXK/Y HAaKpPhIBAIOIIUMU IIPOCTPAHCTBAMU,
KOMMYTHUPYIOLINH C IIPOEKIUAMY U TePEBOAAIINN OTMeYEeHHYIO TOUKY B
oTMeueHHyI0. OOBIYHO U3 0603HAYEHUI BUAHO, UAET JIU PeYb O HAKPHI-
THAX WIN O HAKPBITUAX C OTMEYEHHBIMU TOYKaMU. B TaKuX cydasx Mbl
JUIA KPaTKOCTH MHOTZa OyzZeM FOBOPHUTH O HAKPBITUAX, OIycKas CJIOBa
«C OTMEYEHHBIMU TOYKaAMU».

i HaKpbITHA ¢ oTMedeHHbIMU Toukamu f: (Y, b) — (X, a) ompeze-
sieH romomopodusm f,: m,(Y, b) — 1, (X, a) dyHAaMEHTaNIbHON TPYIIIIEI
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11 (Y, b) mpocTpaHcTBa Y c 0OTMe4YeHHOU TOUKOM b B GyHAaMEHTaTbHYIO
rpynmy 7, (X, a) mpoctpadcTBa X ¢ OTMEYeHHON TOYKOH d.

JIEMMA 1.2. /[Ina HaAKpuimusi ¢ OmMMmeueHHbIMU MOoUKamu UHOYUUPO-
BAHHbLIL 20MOMOPPUIM PYHOAMEHMANBHBLX 2pYNn He umeem s0pd.

JOKA3ATE/NBbCTBO. IlycTh 3aMKHyTas KpuBad y: [0, 1] = X, y(0) =
=y(1) =a, B mpocTpaHcTBe X ABJIAETCA 06pa3oM f o ¥ 3aMKHYTOM KpH-
Boii 7: [0,1] =Y, 7¥(0) =¥(1) =b, B mpoctpanctBe Y. [IycTh kpuBad y
TOMOTOITHA TOXK/I€CTBEHHOHN KPHUBOH B IIPOCTPAHCTBE KPUBHIX C 3aKpell-
JIeHHBIMU KoHIIamMu Ha X. Torga KpuBasf ¥ TOMOTOIIHA TOXK/AE€CTBEHHOMN
KPUBOH B MPOCTPAHCTBE KPUBHIX C 3aKpeIUIeHHBIMU KOHIIaMH Ha Y. [
[I0KA3aTebCTBA OCTATOYHO IIOAHATH 'OMOTOIMIO C 3aKpeIUIeHHBIMHU
KOHIIaMU Ha Y. O

JlJ1 BCAKOT'O CBA3HOTO, JIOKAJIBHO CBA3HOTO U JIOKAJBHO OHOCBA3HO-
'O TOIIOJIOTMYECKOT'0 IPOCTpaHcTBa X ¢ OTMeYeHHON TOYKOH a clipaBesi-
JIUBA CJIeAYIOIAsa TeopeMa.

TEOPEMA 1.3 (O KJIACCU®UKAILIMY HAKPBITUHN C OTMEYEHHBIMU
ToukAMU). 1. Jna kancdoil nodepynnst G 8 yHOAMEHMANBHOLL 2pyn-
ne npocmpaxcmea (X, a) cywecmayem cesdHoe npocmparcmeso (Y, b) u
Hakpvimue Hao (X, a) ¢ Hakpwvigarowum npocmparncmeom (Y, b), ons xo-
mopozo 0bpaz gynoamenmanwvHoll epynnst npocmparcmea (Y, b) coena-
daem ¢ nodepynnoii G.

2. Ecnu dns 08yx Hakpuimuii Hao (X, a) co c8sI3HbIMU HAKPLIBAIOWUMU
npocmpaucmeamu (Y1, by) u (Y, by) 06passt gfyHoameHmansHuix 2pynn
amux npocmpaxcms 8 yHoameRmanwHoll epynne npocmpancmsa (X, a)
cosnadarom, mo 08a HAKPbLMLL IKBUBATEHMHbL.

JJOKABATE/JILCTBO. 1. PaccMOTpUM IIpOCTPAHCTBO QX, a) KPUBBIX
y: [0,1] — X Ha X, HaunHaromuxca B Touke y(0) =a € X, u ero nog-
MIPOCTPAHCTBO QX,a, a,), cocTosilee U3 KPUBBIX, 3aKaHUUBAIOITUXCSA
B TOYKe a,. B mpocTpaHcTBax QX, a), Q(X,a, a,) BBEZIEM TOIIOJIOTUIO
PaBHOMEPHOU CXOAMMOCTU U CJeAyIolllee COOTHOLIEHHEe 3KBUBAJIEHT-
HocTu. CKa)keM, UTO KpUBHIE Y, U Y, DKBUBAJIEHTHBI, €CJIM OHU 3aKaH-
YHUBAIOTCS B OJHOW M TOM >Ke TOYKe a; U eCJd KpUBas y,; TOMOTOITHA
KPHUBOH 7, B pocTpaHcTse (1(X, d, d;) KPUBBIX C 3aKPETUIEHHBIMH KOH-
namu. O6o3HauuM uepe3 Q(X,a) u Q(X, a, a;) daxTopmpocTpaHcTBa
MIPOCTPAHCTB QX,a) u QX,a, a;) MO 3TOMY COOTHOIIEHUIO SKBUBA-
neHTHOCcTH. Ha mpoctpanctBe (X, a) zelicTByeT QyHAaMeHTalIbHaA
rpynma 7, (X, a) npy MoOMOIIM YMHOXeHUU crpaBa. a1 GUKCUpoBaH-
HOH rpynmel G C 7, (X, a) ob6o3HauuM udepes 2;(X, a) MpoCTpaHCTBO
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opburt gericTBusa rpynnel G Ha Q(X, a). Touku B Q;(X, a) —aTo ae-
MEHTBI IPOCTPAHCTBA QX,a, a,), 3aZlaHHble C TOYHOCTBIO [0 T'OMO-
TOIIMU C 3aKpeIUIeHHBIMU KOHI[JAMU U YMHOXKEHUs CIIpaBa Ha 3JIeMeH-
THI TOATPYNIEl G. B 3TOM NpocCTpaHCTBe ecThb OTMeYeHHasd TO4Ka d —
KJIacC AKBUBAJIEHTHOCTH MOCTOSHHOW KpuBOH ¥ (t) = a. OTobparkeHue
f:(Qs(X,a),a)— (X, a), conocrapiAmolee KPUBOH ee KOHEII, IBJAETCA
HaKphITHEM, obyazaromumM TpebyeMbIM cBoiicTBoM. He Gyzem ocTaHas-
JIUBATHCA Ha MPOBepKe 3Toro ¢axkTa. OTMETHM JIUIIb, YTO YCJIOBUSA HA
IPOCTPAHCTBO X HEOOXOAUMEI I CIIPABEJINBOCTU TeOPEMBI: ecau X
HECBSI3HO, TO OTOoOpakeHUe f He MMeeT IMpooOpa3oB HaZ KOMIIOHEH-
TaMH CBSI3HOCTHU IIpocTpaHcTBa X, He coep:KallMU TOYKY a; eciu X
He SIBJIAETCS JIOKAJbHO CBS3HBIM U JIOKAJBHO OZHOCBSI3HBIM, TO OTOO-
paxenue f: (Qq(X,a),da) — (X,a) MoxeT He SABIATHCA JIOKAJIbHBIM
roMeoMopdH3MOM.

2. TTokaxewm, uto HakpeiThe f: (Y, b) — (X, a), A/ KOTOPOTO TPyIIa
f.m1(Y,b) = G C m,(X,a), n1eBO3KBUBAJIEHTHO HAKPBITUIO, TIOCTPO-
eHHOMy IIO moArpymnmne G B MepBOM YacTU JOKa3aTelbCTBA TEOPEMEI.
ComocraBUM TouKe Yy €Y JI000H 27IeMeHT U3 MPOCTPAHCTBA KPUBBIX
Q(Y, b, y) Ha Y, HAYMHAIOIIUXCSA B TOYKE b, 3aKaHUMBAOIIUXCS B TOUKE
y €Y u omnpezieIeHHBIX C TOYHOCTBIO ZI0 TOMOTOIHMU C 3aKpeIUIeHHBI-
MU KOHI[aMH. IIycTb ¥, ¥ —ABe KpuBble u3 mpoctpanctBa Q(Y, b, y)
u 7= (§;)"! o ¥, —KpuBas, cocTaBleHHasa U3 KPUBOW , U M3 IIPOii-
JIeHHON B OOpaTHOM MOpsAAKe KpuBOW 7,. KpuBasd ¥ HaumHaerca u
3aKaHYMBaeTcs B TOYke b, O3TOMY KpuBad f o ¥ jexuT B rpymme G.
CnezoBaTenbHO, 00pa3 f o ¥ MPOU3BOMBHOW KPUBOW § W3 IPOCTPaH-
ctBa Q(Y, b, y) npu mpoekiuu f SABISAETCA OZHOM M TOMW K€ TOYKOU
u3 npoctpaHcTBa ;(X,a) (T. e. KpUBOM U3 NPOCTPAHCTBA QX, a),
oIIpeie/IeHHOM ¢ TOYHOCTBIO ZI0 TOMOTOIIMH C 3aKpeIUVIeHHBIMU KOHIIaMU
1 YMHOXEHHUA CIpaBa Ha aIeMeHTH Ipynnsl G). MTak, MBI comocTa-
BWIM TOUKe Y € Y TOUKy mpocTpaHcTBa {2;(X, a). Jlerko mpoBEepUTb,
YTO 3TO COIIOCTaBJIeHHE 3aZlaeT JIeBYI0 SKBHUBAJEHTHOCTb HaKpBITUA
f: (Y,b) = (X,b) co craHZAapTHBIM HAKPLITHEM, COOTBETCTBYIOUIUM
noarpymme G= f,m,(Y, b). O

1.2. HakppITHA ¢ OTMEYEHHBIMU TOYKaMU U MOATpymHibl pyHIa-
MeHTaJbHOMU rpymnmbl. TeopeMa 1.3 TOKa3bIBaeT, YTO HAKPBITHA C OTMe-
YeHHOU TOYKOM HaJ, IPOCTPAHCTBOM X C OTMEUeHHOU TOYKOH a ¢ TOoY-
HOCTBIO /IO JIEBOU SKBUBAJEHTHOCTH KJIACCUDUITUPYIOTCA MOATPYIIIaMHU

132



§ 1. HakpeiTua

G B dyHAameHTambHOU Tpytie 7, (X, a). O6CyAruM COOTBETCTBHE MEXK-
[y HAKPBITUAMU C OTMeYeHHBIMU TOYKaMU U IoATrpynnamMu gpyHzamMeH-
TaJIbHOW T'PYIIIIEL.

[Tycts f: (Y, b) — (X, a) — HaKpBITHE, COOTBETCTBYIOIIEE MTOATPYTIIIe
GcnX,a),uF= f‘l(a) — cJIoM, yekauuii HaZ Toukou a. CripaBes-
JIMBa CJIeyIOIIas JieMMa.

JIEMMA 1.4. Cnoti F Haxodumcsi 860 83aUMHO 00HO3HAUHOM coomaem-
CMBUU ¢ NpasblMU KAACCAMU cCMexcHocmu epynnel 741 (X, a) no nodzpyn-
ne G. Ecnu mouke c cnost F coomgemcmayem npasblil Kaacc cMencHoCmu
h, mo naxpvimuro f: (Y, c) — (X, a) c ommeueHHoll moukoii ¢ coomaem-
cmeyem epynna hGh™1.

JOKA3ATE/NBbCTBO. Ha mpocTtpaHcTBe (X, a,a) 3aMKHYTBIX KpU-
BBIX, HAUYMHAIOUIUXCA B TOUKE d U OIpeZieJIeHHBIX C TOYHOCTBIO ZI0 TOMO-
TOIIMH C 3aKpeIUVIeHHBIMU KOHIIAMH, AeUCTByeT rpymnmna G Ipyu IOMOIIU
YMHOXeHUs cripaBa. COIIaCHO OITMCAHUIO HAKPBITHSA, COOTBETCTBYIOIIE-
ro rpymme G (cM. 1. 1 Joka3aTesbCTBa TeopeMsl 1.3), Tpoo6passl TOYKU
a [JIs1 3TOTO HAKPBITUSA — OPOUTHI JelcTBUA T'pynnbl G Ha MPOCTPaH-
ctBe (X, a, a), T. e. MpaBble KJIAaCChl CMEXHOCTHU T'PyIIHl 7T, (X, a) mo
noarpymre G.

[Tycts h: [0, 1] — X — kpuBas B npocTpaHcTBe X, HAYMHAIOWAACA B
touke h(0)=a, u h: [0,1] > Y, ffl = h, — oAHATHE 3TOW KpUBOH Ha Y,
HaurHaroleecsa B TOYKe fl(O) =b ¥ 3aKaHYMBaIOIEeeca B TOYKE fz(l) =c.
[TycTts G, C (X, a) —moArpymna, cocTosAas U3 KpUBBIX, TOAHATHA KO-
TOPBIX Ha Y, HaUMHAIOIIMeECHd B TOUKe ¢, 3aKaHUYUBAIOTCA B TOU e TOU-
Ke c. Jlerko mpoBepsioTca Bkmodenud hGh™' C G;, h™1G,h C G, koTopble
TOKA3LIBAIOT, 4To G; =hGh™!. O

CkaxkeM, 4TO HakpwiThe fy: (Y,, by) — (X, a) noduuHeHo HAaKPBITUIO
fi: (Y1, b)) = (X, @), ecnu cylecTBYeT HeNpephIBHOE OTOOpakeHUe h:
(Y3, b;) — (Y;, by), corniacoBaHHOE C TIPOEKITUAMH f, f5, T. €. TAKOE, YTO
fi=fooh

JIEMMA 1.5. Hakpsimue, coomeemcmayrouwee noozpynne Gy, noouuHe-
HO Hakpslmuto, coomgemcemaytoujemy nodepynne G, ecaul U MoJbko ecaul
gblnosiHaemes skaouerue G, 2 Gy.

JOKA3BATENBCTBO. IlycTh 711 (X, a) 2 G4, 2 Gy, unycTh fy: (Vs, by) —
— (X, a) —HakpbITHe, COOTBETCTByWOIIee moArpymnmne G, B 71(X, a).
[To nemme 1.2 rpynna G, coBmagaer ¢ ¢yHAaMeHTaTbHOM TIPYIIION
11 (Y5, by) mpocTpanctBa Y,. Ilycts g: (Y7, by) — (Y5, by) — HaKpeITHE, CO-
OTBETCTBYyIOIIee moArpyIie G, B byHAaMeHTaIbHOU rpyme 1, (Ys, by) =
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= G,. OTobpaxkenue f; = f,o0g: (Y7, b;) — (X, a) 3az1aeT HaKpHITHE Ha/
(X, a), cooTBeTcTByMOIEe noAarpymne G; C 7, (X, a). Takoe HakpbITHE
eZIMHCTBEHHO C TOYHOCTBIO /IO JIEBOY SKBUBAJIEHTHOCTU U HAKPBITHE f,
MIOJYMHEHO €My, YTO JOKa3bIBAET JIEMMY B OHY CTOPOHY. B mpoTuBormo-
JIOXXHYIO CTOPOHY OHa IpoBepsAeTcs aHaJOrMYHO. O

PaccmorpuM HakpeiThe f:Y — X, [JIA KOTOPOT'O NPOCTPAHCTBO Y
CBAI3HO, a X JIOKQJIBHO CBSI3HO U JIOKAJIBHO OJHOCBA3HO. I1yCTh /71 HEKO-
TOPOM TOYKU a € X HaKpbITHE 00JaZiaeT CIeAyIOIIUM CBOMCTBOM: IS
J060ro BhIOOpa MPOOOPa30B b 1 ¢ TOYKH d HAKPBITHSA C OTMEYEHHBIMU
toukamu f: (Y,b) = (X,a) u f: (Y, c) — (X, a) skBuBajsieHTHH. Torza
1) HakpbITHe 006JaZlaeT 3TUM CBOWMCTBOM /IS JIOOOW TOYKM a € X, 2)
HakpwITHE f: Y — X HopManbHO. OOpaTHO, €CTM HAKPHITUE HOPMAJIBHO,
TO /7151 1I000H TOUYKYM a € X OHO 00sajlaeT 3TUM CBOHCTBOM. DTO YTBED-
JKJleHHe HeIOoCPe/JCTBEHHO BBITEKaeT U3 OIpe/ie/ieHUs HOPMasbHOT'O
HaKpBITHA.

JIJEMMA 1.6. Hakpbimue 58/151€mMcsi HOPMAIbHbIM, eCaAU U MOJbKO
ecaU OHO coomeemcmaeyem HeKOMmopoMy HopmansHomy Oenumento H e
dyHOamenmanwvHoill epynne m,(X, a). Jns amozo HOpMANbHO20 HAKDbL-
mus 2pynna 20MeomopPu3mMo8 HANONCEHUS USOMOPPHHA Pakmopepynne
m,(X,a)/H.

JIOKA3ATEJNBCTBO. IlycTh Hakpeitue f: (Y,b) — (X, a), cooTBeT-
cTBytoliee moAarpynmne G C 7,(X, a), HopmanabHO. Toraa i Jr060r0
mpoobpasa ¢ TOYKM a 3TO HAKPBITHE JEBOIKBUBAJIEHTHO HAKPBITUIO
f:(Y,c) = (X,a). CornacHo ysemMe 1.4 3TO O3HavaeT, 4yTo rpymmna G
COBMaZIaeT C J0OOW CBOEW COMPSKEHHOU moArpyrmmoi. CiaemoBaTesb-
HO, rpynna G fBifeTcs HOPMaJbHBIM JienuTeseM B GyHAaMeHTaIbHON
rpymre. AHaJIOTUYHO IpoOBepseTcd, 4To eciu G — HOPMaJIbHBIN Jleu-
Tenb B QyHAAMEHTATbHOU TPYIIIIE, TO COOTBETCTBYIOIIEe 3TOM IpyIe
HaKpbITHEe HOPMaJIbHO.

T'omeomop¢dH3M HaIOKeHU, IEPEBOAANINN TOUKY b B TOUKY ¢, e[UH-
cTBeH. [leficTBUTE/NbHO, MHOXKECTBO, HA KOTOPOM COBIIaZAlOT /IBa TaKUX
romeoMop¢u3Ma, BO-TIEPBHIX, OTKPHITO (TaK KaK f —JIOKaJIbHBIA TOMO-
MOp$HM3M), BO-BTOPBIX, 3aMKHYTO (TaK Kak roMOMOPGU3MEBI HEIIPEPHIB-
HBI) U, B-TPETHUX, HEMyCTO (TaK KaK COAEPXKUT TOUKY b). Tak Kak mpo-
CTPAHCTBO Y CBA3HO, 35TO MHOXXECTBO COBIIAJaeT C Y.

®ynpameHTanbHaa rpymnna (X, a) AencTByeT IMpaBbIMM YMHOXe-
HUAMU Ha npocTtpaHcTse (X, a). 719 BCAKOro HOpMaabHOTO JIeTUTeNs
H 3TO felicTBUe MHAyLMpPYeT AelcTBHe Ha KjaccaX SKBHUBaJIEHTHOCTHU
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Qy (X, a) (wracc skBuBaseHTHOCTH (X, a)H mpu yMHOXEHUM Ha de-
MeHT g € 71; (X, a) mepexoAuT B Kjacc 3KBUBajeHTHOCTU (X, a)Hg =
= Q(X, a)gH). [JeiictBue dyHAaMeHTaIbHOU rpymnmel Ha (X, a) co-
r1acoBaHo ¢ npoekumeit f: Qy (X, a) — (X, a), conocTapisoiel Kax-
Zloli KpuBoU ee KoHel. [ToaTomy rpymnma 7t,(X, a) AeiicTByeT Ha Ipo-
cTpaHcTBe Y HopmasnbHOro HakpwituA f: (Y, b) — (X, a) romomopdus-
MaMU HaloxeHUA. /I HaKpBITHA, COOTBETCTBYIOIEI'O HOPMAaJIbHOMY
Jenutento H, aapoM aToro AeiicTBua fApiadeTcd rpynna H, T. e. Ha Ipo-
CTPAHCTBE TAKOT'O HAKPHITUA 3(GEKTUBHO JAeUCTByeT (aKTOprpymmna
7,1(X, a)/H. JletictBreM $aKTOPIPYIIIBI MOKHO TIEPEBECTU TOYKY b B
Jm060# poobpas ¢ TOUKHU da. [I03TOMY He CYIeCTBYET HUKAKUX JAPYTUX
roMoMop$u3MOB HanoxkeHHus h: Y — Y, kpoMe roMoMopdU3MOB JIeHi-
ctBust haxkToprpymisl 7T, (X, a)/H. Jlemma Zioka3aHa. |

Ha cnoe F = f~!(a) maxpuitua f: (Y, b) — (X, a) zAeiicTByeT dyHza-
MeHTasbHasA rpynna 7, (X, a). Onpeaenum 3to AetictBue. Ilycth y — 3a-
MKHyTasg KpUBasg B IpocTpaHCTBe X ¢ Ha4yaJOM U KOHIIOM B TOYKE d.
Jlms KaKzZo# Touku ¢ € F 0003HaYMM 4epe3 f, TOAHATHE KPUBOH Y Ha
Y, takoe 4ro 7.(0) =c. Otobpaxenue S, : F — F, nepeBojsiiee TOUKy
¢ B TouKy ¥.(1) €F, aBnsgerca aneMeHTOM Ipynnsl S(F) B3auMHO OZHO-
3HAYHbBIX 0TOOpakeHuii MHOXecTBa F B ce6:. OTobpaxkeHue S, 3aBUCHUT
JIUIIb OT TOMOTOITMYECKOTO Kjlacca KPUBOH ¥, T. €. OT eMeHTa GpyHza-
MeHTaJbHOU Tpymmsl 7T, (X, a), mpeAcTaBieHHOTO KpuBo y. l'omomop-
dusm S, m (X, a) — S(F) HasbiBaeTcs 20MOMOPPHUIMOM MOHOOPOMULL,
a obpas ¢pyHAaMeHTaNbHOMN Ipynisl B rpyme S(F) Ha3bIBaeTcs epynnotl
MoHoOpomuu HakpeituA f: (Y, b) — (X, a).

[lycts f: (Y, b) — (X, a) — HaKpBITHE, COOTBETCTBYIOIIEE MTOATPYTIIIe
Gcm(X,a),F = f~1(a) — cy10it 3TOTO HAKPHITUA HaZ TOUKOM a u S(F) —
I'pyma IepecTaHoBoK ciof F. CripaBezinBa cieyommas JeMma.

JIEMMA 17. Ipynna MoHOOpOMUU HAKPbIMUSL 518J51eMCst MPAH3UMUs-
Holl nodepynnotl 8 epynne Sy u pasHa axkmopy 2pynnwt 7, (X, a) no Hau-
MeHbULeMY HOPMANbHOMY Oenumento H, codepacawemy epynny G, m. e.
H= () hGh™™

hem, (X,a)

JOKA3ATEJIBCTBO. ['pynma MOHOAPOMHUU TpaH3UTUBHA. [[d ZoKa-
3aTeNbCTBA HAZIO JJI BCAKOU TOUKY ¢ € F Ipe/bABUTD KPUBYIO Y, TAKYIO
uT0 S, (b) =c. Bo3bMeM NPOU3BOJILHYIO KPUBYIO { Ha CBA3HOM MPOCTPaH-
cTBe Y, cCOeMHAIONIYIO TOUKY b ¢ TOuKoM ¢. B kayecTBe KpHUBOH y JocTa-
TOYHO B35ITh 00pa3 KPUBOU 7 MPHU MPOEKIIUH f .
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HemnocpezcTBeHHO U3 onpezieNleHui BUAHO, YTO NpU AedcTBun ¢yH-
JlaMeHTaJIbHOU TPYIIHI Ha cjioe F cranyoHapHOU rpynnoi Touyku b € F
apnsgerca rpynna G C (X, a). Ilycts h € (X, a) —anemeHT B dpyHAa-
MeHTaJIbHOU T'pyIIIe, MepeBOAAINN TOUKy b B Touky c € F. Torza cra-
IMOHApHAA TPyIa TOYKH ¢ paBHa hGh™!. fapo roMoMopdusMa MOHO-
Zpomuu H sBseTcd NepecedeHHEM CTAllOHAPHBIX I'PYIII BCeX TOYEK

cion,T.e. H= () hGh™'.Ilepeceuenmue Beex rpymmn hGh ™! sBnserca
hern, (X,a)
HaMMeHbITIM HOPMAaTbHBIM JlelTUTeNeM, cofiepXkaliuM rpyrmny G, [

1.3. [pyrue knaccupuKanuy HaKPhITUi. B 3TOM IyHKTE MBI 06CY-
JK7ZaeM OOBIYHYIO0 KJIaCCUPUKAIMIO HAKPBHITUN (HE WMEIOIIUX OTMeYeH-
HBIX TOYeK). 3aTeM MbI KiacCupUINPyeM HAKPBITUSA U HAKPBITUA C OT-
MeYeHHBIMU TOYKaMU, TIOAYMHEHHBIE 33JaHHOMY HOPMaJTbHOMY HaKpBhI-
THIO. B KOHIle TIyHKTa IPUBOAUTCS ONHCAHUE IIPOMEXKYTOYHBIX HAKPHI-
T, HETIOCPEJCTBEHHO CBA3LIBAIOIIEe TaKUe HAKPHITHA C MOATPYIIIIaMHU
TPYIIIBL HAJIOXKEHUs, AeHCTBYIOIIEe Ha HOPMaJTbHOM HAaKPBITUU.

JlBa HakpwiTHA f;:Y; — X U f,: Y, — X Ha3bIBalOTCA SKBUBAJIEHTHBI-
MU, €CJIU CyIIecTByeT roMeoMopdusm h: Y; — Y,, KOMMYTHUPYIOIIUH C
MIPOEKIUAMU f; U f,, T. €. TakoH, 4To f; = f, o h. Kinaccudumupyem Ha-
KPBITHA CO CBSI3HBIM HAKPBIBAIOIIUM IIPOCTPAHCTBOM HaJ| CBA3HBIM, JIO-
KQJIbHO CBSI3HBIM U JIOKQJIbHO OZHOCBSI3HBIM ITPOCTPAHCTBOM. DTa KJac-
cuuKalys CBOAUTCSA K aHATOTUYHOU KiaccuUKAIUU JIsT HAKPBITUH C
OTMeYEHHBIMU TOUKaMHU.

JIEMMA 1.8. Hakpuimusi ¢ ommeueHHbIMU MOUKAMU IKBUBAJIEHMHbL
Kaxk Hakpbimus (a He KaK HAKPBITUA C OTMEYEHHBIMU TOUKaMu!), ecau
U MONBKO ecau nodzpynnal, cOOMEemcmayrujile amum Hakpslmusm, co-
npsiceHbl 8 yHOamMeHManbHoll epynne MHo2000pasus X.

JOKA3ATEABCTBO. Ilycts fi: (Y1,b;) — (X,a) u fy: (Y, b)) —
— (X, a) 5KBUBaJIEHTHBI KaK HaKpHITUA. [oMeoMopdusM h JomkeH me-
PEBOAUTH CIIOU fl_l(a) B CJIOH fz_l(a). [Toatomy HakpeiTHe f;: (Y7, b;) —
— (X, a) 5KBUBaJIEHTHO KaK HAaKpbITHE C OTMEYeHHOW TOYKON HaKphI-
a0 fo: (Y, h(by)) — (X, a), rae f,(h(by)) = f,(b,y). DTO O3HAUAET, YTO
TPYIIIBL, COOTBETCTBYIOIINE KCXOAHBIM HAKPBITUAM C OTMEYeHHBIMU
TOYKaMU, CONPAKEHDI. O

Utak, Hakpeimus f: Y — X, rie IpoCTpaHCTBO Y CBA3HO, a X JIOKaJIb-
HO CBSI3HO W OJHOCBA3HO, KIdccuduyupyromes nodepynnamu gyHoameH-
mansHoll epynnst 1, (X), onpedesieHHbIMU € MOUHOCMBI0 00 CONPSANCEHUS
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8 epynne 71(X) (rpymmna m;(X), B ominure oT rpynmsl 71 (X, a), Toxe
oIipezieJieHa C TOYHOCTHIO ZI0 COMPSIKEHNUS).

[Ipu xnaccudpUKaIMU HAKPHITUM M HAKPBITUN C OTMEYEHHBIMU TOY-
KaMH MOXXHO OTPaHUYMBATHCS HAKPHITUAMU, TOAYMHEHHBIMU JaHHOMY
HOPMaJIbHOMY HakpbITUiO0. OlpezieieHre COOTHOIIEHUA IOAYMHEHHO-
CTH Ha HaKPBITUAX C OTMEYEHHBIMU TOYKaMU OBUTO ZaHO BhIle. MOXKHO
OIIpeZIeIUTh aHAJIOTUYHOE COOTHOIIIeHHE U /I HaKPBITUM, IT0 KpaliHel
Mepe, B cIy4yae, KOIzia OHO M3 HaKPHITHI HOPMAIbHO.

CkaxxeM, 4TO Hakpsimue f:Y — X noOuuHeHO HOPMANLHOMY HAKDbL-
muto g: M — X, ecnu cyuiecTByeT otobpaskenue h: M — Y, KOMMyTHUpYy-
Iollee ¢ IPOEKIUAMU g U f, T. €. TaKoe, 4To g = f o h. fICHO, YTO HAKpbL-
mue noOUUHEHO HOPMANIbHOMY HAKPbIMUIO, eCall U MOJbKO ecau HeKo-
mopas (wiu, umo mo e camoe, n00ASL) 2pynna u3 KaAAccd CONPSiCeH-
Hblx nodzpynn 8 hyHOaMeHManbHOl epynne npocmpancmaa X codepucum
HOPMAIbHBLU Oentumesib 3mMoll epynnel, coomeemcmayouuil HOpMAaibHO-
MY Hakpwimuro.

®ukcrupyeM B IIpocTpaHCcTBe X OTMeYeHHYIO TOUYKY d. IIycTh HaKphI-
tre g: (M, b) — (X, a) COOTBETCTBYET HOPMAJIbHOMY AETUTEN0 H TpyT-
el 714 (X, a) u N =7, (X, a)/H — rpyImma HaJloKeH!sA 3TOr0 HOPMaJIbHO-
r'0 HaKpHITHA. PaccMOTpUM BCEBO3MOXKHBIE HAKPBITHA M HAKPHITHA C OT-
MeYeHHBIMU TOYKAaMH, TOJUYNHEHHbIE TOMY HOPMaJbHOMY HAKPBITHIO.
Ha Takue HaKphITHUA NMEPEHOCATCA BCe KIACCUPUKAIIMOHHBIE TEOPEMBL.
[Tpu sToM porb dyHAaMEHTATbHOM I'pynisl 71, (X, a) urpaeT rpymia Ha-
noxkeHUA N HOpMaJbHOTO HAaKPBITHS.

ComnocTaBUM HNOAYMHEHHOMY HAaKPBITHIO C OTMEYEeHHOH TOYKOH IOZ-
TPYIIy TPYIIBl HajuoxeHWs N, paBHYIO ob6pasy mpu romomopousme
daxropusaunu 7(X,a) — N noxarpynnsl PpyHAaMeHTaJIbHOU T'PYIIIIHL,
COOTBETCTBYIOIIEN HAKPHITHUIO C OTMEYEHHOU TOYHOM. [IJig OTIMCaHHOTO
COOTBETCTBUSA CIIpaBeAJIMBA CJIeAYIONAsa TeopeMa.

TEOPEMA 1.9. Coomsemcmaue Mendy HAKPLUMUAMI C OMMeUEHHbL-
MU MOUKAMU, NOOUUHEHHBIMU 3A0AHHOMY HOPMANLHOMY HAKPbIMULO, U
nodepynnamu epynnul HANONCEHUS. 3MO020 HOPMAIbHO20 HAKPbIMUS 83a-
UMHO 00HO3HAUHO.

IToOuuHeHHble HAKPLUMUS C OMMEeUeHHbIMU MOUKAMU IKBUBAJIEHMHBL
KaK HaKpblmus, ecau U moJibko ecll coomaememaytoujie Um noozpynnsl
2PYNNblL HAJLONCEHUS. CONPSINCEHBL 8 2DYNNe HATLONCEHUSL.

IToduuHeHHOe HaKpblmue ABNSAEMCS HOPMAJILHBIM, eCaU U MOJbKO ec-
JIL OHO coomaemcmayem HeKOmopoMy HOpMAanbHOMY dequmento M epyn-
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nut HanoxceHust N. Ipynna HanoxceHusi NOOUUHEHHO20 HOPMAIbHO20 HA-
kpvimus uzomopdua gaxmopepynne N /M.

JOKA3ATEJBCTBO. /[l [JOKa3aTeabCTBA [OCTATOYHO BOCIIOIb30-
BaThCA yKe [OKA3aHHBIMU «abCOTIOTHBIMU» KJIacCUPUKAIMOHHBIMU
pe3ysbTaTaMy U CJIeAYIOUIMME CBOHCTBAMU GAaKTOPU3ALNH TPYIIIL.

Tomomopdu3M ¢akTopusaluu yCTaHABIWBAeT B3aUMHO OZHO3HAY-
HOE COOTBETCTBHE MEXJY BCEMH IOATPYIIaMU MCXOAHOU T'PYIIbI, CO-
JepXKaIUMU AP0 roMoMopdu3Ma, U BCeMU MOATpyIaMu GaKkTopIpyI-
Bl DTO COOTBeTCTBHE: 1) COXpaHAEeT YaCTHYHBIA IOPAZOK IO BKIIIO-
YEeHUI0 B MHOXKECTBE IIOATPYII, 2) MEePEBOAUT KJIACC COMPKEHHBIX
MOATPYIII WCXOZHON TPYIIBEl B KJIACC CONPSDKEHHBIX MOATPYNI ¢ak-
TOPI'PYIIIEL, 3) YCTAHABIMBAET B3aMMHO OZHO3HAYHOE COOTBETCTBUE
MeXZy BCEMH HOPMAJbHBIMU ENUTENAMH HCXOAHOU TPYIIIBI, COAEp-
JKaIUMU A1po roMoMopdu3Ma, U BCEMU HOPMATbHBIMU JETUTETIMHU
¢dakToprpynmsl. IIpy COOTBETCTBUM HOPMAJBHBIX JeNUTeNeld u3 I. 3
baKkTop MCXOAHOUW TPYIIBI 0 HOPMAJIbHOMY JAENTUTENI0 U GaKkTop ee
baKTOPTPyIIIBEI IO COOTBETCTBYIOLIEMY HOPMAIbHOMY [JEIUTENIO U30-
MOpPQHBIL. O

[ycthb f: M — X — HOpMaJbHOE HAaKpPHITHE (KaK 0OBIYHO, MBI TIPE/IIO-
jaraem, 4yTo M cBA3HO, a X JIOKaJIbHO CBA3HO U JIOKAJIBHO OJHOCBA3HO).
Ilpomexncymourbim Hakpbvimuem Mexzay M m X Ha30BeM IIPOCTPAHCTBO
Y BMmecTe ¢ oTobpakeHUEM «Ha» hy: M — Y u mpoeknuei f,: Y — X,
TaKUMHU 4TO f = fy o h.

BBezeM iBa pasIMYHBIX TIOHATHS S9KBUBAJIEHTHOCTH ITPOMEKYTOYHBIX
HakpbITUN. CKaXkeM, 4TO /IBa IPOMEXYTOYHBIX HAKPBITUA M n, Y, 5 X
uM ng Ly x IKBUBAIEHMHDBL KAK NOOHAKpbimus Hakpoimus f: M — X,
ecau cyiiecTByeT romeomopdusm h: Y, — Y,, genaromuii guarpamMmy
KOMMYTATUBHOH, T. €. TaKo#, 4To h, =hoh; u f; = f, o h. Ckaxem,
YTO [BA IOZHAKPHBITUS IKEUBANEHMHbL KAK HAKpblmus Had X, eciau
cyuiecTByeT romeomopdusm h: Y; —Y,, takoil uto f; = f, oh (He Tpe-
6yeTcs, uToObl roMmeoMopduaM h fgenan BEpXHIOK YacTh JUAarpaMMbl
KOMMYTaTHUBHOM).

Knaccuduraiysa MpoMeKyTOYHBIX HAKPHITUI KaK MOAHAKPBITHUH K-
BUBaJIEHTHA KIacCUGUKAIIUY TOAIMHEHHBIX HAKPBHITHI C OTMEeYeHHBIMU
TouKamu. J[eiCTBUTENbHO, eC/ii B IIPOCTPAHCTBE M OTMETUTH KaKyIo-
JIn60 TOUKY b, JIeXKalyio Ha/l TOYKOU d, TO B IPOMEXYTOYHOM HaKphIBa-
IOIleM MPOCTPAaHCTBe Y BO3HUKAET MHBAPUAHTHO OIpe/eeHHas OTMe-
4yeHHas Toyka hy (a).
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Crexyrolee yTBepXKIeHNe ABIAeTCA nepeGpOopMyIHPOBKON TeOpEMEL
1.9.

YTBEPKAEHUE 1.10. IIpomencymouHble HAKPbIMUS 01 HOPMAABHO-
20 HAKpbIMUSA C 2pynnoll HanoxuceHus N:

1) paccmampuseaemble KAk NOOHAKPbIMUS, KAACCUPUUUPYIOMCS NOO-
epynnamu 2pynnst N;

2) paccmampuegaemvle Kak Hakpvimusi HAO X, KAAccu@uyupyomcs
KLaccamu conpsidceHHblx nodepynn epynnet N.

IToduuHeHHOe HAKpblMUe ABSEMCS HOPMAJILHBIM, eCU U MOJIbKO ec-
JIL OHO coomaeemcmayem HopManbHomy deaumento M epynnsl Hanodxice-
Hus N. I'pynna HanosceHuss NOOUUHEHHO20 HOPMAILHO20 HAKPbLMUSL U30-
mopdua pakmopepynne N /M.

[TpuBezeM ellle 0ZIHO OIIMCAHME BCEeX TPOMEXYTOUHBIX HAKPBITUU A1
HOPMAaJbHOTO HakphITuA f: M — X c rpynnoii HanoxeHua N. I'pynmna
N sABisieTcss TPymmod romeomopdusMoB mpocTpaHcTBa M, obiajato-
e caegyroudM CBOMCTBOM JAMCKPETHOCTH: OKOJNO KaKJONW TOYKU
mpocTpaHcTBa M CyIIECTByeT OKPECTHOCTh, 06pa3bl KOTOPOH TOA ZAei-
CTBHEM Pa3/IMYHBIX JIEMEHTOB I'pynnbsl N He IlepeceKaroTca. B kayecTse
TaKOM OKPECTHOCTH OKOJIO TOUYKU 2 € M JOCTaTOYHO B3ATb KOMIIOHEHTY
CBSI3HOCTHU TIP0o06pa3a npu npoekuuw f : M — X CBI3HOM U OJHOCBA3HOMN
OKPECTHOCTH TOYKH f (2) € X.

g kaxzao¥ moArpymnbl G rpynmnsl N paccMoTpuM GpaKTOPIPOCTpaH-
cTBO M mpocTpaHcTBa M 10 feiictButo rpynnel G. Touka B M, —3TO
opbuTa zeiictBus rpynnsl G Ha npoctpaHcTBe M. Tomomorusa B My UH-
AYIIPYeTCs U3 TOIOJIOTUU B IpocTpaHcTBe M. OKpeCcTHOCTh OPOUTEL CO-
CTOUT U3 BCEX OPOUT, JIeKALTUX B MHBAPUAHTHOM OTKPHITOM MHO)KECTBE
U mpocTtpaHcTBa M, cofeprkalieM UCXOAHYIO OPOUTY U TAKOM, UTO KOM-
IIOHEeHTa CBA3HOCTH MHO)XXecTBa U mepecekaeT KaXkAylo opobuty He 6o-
Jlee 4eM IO OfHOU TouKe. [IpocTpaHCTBO My MOXKHO OTOXK/IECTBUTH C
MPOCTPAHCTBOM X, [JIsI TOT'O HAJI0 OTOXKJECTBUTh TOUKY X € X ¢ MMPO06-
pasoM f~1(x) C M, apngiomumMca opOUTOi AefiCTBUA IPYIIIHI Ipeobpa-
30BaHUM HaymoxkeHuss N Ha M. IIpu TaKOM OTOXKJECTBIEHUN OTOOpaXKe-
Hue GaKkTopusauui f, y: M — My IpeBpamaeTcs B MCXOAHOE HaKPhITHE
fTM—-X.

[yctb G, G, — ABe MOATPYNIEI B N, U IIyCTh BBIIIOJTHEHO BKJIIOYEHUE
G, € G,. Torzaa ompeneneHo oTobpakeHe f6,,6,: Mg, = Mg,, comocras-
JsItolnee opbuTe TPYIIBI G; COAEPIKAIIYIO ee OpOUTY IPymbl G,. JIerKo
BUZETD, 4TO
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1) orobpaxkeHue f; ¢, ABIAETCA HAKPBITUEM,

2) ecmu G; € G, € Gs, 10 fg, 6, = fo,,6,© f6,,6,

3) orobpaxenue f; y: Mz — My npu oToxzaecTsaennu My ¢ X nepe-
XOJWUT B HAKPHITHE, TIOYMHEHHOE MCXOAHOMY HAKPBITUIO f, i M — My
(TaK Kax f, y = o © fo6)»

4) eciu G — HOPMaJIbHBIHA ZieuTenb B N, TO HAKphITHE f; v : Mg — My
HOPMAJIbHO U €r0 T'pyIina HamoxeHus pasia N /G.

C IpOMEXYTOYHBIM HAKPHITHEM fg 1 Mg — My MOXHO CBA3aTh U060
TPOWKY MPOCTpaHCTB M fe—'G>MG —fi”—>MN C OTOOpaXXeHUAMH f, ¢ U f; v,
60 mapy NpocTpaHCTB M Jon, pp N C OTOGpakeHueM f; y. OTH Be BO3-
MOXXHOCTH COOTBETCTBYIOT PACCMOTPEHHUIO IIPOMEXXYTOYHOI'O HaKPBITHUA
KaK [MOZHAKPBITHA U KaK HaKphITUA HaZ My .

1.4. Ananorusa Mexzy Teopueii l'amya u kiaccudpukanyeil HaKpbl-
THil. B aTOM myHKTe o6CykJaeTcsa GpopMasbHass aHAJIOTHSA MEXAy Ha-
KPBITUAMU U Teopuel ['amya.

B ocHOBHOIT TeopeMe Teopuu l'ajlya paccMaTpuBaroTCs aiarebpamnde-
CK{e paclIVpeHHa OCHOBHOI'O II0JIfA, IPOMEXKYTOYHBIE MeXXy OCHOBHBIM
II0JIeM U ero 3a/laHHbIM pacliupeHueM ['anya (a He Bce paclIpeHUs oc-
HOBHOT'0 TTOJI OHOBPEMEHHO).

B Teopuu HAKPBITUH MOXKHO pacCMaTpPUBATh HAKPBITHA 6a3bl, IpoMe-
JKYTOYHBIE MeXy 62301 U ee 3aZlaHHBIM HOPMaJIbHBIM HAKPHITHEM (2 He
BCe HAKPBITUA 6a3bl OHOBPEMEHHO).

Kraccudukanyy mpoMeKyTOYHBIX HAKPBITUH KakK IOAHAKPLITUH B
Teopuu ['ajya COOTBETCTBYET KIacCUGUKALNA IIPOMEKYTOUHBIX ITOTeH
Kak mmoAmosed pacumpenus P. YTOOB 3TO YBUAETh, HYKHO B YTBED-
skgeHnu 1.10 coBa «HOpPMAajbHOE HAKPBITHE», «I'PYIIa HaIOKEHU»,
«IIOZHAKPBITHE», 3aMEHUTh COOTBETCTBEHHO Ha CJIOBa «pacIIUpeHue
lanya», «rpymnmna l'anya», «IpOMeXyTOYHOE I10JIE».

B § 2 MBI pacCMOTPUM KOHEYHOJMCTHBIE pPa3BeTBI€HHBIE HAKPBITUA
Ha/J| CBA3HBIMYM OZHOMEPHBIMU KOMIUIEKCHBIMH MHOTroo6pasusamu. Pas-
BeTBJIEHHbIe HAKPBHITUA (C OTMEYeHHBIMU TOYKAMU WM 6e3 OTMedeH-
HBIX TOYEK) HaJZ MHOroobpasueM X, BETBJI€HUs KOTOPBIX JIEXKAT Ha/J 3a-
JAHHBIM JMCKPETHBIM MHOXecTBOM O, KIaccuUINPYIOTCA TaK JKe, Kak
HaKpbITUA (C OTMEeYEeHHBIMU TOYKAMHU WIN 6e3 OTMEYeHHBIX TOUeK) Hajl
X\ O (cm. 11.2.2). KOHEYHOJIHUCTHBIE pa3BeTBIEHHbIE HAKPBITUSA COOTBET-
CTBYIOT a/irebpandyecKuM PacCIIUPEHUAM IO MepOMOPGHBIX GYHKITUH
Ha X, 1711 KOTOPBIX OCHOBHAs TeopeMa Teopuu l'aiya v KiraccudUuKaus
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MOAHAKPHITUH He MPOCTO GOPMATHHO aHATIOTHMYHBI, HO TECHO CBA3aHBI
MEX/y COOOM.

OTMeTuM, YTO KiaccHbUKAIMA TPOMEXYTOUHBIX HAKPBITHUH Kak
HaKpLITUH HaZ 6a30il Toxke UMeeT GpOpPMalbHYI0 aHAJOTHIO B TEOPUU
Tamya. OHa aHajJorMyHa KiaccubUKAIUU anreOpanvdecKux paciivpe-
HUM OCHOBHOTO IIOJIA, KOTOPOE MOXXHO BJIOXKUTH B 33laHHOE PAaCIIH-
penue lamya (B oTOl KiaccUPUKAIIMM He YIUTHIBAETCHA, KaK MMEHHO
anrebpandeckoe pacUIpeHNe BKJIAJBIBAETCSA B 3aJaHHOE pacIInpeHue
lanya).

8 2. NOMOJHEHUE PA3BETBJIEHHBIX HAKPBITUI U PUMAHOBBI
NMOBEPXHOCTHU AJITEBPAMYECKUX ®YHKIUH

B sTom maparpade paccMaTpuBalOTCA KOHEYHONUCTHBIE pa3BeTBJIEH-
Hble HAKPBITUA HAJ OAHOMEPHBIMU KOMILUIEKCHBIMH MHOTOOODPa3UAMU.
OnuceiBaeTcs omepanusa IONMOMHEHUs HaKPBITUM HaJ OJHOMEPHBIM
KOMIUTEKCHBIM MHOT000pa3ueM X, U3 KOTOPOTO YAaJIEHO AUCKPETHOE
MHOxecTBO O. OHa OAMHAKOBO MPUMEHMMa KaK K HaKpBITUAM, TaK U K
HaKpBITUAM C OTMEUYeHHBIMHU TOYKaMU. B pesynbraTe M3 KOHEUHOIMCT-
Horo HakpbiThsa Hag X \ O TonydaeTcs pasBeTBIEHHOE KOHEYHOTUCTHOE
HakpbITUE Haz X.

JlokanbHBIN ciydal, B KOTOPOM IIONOJHAIOTCA HAKPBLITUA HaJ, OT-
KPBITBIM IIPOKOJIOTBIM JAMCKOM, paccMaTpuBaercs B 1. 2.1. B sokaib-
HOM CJIy4ae ollepaljys IIONOJHEHUA HaKPBITUU IOMOraeT /0Ka3aThb
Pa3yIoKUMOCTh B psAAbl [TI0M30 MHOTO3HAYHBIX OGYHKIUH, UMEIOIINX
anre6panvecKyio 0CO6eHHOCTb.

B m. 2.2 paccmaTpuBaeTca IIobanbHbIN cayvyail. CHavama ompenesns-
eTcd BellleCTBeHHasA ollepallya 3akjJeWBaHUA ABIPOK. 3aTeM IIOKa3blBa-
eTcsd, YTO MOJMydyeHHOe B pesyJbTaTe IIpMMeHeHUs BellleCTBEHHOH oIle-
paluu 3aKJeuBaHUs AbIPOK Pa3BeTBIEHHOE HAKPHITHE 00IaJaeT ecTe-
CTBEHHOU CTPYKTYPOU KOMIUIEKCHOT'O MHOT'00OPasus.

B m. 2.3 ximaccupUIUPYIOTCS KOHEYHOJIMCTHBIE Pa3BETBJIEHHbBIE Ha-
KpBITUA ¢ GUKCUPOBAHHBIM MHOXECTBOM BeTBieHHUA. Kiaccudukanua
MIOYTH JIOCJIOBHO ITOBTOPAET aHAJIOTMYHYIO KJIaCCUPUKAIINIO HEpa3BeTB-
JIEHHBIX HaKPBHITHH. [I03TOMY MBI OrpaHUYUBAEMCS JIUIIH GOPMYIUPOB-
KaMU pe3y/bTaToB. MBI JOKA3bIBa€M, YTO MHOXXECTBO OPOUT AeliCcTBUA
KOHEYHOM T'PYIIbI Ha aHATUTUYECKOM MHOTOOOPa3UU UMEET eCTECTBEH-
HYIO CTPYKTYPY aHJIUTUIECKOTO MHOI000pasus.
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B 1. 2.4 MBI IpHIMeEHAEM ollepalliio TONOTHEHNA HaKPhITUY /JI olIpe-
JleleHNsl PUMaHOBOH ITOBEPXHOCTH HENPUBOAMMOIO aarebpandecKoro
ypaBHeHus Haz moneM K (X) mepomMopdHBIX GYHKIIMI HAa MHOTOOOpA-
3uu X.

[Taparpad 2 onupaeTcs Ha pe3ysabTaThl § 1.

2.1. 3akyienBaHue AbIpKU U pAAbl IIronszo. Ilycte D, — OTKpHI-
THIN AMCK paZiyca r ¢ IeHTPoM B Touke 0 Ha KOMIUIEKCHOU MPAMOUN U
DY =D, \ {0} —mpokosnoThiil AucK. /INA KaXA0ro HaTypaabHOro k pac-
CMOTpPHUM TIPOKOJIOTBIH AUCK Dy, Tae q = r/k BmecTe ¢ oToBpaxkeHHEM
f: Dy — Dy, 3anannbiM dpopmysnoit f(z) = zk.

JIEMMA 2.1. Cyujecmayem eduHcmeeHHoe c853HOoe k-nucmHoe HaKpbL-
mue 7t: V*— D} nad npokosiombim Ouckom Dy, Dmo HAKpbimue HOpMAib-
Ho. OHO aKeuEanenmHo Hakpwvimuto f: Dy — Dy, 2de omobpaycerue f 3a-
daro gopmynoil x = f (z) = z~.

JOKA3ATENLCTBO. PyHaameHTanbHasd rpynma obmacTé D) u3o-
MopdHa aJAUTUBHON T'pyIIIe IeNbIX Yyrcesn 7. B rpyle Z TONbKO MOJ-
rpynmna kZ vMeeT uHzekc k. IToarpymnmna kZ — HOpMaJIbHBIA JETUTEND B
rpyume Z. HakpoeiTue z — zk IIPOKOJIOTOI'O JYICKa D;‘ Ha/l IPOKOJIOTHIM
AucKkoM D’ HOpMaJIbHO U COOTBETCTBYeT NOATpymIe kZ. O

[lycts 7: V¥ — D} — cBsi3HOE k-JIMCTHOE HAKPHITHE HaJ IIPOKOJIOTHIM
avckoMm D, O6o3HauuM yepe3 V MHOXXeCTBO, cocTosiee u3 obmactu V¥,
K KOTOpO#1 fob6aBieHa Touka A. JloonpenenuM oTobpaxeHue 7T 10 0TO6-
pakeHusa MHOXXecTBa V Ha auck D,, monaraa mw(A) =0. BBegem Ha MHoO-
’)KecTBe V MUHHMMAaJbHYIO TOIOJOTHUIO, B KOTOPOH 1) OTOXJecTBieHUe
MHOecTBa V \ A ¢ obractbio V* aBisercs roMeoMopdusMoM; 2) 0TOO-
paxeHue 7t: V — D, HeNpephIBHO.

JIEMMA 2.2. OmobpaxceHue 1:V — D, 1e809K8UBANEHMHO 0mMobpa-
acenuto f: Dy — D,, onpedenennomy gopmynotl x = f(z) = z*. B uacmmo-
cmu, V 2omeomop$Ho omkpuimomy oucky D.

JOKA3ATENLCTBO. IlycTh h: D} — V* —romeoMopdusM, ycTaHaB-
JMBAIONINM 3KBMBANEHTHOCTb HAKPBITUA 70: V' — D’ M CTaHAAPTHOTO
HakpeiTHA f: Dy — Dy Jloonpesenum h fo otobpaxkenus Aucka D, B
MHOXKecTBo V, monaras h(0) = A. Ham Hago MpoBepUTh, YTO JOOTIpe-
JeleHHoe oToOpakeHue h sBiseTcs roMeoMopduaMoM. [IpoBepum,
HampuMmep, 4YTo h — HempepbiBHOe oTobOpajkeHue. [lo ompezenreHUIO
TONOJIOTMU Ha V BO BCAKOUW OKPECTHOCTH TOYKU A eCThb OKPECTHOCThb
V, Buna V, =~ 1(U,), rae Uy — OKpecTHOCTb TOuKM O Ha KOMILIEKCHOM
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npAMoi. I[Tycts W, C D, — OTKPBITOE MHOXECTBO, ONpeZieSIeHHOe GOpMy-
noit W, = f~1U,. Vimeem h™ 1V, = W,, 4TO Zi0Ka3bIBaeT HENpPepPbIBHOCTD
oTobpaxkeHus h B Touke 0. HempephsIBHOCTL oTo6paxkeHnsa h™! gokasbl-
BaeTCsl aHAJIOTUYHO. O

Bocronbayemcst 0603HaYEeHUAMY U3 TIpeAbIAYILel JeMMEI.

JIEMMA 2.3. Ha mHozoobpasuu V cyuiecmgyem eOUHCMBEHHASA CMPYK-
mypa aHAaAUMuUueckozo MH02000pasus, OnsL KOmopozo omobpadsiceHue
n: V — D, aHanumuuHo. Oma cmpykmypa uHOyuyupyemcs u3 aHaiumu-
ueckoll cmpykmypbL Ha ducke Dy npu nomowu 2omeomoppusma h: Dy —
—V.

JIOKA3ATEJNIbCTBO. ToMeomMopduam h epeBogUT OTOOpaXKEHUE TT B
aHa/MTHYecKoe oTobpaxkeHue f(z) = zK. TakuM o6pa3oM, aHATUTHYe-
CKas CTPYKTypa Ha V, MHAYIIMPOBaHHAA P IIOMOIIY roMeoMopu3Ma
h, yooBIeTBOpSIET YCIOBUIO JIEMMBI. PacCMOTpUM KaKyro-THOO APYTYIO
AHAIUTUYECKYIO CTPYKTYpy Ha V. Otobpaxkenue h: D — V BHe Touku 0
JIOKaJTbHO TIpeicTaBUMO B Buze h(z) = m~'zX u, ciegoBaTensHo, aHamM-
Th4HO. UTaK, oTrobpaxkenue h: D — V HeNpPEepHIBHO U aHATUTUYHO BCIO-
Iy, KpoMe, MOXKeT 6bITh, ToukH 0. [To TeopeMe 06 ycTpaHUMOM 0coOeH-
HOCTH OHO QHAJIUTHUYHO U B Touke 0, 1, CIeJ0BaTeNbHO, aHATUTUYECKAs
CTPYKTypa Ha V, B KOTOPOU IPOEKIUsA 7T aHAIUTUYHA, eIUHCTBEHHA. [

[lepexo/i OT BelleCTBEHHOTO MHOroo0pasust V* K BelleCcTBEHHOMY
MHOroo6pasnio V u nepexos OT HAKPHITUA 7 : V' — D K 0TOOpaKeHHIO
7: V — D, GyAeM Ha3bIBaTh BeujeCmeeHHOlU onepayuell 3akjieusaHus
Oblpku. JleMMa 2.3 moKa3bIBaeT, YTO MPHU 3aKJIEWBAaHUU JABIPKU Ha MHO-
roobpasuu V CylecTByeT eAWHCTBEHHAs CTPYKTypa KOMILIEKCHOT'O
aHaJUTUIECKOTO MHOT006pa3us, JIs1 KOTOPOro oTobpaxkenue n: V — D,
aHAJUTUYHO. Ilepexofi OT KOMIUIEKCHOTO MHOroo6pasus V* K KOM-
IUIEKCHOMY MHOTroo6pa3suio V U mepexo/; OT aHAIUTUIECKOT'O HAKPBITHA
n: V* — D’ K aHaIUTHYecKoMy oTobpaxenuio 7:V — D, Gyzem Ha-
3BIBATh onepayuell 3aksneusanHus Ovlpku. VIMEHHO 3Ta olepanua Ham
HYy>KHa /I JaJbHeNIero.

Omeparnys 3aKJIenuBaHUsA ABIPKU TECHO CBf3aHA C OIpeZesieHHueM ajl-
rebpandeckoii 0co60i TOYKH U ¢ psgamu [Tror3o. OCTaHOBUMCS Ha 3TOM
moapobHee.

CkaxeM, YTO aHAJIUTUYECKUIN POCTOK ¢, B TOUKe a € D, ompegensaer
MHOTO3Ha4YHy10 QYHKIUIO B AMCKe D, ¢ anzebpauueckoll 0c06eHHOCMbHO
B Touke 0, ecnu 1) pocToK ¢, MpOAO/LKaeTCs BAOMb KPUBOW, HAUNHAIO-
IIelics B TOUKE d U JieXKalllei B IPOKOJIOTOM JIUCKe Df ; 2) MHOTO3HaYHast
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GyHKIUA ¢ B IPOKONOTOM AUCKe D7, oy4eHHas pojoKeHHeM POCT-
Ka (, 10 KPUBBLIM, JIEKAIIUM B D, HIMeeT KOHEeYHOe YMC/IO0 k 3HaUYeHHi;
3) npu mpubmmKeHUU K Touke 0 MHOTO3HaYHas GYHKIUA (, PACTET He
OBICTpee YeM CTEeIleHHBIM 06pa3oM, T. €. CYIIEeCTBYIOT IOJIOXKUTENbHbIE
yucna C, N, Takue 4TO JF060€ 13 3HaYeHU MHOTO3HAYHOU QYHKIMU
yZoBIeTBOpseT HepaBeHCTBY | (x)| < Clx|™N.

JIEMMA 2.4. MHO0203HAUHASA PYHKYUS P, UMeouas aneedpaudeckyio
ocobeHHOCMb 8 npokosomom ducke D, npedcmasuma 8 amom oucke psi-

dom ITrouso
px) = Z cmxm/k.

m>—m,

JIOKA3ATENBCTBO. Ecnu GyHKUINA (¢ aHATUTUYIECKH IPOJOIKAETCS
TI0 BCeM IyTsAM, JieXKallluM B ITPOKOJIOTOM Jiiicke D, 1 uMeeT k pasjiuy-
HBIX 3HAYeHUH, TO POCTOK g, = @, © z’g, rae b* = a, samaer ogHO3HAY-
HYI0 QYHKIMIO B IIPOKOIOTOM Aucke D, rae g =r'/k. Tlo ycnoBuio dyHk-
VA g pacTeT He ObICTpee YeM CTelleHHBIM 00pa3oM IpU IOAXO/E K TOU-
Ke 0, M03TOMY B IPOKOJIOTOM AIMCKe Dy OHa Mpe/cTaBuMa pazom JlopaHa
gz = Y. c,2™. Hoacrasas B pag A1 QyHKIUM g BMECTO Z BYHK-

m>—mg
LU0 xY k, nonyauM psz [Trouso g yHKIUU . |

2.2. OTobOpaxkeHUsA AaHATUTHUYIECKOTO THUIIA U BellleCTBEHHAas orme-
panus 3akjeuBaHUA JbIPOK. B 5TOM INyHKTe olpeesnsdeTca Belle-
CTBEHHas ollepalys 3aKJenBaHusA AbIPOK. [lokaspIBaeTcsd, YTO MOTyUeH-
HOe B pe3y/bTaTe NIpUMeHeHUs Bell[eCTBEHHOU olepaliuy 3aKJIenBaHus
JBIPOK Ppa3BeTBJIEHHOE HAaKpBITUE HMeeT eCTeCTBEHHYIO aHaJIuThye-
CKYIO CTPYKTYpY.

[Tyctb X — OfIHOMEPHOE KOMIUIEKCHOE aHaJIUTHUYEeCKOe MHOroobpa-
3ue, M — IByMepHOe BellleCTBEHHOe MHOroobpasue u mw: M — X — He-
mpepbiBHOe oToOpakeHue. CkakeM, YTO OToOpaykeHue 7 B TOUKe y € M
HUMeeT 0C0OeHHOCMb AHAAUMUUecKko20 muna kpamuocmu k > 0, eciu cy-
IIeCTBYIOT 1) cBsi3HAsA MTPOKOIOTast OKpecTHOCTh U™ C X Touku x = 1w (y),
2) KOMIIOHEHTa CBI3HOCTU obactu 1 (U™), ABjsromanca TIPOKOJIOTOM
OKpecTHOCTbIO V* C M TOYKHM y, Takue 4TO Tpoika m: V* — U™ aBnsaer-
cs1 k-mTUCTHBIM HakpbITHEeM. OCO60 TOYKE Y e€CTeCTBEHHO IPUITHCATh
kpamuocms k Kak Ipoobpasy TOYKHU X: TOCUUTAHHOE C YYeTOM KPaTHO-
cTel Yncyio mpoobpa3oB 0ToOpaskeHUs T B OKPECTHOCTU 0COOOH TOUKHU
AHAJIUTUYECKOTO THUIIa KPATHOCTU Kk MTOCTOSTHHO U PaBHO K.
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OTtobpaskeHue f: M — X HasbIBaeTCs 0mobpajceHUeM AHAAUMUUEC-
K020 mund, eciy B KOKJOU TOUKe OHO NMeeT OCOOEHHOCTh aHAINUTHIe-
ckoro tumna. O4eBUIHO, YTO KOMILIEKCHO-aHAIUTUIECKOEe OTOOpaskeHUe
f: M — X KOMIUIEKCHOTO MHOT006pasusi M B KOMILIEKCHOE MHOTO-
obpasue X ABIAETCA OTOOPAKEHMEM aHATUTHUYECKOro TUIa (ecau ero
paccMaTpuBaTh KaK HEMpephIBHOE OTOOpa’keHUEe BelleCTBEHHOI'O MHO-
roobpasus M B KOMILUIEKCHOe MHOToo6pasme X). Zlia oTobpaskeHus
AQHAJIUTHUYECKOTO THIIA TOYKA y HA3BIBAETCS pe2yssipHOll, eciu ee Kpart-
HOCTb paBHA eINHUIIE, U 0c0601l, €C/TU ee KPAaTHOCTh OOJIbIlle €UHUITHL.
MHOKeCTBO PETY/SIPHBIX TOYEK OTOOPaXKEHUA aHAJIUTUYECKOTO THUIIA
OTKpBITO. OTOOpakeHre OKOJIO PETYIAPHON TOYKU ABJIAETCS JIOKAJb-
HbIM ToMeoMopdu3MoM. MHoXecTBO O); O0COOBIX TOYEK OTOOpa’KEHUS
AHAJIUTUYECKOT'O TUIIA ABJAETCA AUCKPETHBIM ITOJAMHOXeCTBOM B M.

VTBEPXKAEHUE 2.5. Tlycmb M — 0gymepHoe mHoz006pasue u f: M —
— X —e20 omobpajceHue aHaniumMuueckoeo0 mund 8 0OHOMepHOe aHd-
aumuueckoe mHozoobpasue X. Tozda 6 M cyujecmayem eduHcm8eHHAS
CMpYKmMypa aHaIUMuuecko20 MH02000pasus, ons komopoii omobpadce-
Hue f aHAIUMUUHO.

JIOKABATEJILCTBO. B Toukax OTKpBITOro MHOXecTBa M \ O,, oTo6pa-
>)keHUe f ABNAETCA JIOKAaJbHBIM TOMeOMOPPU3MOM. DTOT JIOKAIbHBIN r'O-
MeoMOopbH3M C aHATUTUYECKUMM MHOT0OOpasuem X mpespaiiaet M \ Oy,
B aHaJUTHYeCKoe MHOroobpasme. OKomo TodeK MHOxKecTBa O, aHaIU-
TUYECKYIO CTPYKTYPY MOXKHO BBECTH TaK K€, KaK B IPUKJIEeHHBIX TOUKaX
[IpY OTlepalvy 3aKJIenBaHUsA ABIpKU. JIoKaskeM, YTO JPYTUX aHAIUTHYe-
CKUX CTPYKTYP, ISl KOTOPBIX f aHaJUTHU4HO, HeT. ITycTh M, u M, — iBe
KOIIMU MHOT006pa3uss M ¢ pasHbBIMM aHAJIUTUYECKHUMH CTPYKTypaMHU.
ITyctb O u O, — BBIZICJIEHHBIE JUCKPETHBIE [IOAMHOXKECTBa B KouAx M,
u M, u h: M; — M, —romeoMopdu3M OTOXKAECTBIEHUS ITUX KOIHH.
VI3 ycioBUs BUAHO, YTO TOMeOMOPOU3M h ABIAETCS aHATUTHIECKUM
oToOpakeHHeM BCIOAY, KpOMe AUCKPETHOTO MHO)kecTBa O, C M;. Ilo
TeopeMe 06 YCTpPaHMMBIX 0COOEHHOCTAX h — 6uronmoMopdHoe oTobpa-
KeHre. 3HAUUT, Be aHAIMTUYeCKre CTPYKTyphl Ha M coBnagaimoT. [

BepHemca k omepariuu 3akjenBaHuA ABIPoK. [IycTe M — BeljecTBeH-
HOe ZIByMepHOe MHoroobpasue u f : M — X — oTobpakeHre aHaIUTHIe-
CKOTO THIIa MHOT'000pa3us M B KOMIUIEKCHOE MHOToobOpasue X.

Oxkosio ToukH a € X GpuKcUpyeM JIOKaTbHYIO KoopauHary u, u(a) =0,
3a/IafolIyio 06paTuMoe 0TOOpakeHe MaJol OKPECTHOCTH TOYKU a € X
B MaJIyl0 OKPECTHOCTb HYJ/IsI Ha KOMIUIEKCHOM mpsimoii. [Tycts U™ — mpo-
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o6pa3s MajIoro MpOKOJIOTOro Aucka D ¢ ieHTpoM B Touke O mpu oTobpa-
»KeHUH U. [IycTh cpeay KOMIIOHEHT CBA3HOCTH Ipoobpasa 7w~ 1 (U*) ecTsb
KOMIIOHeHTa V*, orpaHnveHre OTOOpaXEHUs 7T HA KOTOPYIO SBJISIETCS
k-mucTHBIM HaKpBITHEM, T7e k — IIONOXKUTENbHOE YUCI0. B aTOM ciyuae
IpUMEHUMA 8euleCma8eHHast onepayus 3akueusaus osipku. OHa cocTo-
uT B cieaywomieMm. V3 MHOToOGpasus M BBIpe3aeTcss OKPeCTHOCTh V™.
Hakpoitue 7: V¥ — U™ 3amensieTcss Ha oToOpaskenue 7w: V — U mipu
MIOMOIIY OIMCAaHHOU BHIIe BEIIEeCTBEHHOHN oOllepaluy 3aKJIeUBaHUA
OeIpKy. MHOTOOGpasue V* ieskuT B MHOroo6pasuu V u omindaeTcs ot V
OZTHOI TOYKOM. BelllecTBeHHas OmepaIiusa 3aKJIeUBaHUsA JbIPKA COCTOUT
B NIPUKJIEMBAHUY K MHOroo6pasuio M BMeCTO BBIPe3aHHOM OKpPeCTHO-
ctu V* oKpecTHOCTH V BMECTe C OIpe/ieJIeHHbIM Ha Hell 0ToGpakeHneM
m:V—X.

BelllecTBeHHas Omepalys 3aKJIeUBaHUsA JBIPOK 3aKI0YAeTCs B MPU-
MeHEeHU! BellleCTBEHHOM Ollepaliuy 3aKJIeNBaHUA JbIPKU Cpa3y KO BCeM
IBIpKaM ofiHoBpeMeHHO. OHa ompefesieHa KOPPEKTHO: ecau V* — KoM-
TIOHEeHTa CBA3HOCTH Ipoobpasa 7~ ' (U*) mpokonoToit okpectHOCTH U™
Touku 0 € X U oToOpaxkeHue 1: V* — U* — KOHEUHOIHUCTHOE HAKPHITHE,
TO ollepalus 3aKJIeUBaHUA BCeX ABIPOK A00aBIAeT K 3aMBIKAaHHUIO 00J1a-
ct V* POBHO OJHY TOYKY, JIEKAIIYIO HaJ TOYKOM 0. TOMONOTHS OKOJIO
STOM HOBOM TOYKY OIpeZeNAeTCs TaK Ke, KaK U IIPU OIepalyy 3aKIen-
BaHUs OJHOU JIBIPKU.

Onepayus 3axneusarust OblpoK —3TO KOMILTIeKcHdUKaIUA BelecT-
BEHHOU OTlepalluy 3aKJIeUBaHUA ABIPOK. OTiepalys 3aKIeUBaHusA ABIPOK
IpUMeHNMa K KOMIUIEKCHOMY aHaJUTHYeCKOMYy MHoroobpasuio M,
cHaOKeHHOMY aHaJIUTHYEeCKUM oTobpakeHueMm f: M — X. Jljs aTOTO
TpOWKy f: M — X Hajgo paccMaTpUBaTh Kak OTOOpakeHUe aHaTUTHIe-
CKOTO THUIIA M3 BellleCTBeHHOro MHoroobpasus M B X. K momyyeHHOH
TPOIiKe Ha/l0 IPUMEHUTDh BeUleCTBEHHYIO ONEPAINIO 3aKJIEeNBAHUA JIbl-
POK. B pesyiibrare mosydaercsi BelleCTBEHHOE MHOrooGpasue M BmecTe
¢ 0TOGpaXkeHNeM aHATUTHYeCKOro Tuma 7t: M — X. MHoroo6pasue M
VMeeT eJUHCTBEHHYIO CTPYKTYPY KOMIUIEKCHOTO MHOT000pasus, B KOTO-
poii oToOpakeHNe aHATUTUYECKOTO TUMA 7T SIBJSIETCS aHATUTUIECKUM.
VIMEHHO 5TO KOMIUTEKCHOe MHOT006pasye M BMecTe ¢ aHATHTUYECKUM
O0TOOpaXKeHHeM 7T IBJISIETCS Pe3y/IbTaTOM IIPYMeHeHUs Ollepalluy 3aKiie-
MBaHUA ABIPOK K UCXOAHOM Tpotike f: M — X. B gambHelieM HaM GyzeT
HY)XHa UMeHHO OTlepallvs 3aKJIeUBaHUs JBIPOK, & HE €€ Bell[eCTBEHHBIN
BapUaHT.
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[Tyctb X 1 M — oflHOMepHBIE KOMIUIEKCHBIE MHOT'006pasusi, O — auc-
KpeTHOe TIOAMHOKeCcTBO B X u w: M — U, tne U =X \ O, — aHamuTH4e-
CKO€e OTOOpakeHUe, ABIAIONIeecs KOHEYHOMUCTHEIM HaKphITHeM. [1ycTh
MHOT006pa3ue X CBsA3HO (HaKphIBaolee MHOr0oo6pasue M MoXeT ObITh
HEeCBA3HBIM).

OxoJ10 10607 TOUKH 0 € O MOXKHO B3STh Maslyl0 IPOKOJIOTYIO OKPECT-
HOCTh U¥, He cozep:Kallyio ApPyrux Todek MHoxectBa O. Haza mpoko-
JIOTOM OKpecTHOCTbIO U* Bo3HMKaeT Hakpeithe f: V* — U*, rme V' =
= f~1(U*). MHoroo6pasue V* pa3éuBaeTca Ha KOMIIOHEHTEI CBA3HOCTH
V. TIpuMeHUM ollepalyio 3aKIerBaHusA Abipok. Haz Toukoit o € O mpu-
KJIEUTCS KOHEYHOE YKCJIO TOYEK, paBHOE YUCIy KOMIIOHEHT CBA3HOCTHU
MHOTo06pasusa V™.

JIEMMA 2.6. B pesynbmame npumeHeHusl onepayul 3akuieusarus Obl-
pok k k-nucmuomy Hakpuimuro 7w: M — U, 20e U= X \ O, nonyuaemcsa
KOMMNJIeKCHOe MHO2000pasue M, cHabocerHoe cOBCMBEHHbIM AHAALMIYe-
ckum omobpasceruem ft: M — X cmenenu k.

JOKA3ATE/NBCTBO. HyXHO NPOBEPUTH COOCTBEHHOCTH OTOOpaxke-
HuA 7. Ilpexxzge Bcero, sTo OTOGpaKEHUE aHATUTHYECKOE, IIOITOMY
06pa3 KaXX[0r0 OTKPHITOI'O MHOXKECTBA IIPY 9TOM OTOOPaKEHUU OTKPHIT.
Jasee, yncio mpoobpasoB 060 TOUYKU X, € X TIpU OTOOpakeHUH 7,
IIOCYUTAHHOE C yYEeTOM KpaTHOCTel, paBHO k. IToaTomy oTobpaskeHue
7 cCOGCTBEHHO. O

2.3. KoHeyHO/JIMCTHBIE pa3BETBJIEHHbIE HAKPBITUA C (PUKCHUPO-
BaHHBIM MHOXKECTBOM BeTBJIE€HHsA. B 3TOM IyHKTe KiaccuduInpy-
IOTCS KOHEYHOJIMCTHBIE pa3BeTBJIEHHble HAKPHITUA ¢ GUKCUPOBAHHBIM
MHO)XECTBOM BeTBJIEHUS.

[TycTh X — CBSI3HOE KOMIUIEKCHOE MHOTO0Opa3ue ¢ BhIZIEIEHHBIM JIVIC-
KDPETHBIM TIOAMHOXKeCTBOM O M OTMeuYeHHOU To4KoM a ¢ O. Tpoliky, co-
CTOSAIIYIO U3 KOMIUIEKCHBIX MHOTOOOpasuit M 1 X U coOGCTBEHHOTO aHa-
JIUTUYECKOTO oToOpaskenus m: (M, b) — (X, a), Bce KpUTHUYECKHE 3HA-
YeHUs KOTOPOTO cofieprkarcs B MHOXecTBe O, 6yZieM Ha3bIBaTh pa3gems-
JIeHHbIM Hakpbimuem Had X ¢ gemeneHuem, Jexcaujum Hao O. Ml pac-
cMaTpHBaeM pa3BeTBJIEHHbIE HAKPBITHA C TOYHOCTHIO /10 JIEBOM SKBUBa-
JIEHTHOCTH. J[pyTMH CIOBaMH, ABe TPOUKU 7T, : M; —= X U 7ty My — X
CYUTAIOTCA OAMHAKOBBIMH, €CJIU CYIeCcTByeT romeomop¢usm h: M; —
— M,, COIJIaCOBaHHBIN C MPOEKIUAMU 7| U T,, T. €. T; =h o m,. To-
Meomopdusm h, yemanasusarowull IK8UBANEHMHOCMb PA38EMBIeHHbIX
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Hakpuimuil, agmomamuuecku 6semcsi AHAIUMuUUeckuUM omobpasiceHu-
em u3 mHozoobpasus M, 8 mMHozoobpasue M,. DTO JOKA3bIBAETCS TaK Ke,
KaK yTBepxKJeHue 2.5.

ITpoxonom eemeJieHull Ha30BEM OIlepalllio, COIIOCTABJIAIONIYIO CBA3-
HOMY, pasBeTBJIeHHOMY HaZ O HakphITUiO 7T: M — X Hepa3BeTBIeHHOE
HakpsiTie : M\ O — X \ O Hazg X \ O, rae O — mpoo6pas MHOXKeECTBA
O mipu oToGpaskeHuu 7T. HelmocpeZicTBEHHO U3 ONpeZe/IEHUH BhITEKaeT
clefyronas jeMma.

JIEMMA 2.7. Onepayus npokona gemsajeHuil u onepayus 3axnelxu
0blpOK 83AUMHO 0b6pamubsl Opye Opyzy. OHU ycmaHasueawm u3oMop-
@usm kamezopuu paszeemeJieHHblX Hakpuvimuii Had X c gemeJieHueM,
nexcawum Hao mMHoxcecmgom O, U Kamezopuu KOHEeUHONUCMHBIX HAKPbL-
muii Hao X \ O.

Bce ompezeneHus W yTBEpXKJAEHUA O HAKPBITUAX aBTOMaTH4YeCKHU
[IePEHOCATCA Ha pa3BeTBJIEHHble HAKPBITUA: JOCTATOYHO IIPUMEHATHb
JIIIb apryMEeHTHI, UCIOJIb30BAaHHBIE IIPU J0Ka3aTelbCTBE YTBEpK/e-
Hud 2.5. [ToaToMy MBI orpaHUYUMCcA GOPMYTHMPOBKAMHU OIIpeZie/IeHUH 1
YTBEPXKAEHUM O pa3sBeTBI€HHBIX HAKPBITUAX.

Haunem c ompezeneHUii, OTHOCALIUXCA K PasBeTBJIEHHBIM HaKpHI-
TUAM.

Pa3BeTBieHHbIe HAKpBITUA f;: M; — X, fo: M, — X C BETBJIEHUEM,
JexamuM Haz O, Ha3bIBAIOTCA IKEUBATIEHMHbIMU, €C/IU CYIIecTByeT ro-
Meomopdusm h: M, — M,, Takoit uto f; = f, o h. (IIpu aTOM romeomop-
¢usm h aBTOMaTUYeCcKU ABJAETCA aHATUTUIECKUM.)

IIpeobpasosaruiem HANOJNCEHUS pA38eMBAeHHO020 HAKpblmus T M — X
C BeTBJIEHUEM, JieXkaluM HaZi O, Ha3bIBaeTcsA roMeoMopdU3M IIpOCTpaH-
cTBa M B cebs1, KOMMYTHUPYIOIINI ¢ oTo6parkeHueM mpoeknuu 7. (IIpe-
obpa3oBaHNe HAIOXKEHUA aBTOMATUYECKU ABJIAETCSI aHATUTUYECKIM. )

Pa3BeTBJIeHHOE HAKphITHUE 7T: M — X €O CBSA3HBIM MHOTI'006pasu-
eM M u c BeTBIeHHeM, JexXaluM HaJ O, Ha3bIBaeTCA HOPMAJIbHLIM,
eCJI TpymIia ero npeobpa3oBaHUM HANIOXKEHUA TPAH3UTUBHO JEHCTBY-
eT Ha CJIoSX OToOpakeHUs 7. ['pymma mpeoOpa3oBaHUM HaTOKEHUS
aBTOMATUYECKU SIBJISAETCA TPYIION aHAJIUTUYECKUX IMpeobpa3oBaHUi
npocrpaHcrsa M.

Pa3BeTBJIEHHOE HAKPHITHE f,: My — X ¢ BEeTBIEHHUEM, JIEXKANTUM Hafl
O, Ha3spIBaeTcsA NOOUUHEHHbLM HOPMaJIbHOMY Pa3BETBIEHHOMY HaKphI-
tuio f;: M; — X ¢ BeTB/IeHHeM, JiexXamuM Haz O, eciy CyllecTByeT
pa3BeTBIIEHHOe HakKphITHEe h: M; — M, C BETBJIEHUEM, JIeXKAIIUM Haf
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fz_l(O), Takoe 4TO f; = f, o h. (Ilpu aToM oTobpakeHHe h aBTOMaTHYe-
CKY OKAa3bIBAETCS aHATUTHIECKVIM.)

[lepetizieM K OTpeAeNeHUAM, OTHOCAIIMMCS K HAKPBITHUAM C OTMeYeH-
HBIMU TOYKaMHU.

Tpoiika 7t: (M, b) — (X, a), B KoTopo#l : M — X — pa3BeTBI€HHOE
HaKpBITUE C BeTBJIEHUEM, JieXauM Hazg O, u a € X, b € M — oTMeueH-
HBIE TOYKH, TaKue 4T0 a ¢ O u 7t(b) =a, Ha3BIBAETCS PA38EMBJIeHHbIM HA-
Kpblmuem ¢ OmMeUueHHbIMU MOUKAMU C 8emeJieHueMm, Jiexcauium Hao O.

Pa3BeTBiIeHHOE HaKphITHE f,: (M,, by) — (X, a) c BeTBIeHUEM, Jie-
>kamuM Haz O, Ha3bIBaeTcA nOOUUHEeHHbLM PA3BETBIEHHOMY HaKPBITHIO
fi: (My, b;) — (X, a) ¢ BeTBIEHUEM, JIeXKAIIUM HaZi O, eCJIU CyIIeCTByeT
pasBeTBieHHOEe HakpbiTue h: (M;, b;) — (M,, b,) ¢ BeTBIeHUEM, Jiexa-
LM Haz fz_1 (0), Takoe uTO f; = f, o h. (Ilpu aTOM OTOGpaAXKEHUE h aBTO-
MaTHUYeCKU OKa3bIBAETCsA aHAJIUTUYECKUM.) B YaCTHOCTH, Takue HaKphI-
THA HA3bIBAIOTCA IKGUBAIEHMHbLMU, eClTN 0OToOpakeHre h — TOMeoMOp-
¢usm. (Tomeomopduam h aBTOMaTUUECKU ABIAETCS OGMAaHATUTHIECKUM
COOTBETCTBUEM Mexay M; u M,.)

Omeparnysa IpoKoja BETBIEHUH CONOCTaBJAET Pa3BETBIEHHOMY Ha-
kpbituio f: (Y,b) — (X, a) ¢ OTMEYEeHHbIMU TOYKAMH U Pa3BETBJIEHHO-
My HaKpBITUIO 7T: M — X ¢ BETBIEHUAMHU, JeKaUMU Hag O, HaKpbITHE
¢ ormMeueHHBIMH Todkamu f: (Y \ f71(0),b) — (X \ O, a) u HakphHITHE
m: M\ 771(0) = X\ 0. C oTuMu HakpeITuAMHE Hag X \ O CBA3AHEI
MOATPYIITIa KOHEYHOTo HUH/eKca B rpymie 711 (X \ O, a) U, COOTBETCTBEH-
HO, KJIacC CONPSKeHHBIX IIOATPYII KOHEYHOTO MH/EKca B 3TOM T'pyIIe.
ByzeMm roBoputb, 4TO 3Ta I'PYIa COOTBETCTBYeT Pa3BETBIEHHOMY Ha-
kpeituio f: (Y, b) — (X, a) c OTMEYEeHHBIMU TOYKAMH M YTO 3TOT KJIaccC
COTPSKEHHBIX TOATPYIIII COOTBETCTBYET Pa3BETBIEHHOMY HAKPBITHIO
m:M—X.

PaccMOTprM BCEBO3MOXKHBIE pAa3BETBJIEHHbIE HAKPBITHS HAJ, MHO-
roobpasvemM X C OTMEYEHHOU TOYKOM d CO CBSI3HBIM HaKPBIBAIOUIUM
MHOToO0Opa3ueM, UMeIoIye BETBIeHUe, Jexallee HaZ MHOXecTBOM O,
a¢ 0. IlepeHocs JIoKa3aHHbIE YTBEPXK/AEHUs O HAKPBITUAX C OTMeYeHHOM
TOYKOM Ha pa3BeTBJIEHHbIE HAKPBITUA, TOTYIUM, UTO

1) maxue Haxpbvimusa kaaccuduyupyromes nodzpynnamu KOHeUHO020
uHoekca 8 epynne 11(X\ 0, a);

2) makoe Hakpvimue, coomeemcmaytowjee noozpynne G,, nOOUUHEHO
maxomy Hakpsvlmuio, coomseemcmayrouemy noozpynne G, ecau u mosw-
KO ecul 8blnosHsiemcst gxtouerue Gy 2 Gq;
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3) maxoe HaAKpvlMue HOPMAJIbHO, eCaU U MOJILKO eCau cO0Mmaemcmay-
rowasn emy nodepynna gynoamenmansroil epynnet 71 (X \ O, a) sensem-
csl ee HOpManbHbIM Oestumenem H. Ipynna HanosjceHUs HOPMANILHO20 paAs-
8emeJIeHH020 HaKpbimus usomopdua epynne 7, (X \ 0, a)/H.

PaccMOTprM BCeBO3MOXKHBIE pa3BeTBIEHHbIE HAKPHITUA HaJl MHOTO-
obpasreM X CO CBSI3HBIM HAKpBIBAIOIIUM MHOT000pa3ueM, UMeIoIIre
BETBJIEHUE, Jiexallee Hajg MHOXecTBoM O, a ¢ O. IlepeHocs [oKa3aH-
HOe yTBep)KZeHHWe O HAaKPBITHAX Ha pa3BeTBJIE€HHble HAKPBITHA, IOJY-
YUM, YTO

4) makue pasgemaesieHHble HAKPbIMUS KAACCUPUUUPYIOMC KAACCAMU
CONPSICeHHOCMU Nod2pynn koHeuHo20 undekca 8 epynne 71 (X \ O, a).

Ha pa3BeTBleHHblE HAKPBITUA JOCJIOBHO TEPEHOCUTCA OIHCAaHUE
pa3BeTBIEHHBIX HaKPBITUM, IOAYNHEHHBIX JaHHOMY HOPMaJbHOMY pas-
BETBJIEHHOMY HaKpBITUIO C I'Pynmnoi HamoxkeHUsa N. CollocTaBuUM IOJ-
YUHEHHOMY pa3BETBJIEHHOMY HAaKPBITUIO C OTMEUYeHHOW TOYKOW MOoJ-
TPYIIy TPYIIBl HajuoxeHWs N, paBHYIO ob6pasy mpu romomopousme
daxropusaunu n(X,a) — N noxarpynnsl ¢pyHZaMeHTaJIbHOU T'PYIIIIH,
COOTBETCTBYIOIIE!N pa3BeTBIEHHOMY HaKPBITHIO. J[JI ONMMCAaHHOT'O COOT-
BETCTBUS CIIpaBeJINBa CAeAyIoias TeopeMa.

TeoPEMA 2.8. Coomeemcmaue Mencdy pa3gemsieHHbIMU HAKPbMu-
AMU C OMMeUEHHbIMU MOUKAMU, NOOUUHEHHBIMU 3A0AHHOMY HOPMAJILHO-
MY HAKDbIMUIO, U NO02PYNNAMU 2PYNNbL HATOHCEHUS 3TM020 HOPMATbHOZ0
HAKpbMusl 83aUMHO 00HO3HAUHO.

IModuureHHble pa3semesieHHble HAKPBLLMUS ¢ OMMeUeHHbIMU MOUKaAMU
IKBUBAJIEHMHbL KAK pA36emeJleHHble HAKPbLMUS, ecaU U MOJbKO ecau
coomeemcmayroujile UM NO0PYNnbL 2pYNNbl HANONCEHUS CONPSNCEHbL 8
2pynne HaL0NceHUs.

IModuuHeHHOe paszgemesieHHOe HAKpblmue sS8Jsemcsi HOPMAIbHBIM,
ec/iUu U MOJIbKO ecllu OHO COOmBemcmaeyem HeKOMmopoMY HOPMANbHOMY
Oenumento M epynnst HanoxeHust N. Ipynna HanoxceHUs: NOOUUHEHHO20
HOPMAIbHO20 HaKpbimusi uzomopdra dakmopepynne N /M.

Ha pasBeTBiieHHBIe HAKPBITUS IEPEHOCUTCS IOHATHE ITOAHAKPHI-
TUA.

[Tyctpb f: M — X — HOpMaJbHOE pa3BeTBIeHHOEe HaKphITHe (MBI ITpe-
moJjlaraeM, Kak OOBIYHO, YTO KOMIUIEKCHOE MHOToOOpasue M CBS3HO).
Ipomexcymoursbim pazeemesieHHbLM Hakpbimuem Mexay M u X Hasbl-
BaeTCsl KOMIUIEKCHOE MHOT006pasue Y BMecTe ¢ OTOOpaKeHUEM «Hax»
hy: M —Y u npoekuued fy: Y — X, Takumu 410 f = fy o hy.
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Cka)keM, YTO ZBa [IPOMEXXYTOYHBIX Pa3BETBIEHHBIX HAKPHITUA M o,
a, Y, 5 X u M->Y, 5 X skeusaieHmHbl KAk pazgemaJsieHHble Nnoo-
Hakpvimusl Hakpuimusl f: M — X, ecIu CyllecTByeT aHaJIUTH4YecKoe
otobpaxenue h: Y, —Y,, enaroliee suarpaMMy KOMMYTaTUBHOH, T. €.
Takoe, 4To h, =hoh; u f; = f, o h. CKaxeM, YTO /IBa pPa3BETBIEHHBIX
MIOAHAKPBITUA IK8UBANEHMHbL KAK pa3gemeseHHble Hakpblmus Had X,
eCJI CYLIeCTBYeT aHATUTHYeCKoe oTobOpaxkeHue h: Y; — Y,, Takoe 4TO
fi=/f50h (He TpebyeTcs, 4TOOBI OTOOpaKeHUe h 1eaio BEPXHIOK YacTh
JarpaMMbl KOMMYTaTHUBHOM).

Knaccudukaiysa NPOMEXYTOYHBIX Pa3BETBIEHHBIX HAKPBITHUH Kak
Pa3BeTBIEHHBIX TOJHAKPHITUN 3KBHUBAJIEHTHA KJIacCUUKALMK ITOAYU-
HEHHBIX HAKPBITUH C OTMEYEeHHBIMU TOYKaMHU.

JlelicTBUTENBbHO, €C/IU B MHOT006pa3uui M OTMETHTh KaKy-Tu60
TOUKy b, JIe)KalyIo Ha/l TOYKOH a, TO B IPOMEKYTOUYHOM HaKpPHIBAIOIIEM
MHOT006pa3uu Y BO3HUKAaeT MHBAPUAHTHO OIpe/iesIeHHAA OTMedeHHas
TouKa hy(a).

[Tepedopmynupyem yrBep:kgeHue 1.10.

YTBEPKAEHUE 2.9. IIpomescymouHble pazeemaieHHble HAKPbIMUS
0J151 HOpMAJIbHOZ0 PA38eMBJleHH020 HAKPblMuUsl ¢ epynnoil HanoxceHuss N

1) paccmampuegaembsle Kak pasgemsieHHble NOOHAKPbIMUSL, Kaaccu@u-
yupytomes nodepynnamu epynnet N;

2) paccmampueaemble Kak pasgemaJieHHble HAKpblMus Had X, kaaccu-
Puyupyromcs Kaaccamu cConpsikeHHslx nodepynn 2pynnst N.

IToOouuHeHHOe pasgemesieHHOe HAKpblmue s8A5emcsi HOPMANbHbLM,
ecaU U MOJILKO eciu OHO coomeemcmayem HopmanbHoMmy Oeaumenio H
epynnst HanoxceHust N.

I'pynna Hanoxcenuss NOOUUHEHHO20 PA3BEMBIeHHO20 HOPMANBHO20 Ha-
Kkpvimust uzomopdua gaxmopepynne N /H.

[lpyuBeseM ellle OZHO OMMCAHHE BCEX PAa3BETBIEHHBIX HAKPBITHUH,
TMOAYMHEHHBIX 3aJaHHOMY HOPMAaJbHOMY Pa3BETBIEHHOMY HAKPBITHIO.
IIycts m: M — X —HOpMaJabHOE KOHEYHONUCTHOE Pa3BEeTBIEHHOE Ha-
KpBITHE, I'PyIIa Ipeobpa3oBaHUi HANTOXKEHUA KOTOPOro paBHa N.

['pymma npeobpa3oBaHuii HanMoXKeHUA N ABIAETCA TPYIIION aHATUTHU-
YecKuX MpeobpasoBaHuii MHOroobpasus M, KOMMYTHUPYIOIIUX C IPOEK-
et 7. OHa UHAYIMIPYET TPAH3UTUBHYIO TPYIITY IpeoOpa3oBaHUM CII0A
oTobpakenus 7. [IpeobpazoBaHus U3 rpynnbl N MOTYT UMETh U30JIU-
pOBaHHBIE HETIOABIDKHBIE TOUKH, JIeXKallKe HaJZ, MHOXXECTBOM KpPUTHYe-
CKUX TOYEK OTOOpaKeHUs TT.
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JIEMMA 2.10. MHoxmcecmeo My opbum delicmaus epynnbvl HAL0NCEHUS
N Ha pazgemesieHHOM HOPMANLHOM Hakpslmuu M Haxodumcs 80 83auUM-
HO 00HO3HAUHOM cOOm8emcmeuu ¢ MHoz000pasuem X.

JIOKABATE/IbCTBO. Ha cioe orobpaxkenus 7T: M — X Haj KakIon
TOYKOU X, ¢ O mpeoOpa3oBaHUs HAJOXKEHUsS AEWUCTBYIOT, IO OIpeJe-
JIeHUI0, TpaH3UTHBHO. [IycTh 0 € O —TOYKa B MHOXKECTBE BETBJIEHUA.
[Tycth U* — Masiblii IPOKONOTHIM KOOPAWHATHBIN JUCK BOKPYT TOYKH 0,
He coziepamuii Touek MHoxkectBa O. ITpoo6pas 7~ (U*) obmactu U*
pa3bKBaeTCs Ha KOMIIOHEHTHI CBA3HOCTU V/*, ABIAIOMMUECS TIPOKOJIOTHI-
MU OKPECTHOCTAMU Ipoo6pa3oB b; Touku o. I'pynma mpeobpasoBaHuUit
HaJIO)KeHMA TPAH3UTHBHO JlelicTByeT Ha obmactax V.. JlelcTBUTeNbHO,
Kayk/iast U3 3TUX 00J1acTel IepeceKaeTcs Co CI0EM n=1(c), roe c — mobas
ToyKa M3 obnactu U*, a rpynma N TpaH3UTHBHO JAEUCTBYET Ha CJIOE
n~1(c). Vs TpansuTUBHOCTH AeiicTBUA N Ha KOMIIOHEHTaxX V. BHITEKaeT
TPaH3UTUBHOCTH ZleficTBUA N Ha cjioe 77 1(0). O

TeoPEMA 2.11. Muoxcecmso opbum M /G aHanumuueckozo MH020006-
pasus nod deticmauem KoHeuHoll zpynnsl G aHaumMuueckux npeobpaso-
8AHUIl UMeem CMPYKMYpPY AHAIUMUUECK020 MH02000pa3usi.

JlOKABATE/NBCTBO. 1. CranuoHapHas rpynna G, 10601 TOUYKH X, €
€ M upu felicTBuU Ipynnsl G HUKIndeckad. JelicTBUTENbHO, PACCMOT-
pumM romomopdusM rpynnsl G, B PYIILy JMHEHHBIX IpeoOpa3oBaHun
OTHOMEPHOT'0 BEKTOPHOI'O IIPOCTPAHCTBA, COIOCTABJIAIONUINI IIpeobpa-
30BaHUIO ero AuddepeHIInan B TOUKE X,. DTO OTOOpaKeHUEe He MOXKET
VMMeTb s1pa: eCIU HavaJabHble WieHH psza Teiopa mpeobpa3oBaHus f
ectb f(xy+h) =x+h+chk+ ..., To HavanbHEIE Wiens paga TeiTopa
l-it urepamuu f mpeo6pasosanua f ects fIU = x, +h +Ich* + ... Tlo-
STOMY HUKaKas uTepaius npeobpasoBanus f He OyZeT TOXK/IEeCTBEHHBIM
npeo6pa3oBaHKeM, YTO IIPOTUBOPEYUT KOHEUHOCTH IPymibl G, . Koned-
Had TpyNNa JUHeHHLIX TpeobpasoBaHuii mpocTpaHcTBa Cl — rukmmye-
CKas TPyIIa, MOPOXKAeHHass YMHOXKEHUEM Ha OUH U3 MepBOOOPa3HBIX
KODHEM U3 eANHULBL &, CTENIeHU M, IZie M — MOPAAOK IPyMsbl G, .

2. CrauuoHapHyo rpymiy G, TOYKHU X, MOXHO JIMHEapH30BarTh, T. €.
MOXXHO BBECTH JIOKAJbHYIO KOOPAWHATY U OKOJIO TOYKHU X, TAKylO UTO
npeo6pasoBaHua IPyMIbl G, , 3alMCAHHBIE B 9TOH CHCTEME KOOPAMHAT,
nuHenHsl. Ilycth f —o6pasytomas rpynnel G, . Torza BeimonHAeTcs
paseHctBo f™ =1d, rae Id —roxzecTBeHHOe mpeobpaszoBanue. Jud-
depennuan GyHKUIMHU f B TOUKe X, — ITO yMHOXeHUe Ha &, rae &, —
OZIVIH U3 NepBOOOPA3HBIX KOPHEH U3 eJUHUIIEl CTeleHH m. PaccMoT-
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puM Jr06yr0 GyHKIMIO (@, auddepeHIIMag KOTOPOM He paBeH HYJIO
B TOUKe X,. C oToOpakeHneM f CBsi3aH JIMHEWHBIN omepatop f* Ha
npocrpaHcTBe ¢yHKuumit. Hanuuiem pesonbBenty Jlarpamwka Rg (@)

byHKUIMY @ A7 geiicTBUs omepatopa f: R: (p) = % > E;k(f*)k((p).

Gynxuysa u = Rg, () sABisgercs CcOOCTBEHHBIM BEKTOPOM Ipeobpaso-
BaHusA f* ¢ cOGCTBEHHBIM YUCIOM &,,. JubdepeHIansl B TOUKE X, ¥
GYHKIME U M @ COBHAZAIOT (I9TO IPOBepsAeTCA IMPOCTHIM BHIYUC/IEHU-
eMm). OToOpaskeHHe f B KOOPJWHATE U CTAHOBUTCS JMHEWHBIM, TaK KaK
fru=&,u.

3. Temepp IPOCTO BBECTU AHATUTHYECKYIO CTPYKTYPY B IIPOCTpaH-
cTBe opbOUT. PaccMOTpUM Kakyroo-mu60 opobuty. IIycTh CTallOHApHbBIE
TPYIIIBEL TOUEK OPOUTHI TPUBHATBHBI. TorZa Masias OKPECTHOCTb TOYKHU
OpOUTEI KaXXyI0 OPOUTY IepecekaeT He Gosnee yeM OAuH pas. JIoKab-
Hasg KOOpJAWHATA OKOJIO 3TOU TOYKY IIapaMeTpPU3yeT COCeHHE OPOUTEL
Eciu y TOYKY OpOUTHI €CTh HeTPUBUANbHAS CTAllIOHAPHAS TPYIINa, TO
OKOJIO TOYKU MOXKHO BBIOPATh JIOKATBHYIO KOOPAWHATY U TaK, YTOOLI B
3TOM cucTeMe KOOpPAUHAT CTalllOHapHAas IPyIINa JeficTBoBala JUHENHO,
YMHOXXasl U Ha cTereHu KOpHA & ,,. CocefHME OPOUTHI TapaMeTPU3YIOTCS
¢dyuknmedt t =u™. Teopema Zoka3aHa. O

C xaxzo¥ noarpymnmnoit G rpynnsl N cBSXKeM aHaJIUTUYeCKOe MHOTO-
obpasue M, ABIAOLIEECSd IPOCTPAHCTBOM OPOUT AeliCcTBUA TPy G.
OTOXZ,eCTBUM IIPOCTPAHCTBO My, ¢ mpocTpaHcTBOM X. [Ipu 3TOM OTOX-
AleCTBIEeHNH oToOpakeHre dpaKkTopusanuy f, y : M — My mpeBpaiaeTcs
B MICXOJTHOE Pa3BeTBJIeHHOe HakphiTHe f: M — X.

ITyctb G1, Gy — iBe NOATPYNIEL B N, U IIyCTh BBHIIIOJITHEHO BKJIIOUYEHUE
G, € G,. Toraa onpezneneno orobpaxenue f; g : Mg — Mg, , comocTas-
JisroIee opouTe rpymimsl G coAepKallyto ee OpOUTY Ipynmbl G,. JIETKo
BUJIETb, UTO

1) oTo6pakenue f; , ABIAETCA Pa3BETBIEHHBIM HAKPBITHEM;

2) e G € Gy €G3, 10 fg, 6, = f6,.6, © f6,,6,5

3) orobpaxenue f; y: Mg — My npu oToxzaectsaennu My ¢ X nepe-
XOIWUT B pa3BeTBJIEHHOE HAKPHITHE, IOAYNHEHHOE UCXOJHOMY pa3BeTB-
JIEHHOMY HaKPHITHIO f, 1 M — My (TaK Kax f, y = fo n © fo.0);

4) ecu G — HOPMaJIbHBIH ZieuTenb B N, TO pa3BeTBIeHHOE HaKPHI-
tHe f; 1 Mg — My HOpManbHO U €ro TPyIIa HajmoxeHus paBHa N/G.

C NpOMEXYTOYHBIM Pa3BETBJIEHHBIM HAKPHITUEM fgy: Mg — My
MOXKHO CBSI3aTh JIUOO TPOWKY IMPOCTPaHCTB M f“—'G>MG =% My, ¢ oTobGpa-
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KEHUAMH f, ; U fgy, MO0 mapy IpocTpaHcTB Mg —fi”—>MN ¢ oTobpa-
KeHHeM f; y. DTU JBe BO3MOXXHOCTH COOTBETCTBYIOT PAacCMOTPEHHIO
MIPOMEKYTOYHOT'O HAKPHITHS KaK Pa3BeTBIEHHOT'O MOJHAKPBITHA U KaK
Pa3BeTBIEHHOTO HaKPHITUA HaZ My .

2.4. PumaHOBa NMOBEPXHOCTh ajJre6pandecKoro ypaBHEHHUSI HaJ|
nosieM MepoMop¢HbIx GyHKknuMii. Harra 1ienp — reoMmeTpudeckoe OIu-
caHue anrebpandeckux pacimupeHuil monst K (X) mepoMopdHbIX QyHK-
1M Ha CBA3HOM OZJHOMEPHOM KOMIUIEKCHOM MHOroobpasuu X. B aTom
MYHKTE MblI IOCTPOUM PHUMAHOBY ITOBEPXHOCTH aJrebpandecKoro ypas-
HeHUA Haz noaeM K(X).

Mycts T=y" +a,;y" ! +... + a, — HOTUHOM OT TIlepeMeHHO} y Ha
moneM K (X) mepomopdHbix dyHKIMN Ha X. MBI OyzeM IpearonaraTh,
YTO IIPY pasjioKeHNU NoaruHoMa T Ha HEeIPUBOAMMbIE MHOXUTENN KaX-
ZBIY MHOXKUTEJIb BCTpedaeTcs ¢ e IMHUYHOM KpaTHOCThIO. B aToM ciaydae
JUCKpUMUHAHT D monuHoMa T AB/AETCA HEHyJeBBIM 3JIeMEHTOM II0JA
K(X). O6o3nauum dyepe3 O AUCKPETHOE TIOAMHOXKECTBO B X, coZiepika-
ITlee BCe ITOJTIOCH K0aQPUIIEHTOB a; ¥ BCe Hy/IU JUCKpUMUHAHTA D. Jlnqa
BCAKOM TOUKU Xo € X \ O monunom T, = y" + a;(x)y" .+ a, ()
HMeeT B TOYHOCTH N Pa3IW4YHBIX KOpHeU. Pumanos0il nogepxHocmuio
ypaBHeHUA T = 0 HasbIBalOTCA N-IHUCTHOE pa3BeTBIEHHOE HaKphITHe
n: M — X u mepomopoHas ynkimsa y: M — CPL, Takue 4To 2718 Kax-
ZIoM TOYKH Xy € X \ O MHOKeCTBO KOpHEHN MOTUHOMA T, =0 coBnagaer
C MHOXXECTBOM 3Ha4eHHUi QyHKIMU y Ha mpoobpase 7~ 1 (x,) TOUKH X,
IIpu npoekuuu 7. ITokaskeM, 4TO pUMaHOBa IIOBEPXHOCTb YpaBHEHUA
CyIIecTByeT M e€JUHCTBeHHa (C TOYHOCTBIO 0 aHATUTUYECKOTO IOMeo-
Mopdu3Ma, KOMMYTHUPYIOLIETO ¢ IPOeKIUAMU B X ¥ QYHKUIUAMU Y ).

B zexaptoBoMm mpousBezenun (X \ O) X c! OIpe/iesieHbl [IPOeKI
7T Ha MEPBBINA COMHOKUTENb U GYHKINA Y, ABIAIONAACT IPOeKIed Ha
BTOpPOI COMHOXUTeNb. PacCMOTpUM B [eKapTOBOM IIpOM3BEJeHUN T'H-
TeprioBepxXHOCTh M, 3aslanHyto ypaBHenueMm T (7(a), y(a)) =0. YHact-
Has npousBoziHaA T 110 y B 000 TOUKe TUIlepIoBepXHOCTH M, He pas-
Ha HYJII0, TaK KaK MOMUHOM T, ;) UMeeT HeKpaTHbIe KOpHU. [1o Teopeme
0 HesIBHOU QYHKITMH TUIIEPIIOBEPXHOCTh M, Heocoba 1 ee MpoeKIus Ha
X \ O sBiseTcs JoKaJbHEIM roMmeomopdusmom. Ha MHOTOOGpasuu M,
onpezeieHs! poeKnus 1 : My — X \ O u dynxius y: My — CL. I[Tpume-
HAS K HaKpBITHIO 7T: My — X \ O omeparuio 3akjeuBaHus AbIPOK, TOTY-
4UM n-JIMCTHOE pa3BeTBIEHHOE HaKpbiTue 7T: M — X.
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TEOPEMA 2.12. ®ymxyusa y: My — C! npodonncaemcs do mepo-
mopgroil gynkyuu y: M — CPL. Pazsemenentoe nakpuimue w: M — X,
cHabcenHoe mepomopdroii gynkuyueil y: M — CPL, aensemcsa pumaro-
gotl nosepxHocmoto ypasHenust T =0. Jpyzux pumarosslx nogepxHocmeil
y ypasuernus T =0 Hem.

Ham noHazio6UTCs cleAyronias JjeMMma.

JIEMMA 2.13 (M3 MKOJbHOW MATEMATUKU). Beakuil kopeHs Y,
ypasHeHus y" + aly’”‘_1 + ...+ a, = 0 ydosnemagopsiem HepaseHcmay
|yo| <max (1, Y la;]).

JIOKABATEABCTBO. Ecennt |yg|>1n yp=—a; —...—a, ¥y ", 10 | yp| <
<max(1, X|a;l). O

[TepexoauM K [j0Ka3aTeabCTBY TeopeMbl. dyHKIMU 7T*a; MepoMopd-
HbI Ha M. B IPOKOJIOTOM OKPEeCTHOCTH KaXKAOW TOYKU QYHKIIUA Y YZAO-
BeTBOpsieT HepaBeHCTBY |y| < max(1, ) |n*q|) u, cremoBatenbHo,
HMMeeT B KaXK/OU MPUKJIEEHHOHN TOYKe JTUOO TOMIOC, OO0 YCTPaHUMYIO
0COOEHHOCTb.

[To mocTpoenwuto Tpoiika 1t : My — X \ O sIBIsS€TCSA N-TUCTHBIM HAKPHI-
THEM U JJIS1 KQXKAOTO0 Xy € X \ O MHOXXeCTBO KOpHEH MOTMHOMA T, cosma-
ZlaeT ¢ 06pa3oM MHOXecTBa T ' (X,) mpu oTobpaxkeHuu y: M, — CPL.
[TosToMy pa3BeTBIeHHOe HakpbiThe 7: M — X, cHab)XeHHOe Mepo-
MopdHoit dyHKIMeit y: M — CP!, apnsgeTca puMaHOBOM MOBEPXHOCTHIO
ypaBHeHua T =0.

[TycTb pa3BeTBIEHHOE HakKphITHE 7;: M; — X U yHKUUA y;: M; —
— CP! npezcrapnsioT co6oif APyryi0o PUMaHOBY IOBEPXHOCTb 3TOTO
ypaBHeHus1. O603HaYUM 4epe3 O; MHOXKECTBO 7'5;10. CylecTByeT ecTe-
CTBEHHOE B3aWMHO OZJHO3HA4YHOe oToOpaskeHue h,: My, — M; \ O, KoM-
MyTHUpYIOLIee C IPOeKIUAMU 7T, ohy =17, y; oh; =Y. JlelicCTBUTENbHO, 110
oTpeZie/IeHNI0 PUMaHOBOM TOBEPXHOCTU MHOKECTBA yncen {y o 7100}
u{yo rrl_l (x)} coBnazaioT ¢ MHOXKECTBOM KOPHEN MmoIuHoMa T, (. Jler-
KO BUZIETD, UTO OTOOpakeHue h, HENPEPHIBHO U YTO OHO MPOAOIKAETCS
[0 HEMPEPBIBHOCTH [I0 aHAJIUTUYECKOTO romeomopdusma h: M — My,
KOMMYTHPYIOIIETO C MTPOEKIUAMU T, 0h =1, y;oh=Yy. O

3AMEYAHUE. WHorza omHo MHoroo6pasue M, durypupyroiiee B
ompeZie/IeHUY PUMaHOBON TOBEPXHOCTU YpaBHeHHA, Ha3bIBAIOT pUMa-
HOBOM IIOBEPXHOCTBIO ypaBHEHHUA. DTO )Xe MHOroobpasve Ha3bIBAIOT
pumarosoll nogepxHocmasto GYHKIIUU Y, YAOBIETBOPsAIOlIel ypaBHEHUIO.
Korza 3TO He MPUBOAUT K HeJOpPa3yMeHUIO, MBI OyZleM II0Jb30BaThCs
STOW MHOTO3HAaYHOM TepMUHOIOTHEN.
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MHOsKecTBO O KPUTUYECKUX 3HAYeHWU pasBeTBJI€HHOI'0 HaKpPBITUA
m: M — X, CBI3aHHOTO C PUMaHOBOM MTOBEPXHOCThIO ypaBHeHUs T =0,
MOXKET OKa3aThCsA CTPOTO MeHbllle, YyeM MHOoecTBO O, durypupyroiiee
B ero moctpoeHny (Bkiodenre O C O BHIIONHAETCA Beerna). MHOKe-
cTBO O HA3BIBAETCH MHOMCECTIBOM BEMBeHU. ypaBHeHus T = 0. Hag
ToYKOU a € X \ 0 ypaBHeHue T, = 0 MOXeT MMeTb KpaTHble KOPHH,
OJHAKO B TIOJie POCTKOB MepoMopdHbIX dyHKIMi B Touke a € X \ O
ypaBHeHre T =0 uMMeeT JIMIIb HEeKpaTHble KOPHU U UX YUCJIO PaBHO
crenienu ypaBHeHus T =0. Kaxcoblil u3 MepoMopdHbIX pOCMKO8 8 mouke
a, ydosnemsopsiowux ypasHenuto T =0, coomeemcmeayem mouke puma-
HOB01l N08ePXHOCMU YPABHEeHUS, Jlexcaulell Had moukoll a.

§3. KOHEYHOJIMUCTHBIE PASBETBJIEHHBIE HAKPBITUSA U
AJITEBPAUYECKUE PACHIMPEHUSA ITOJIEM MEPOMOP®HBIX
OYHKIIUHN

[Iycte 7w: M — X — KOHEUHOJIMCTHOE pa3BeTBJIEHHOE HaKphITHUE. Teo-
pua lamya ¥ TeopeMa cyllecTBOBaHUA PumaHa II03BOJNAIOT ONKCATh
cBsa3b nosist K(M) mepomopdHbix ¢yHkumi Ha M c moneMm K(X) wme-
pomopdubix ¢yHkiuit Ha X. I[Tone K(M) siBiseTcs anrebpandecKuM
pacuupennieM nona K(X), u kaxzoe anrebpandeckoe pacUIpeHHe
monsg K(X) mosmydaeTcs TaKUM crioco6oM. DTOT maparpad MOCBAMEH
CBAI3M MEX/Ay KOHEYHOJIMCTHBIMU Pa3BeTBIEHHBIMU HAKPBITUAMHU HaJ
MHOTo06pasueM X U anrebpanyecKuMu paciupenusmu noust K (X).

B n. 3.1 ompezenserca none P,(0), cocTosiliee M3 MepOMOPOHBIX
POCTKOB B TOYKe a € X, KOTOpble MepoMOP(HO NPOAOIKAIOTCA [0 KO-
HeYHO3HaYHbIX QyHKIM Ha X \ O, UMernux anrebpandeckrie 0cobeH-
HOCTHU B TOYKax MHOecTBa O.

B m. 3.2 paccmarpuBaeTcs fetictBue rpymmbl 7T;(X \ O, a) Ha mose
P,(0) u K AeHCTBUIO 3TOW TpyHIbl aBTOMOPGU3MOB NPUMEHAIOTCA
pesyabpTaThl Teopum l'amya. OmnuchiBaeTcd COOTBETCTBHE MeEXAY IIOA-
nonsamu nons P, (0), ABngomuMucs aarebpandecKuMH paciiipeHUsIMU
nona K(X), u moArpynmnamMyu KOHeYHOro MHZeKca B GyHAaMeHTaTbHOU
rpymme 71,(X \ O, a). /lokasbiBaeTcsi, YTO 3TO COOTBETCTBUE SIBJIAET-
c B3aMMHO OZHO3HAUHBIM (B ZJOKasaTelbCTBe KpoMe Teopuu lamya
HCIIOIb3yeTcsl TeopeMa cyllecTBoBaHUA Prmana). [TokasbiBaeTcs, 4To
pUMaHOBA ITOBEPXHOCTh YpaBHEHUs:, BETBJIEHHE KOTOPOW HaXOAUTCA
HaZ MHO)kecTBOM O, CBfA3HA, €CIM U TOJIBKO eC/lH ypaBHeHHe Hellpu-
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BoziuMO. IIpu aTOM mosie MepoMOpGHBIX QYHKIIME Ha PUMaHOBOH IO-
BEPXHOCTU HEMPUBOJUMOIO YPaBHEHUS COBIAZAET C ajire6pandecKuM
pacurupenuem noss K (X), TomTydeHHBIM IPUCOeANHEHHEM KOPHS 3TOTO
ypaBHEHU.

B 1. 3.3 MOKa3bIBaeTCs, YTO T0JIe MEPOMOPPHBIX GYHKIIMI Ha BCIKOM
CBSI3HOM pa3BETBJIEHHOM KOHEYHOJIMCTHOM HAKPBITUU HaZ X SBJIAETCSA
anrebpanvecKUM paclIMpeHueM Mojisa X, IpUdeM Pa3HbIM HaKPBITHUAM
COOTBETCTBYIOT Pa3HbIe PACIINPEHMUS.

3.1. Ione P,(0) pocTKOB B TOYKe a ajrebpandecknx GpyHKITUIA,
BeTBAIIMXCA HaJ MHOXXecTBOM O. IlycTh X — CBA3HOE KOMIUIEKCHOE
MHoOroo6pasue, O — IUCKpeTHOe MOAMHOXeCTBO B X U d — OTMedYeHHas
TOuYKa B X, He NMpUHAAIeXaIas MHOKecTBY O.

O6o3Hauum yepe3 P,(O) COBOKYITHOCTh POCTKOB MEPOMOPGHBIX GYH-
KIUH B TOYKe a, 0OIa/alomuX CAeAYIOMMMEI CBOMUCTBAMH. POCTOK o,
npunagnexur P, (0), eciu

1) pocTok ¢, MepoMOpPHO TPOAOIKAETCS BAOJB OO0 KPUBOU, Ha-
YHHAOIIEHCs B TOYKe a U exameid B X \ O;

2) ;14 pocTKa IIpH @, CcyllecTByeT noarpymnmna G, C m; (X, a) KoHe4Ho-
ro uHzekca B rpymie 71 (X \ O, a), Takast 9To pu IPOJOIKEHUN POCTKA
(04 BAOJIb KPUBOH U3 MOATPYIIBI Gy MOTy4aeTCs UCXOAHBIN POCTOK @y ;

3) MHOTO3HaYHas aHanuTHYecKkas GpyHkys Ha X \ O, Momyvaronasacs
IIpY MIPOAODKEHUU POCTKA (., UMEET B TOUKax MHOXKecTBa O anre6pa-
UYecKre 0coOble TOUKH.

[ToroBopum mnozapobHee o cBoiicTBe 3. ITycth 7: [0, 1] — X —mobas
KpUBas, UAyIas U3 TOUYKU a B 0cobyio Touky o € O, y(0) =a, y(1) =o,
o obmactu X \ O, T.e. y(t) € X\ O npu t < 1. CBo#CTBO 3 03HAYAET, YTO
JUTA 3HAUeHU ITapaMeTpa t, JOCTaTOYHO OJIM3KUX K euHUIle, to <t <1,
POCTKH, TIOJNyIeHHbIe TP MepOMOP(PHOM MIPOZODKEHUN (, BAOJIb KpU-
BOH Y ZI0 TOYKHU t, OYAYT aHATUTUYECKUMU U YTO OHU B MajIOH IIPOKO-
JIOTO¥ OKPECTHOCTH V' TOUYKH 0 ONpPeJeNAT k-3Ha4HyI0 aHaITUTHYECKYIO
¢ynxumio ¢,. Orpannyenue GyHKIMH ¢, Ha MaJIbIA IIPOKOJIOTBIA KOOP-
JVUHATHBIN JAVCK Dl*u\<r C IIEHTPOM B TOUKE 0, T/ie U — JIOKaJIbHasA KOOP/H-
HaTHas QYHKIIUSA OKOJIO TOUKH 0, u(0) =0, JOIKHO UMeTh ajrebpanye-
CKYI0 0COOEHHOCTb B CMBICJIE OTIpeZiesieHus u3 11. 2.1. [TocieHee ycaoBye
He 3aBUCHUT OT BbIOOpa KoopAMHATHOU GyHKIMU u. OHO O3HAYaeT, YTO
yHkuus ¢, packnazpiBaercs B psz [Tronso mo u (T. e. OHA pacTeT He
OBICTpee YeM CTETIEHHBIM 00Pa3oM IPU MOAXOZE K TOYKE 0).
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JIEMMA 3.1. Mnoxcecmseo pocmkos P,(O) siensiemcs nonem. Ha no-
sie P,(0) deiicmeyem yndamenmanwvhas epynna G obracmu X \ O npu
nomowu onepayuu mepomopgdrozo npodosceHus. Ilonem uH8apuaHmos
OMHOCUMENLHO 31M020 0elicmBus A8J1emcsl noae MepoMOPPHbIX PyHK-
yuil Ha MHo2006pasuu X.

JIOKABATENBCTBO. [IyCThb POCTKH @1, U (P54 JIEKAT B MHOXXECTBE
P,(O) u He MeHATCA NPU NPOJOLKEHUAX BAOAb noarpynn G, G, Ko-
HeYHOro MHJeKca B rpymne G =7,(X \ O, a). Toraa pocTKu ¢, + 054,
$1aP2a U P10/ Paq (POCTOK 1,4/ s, ONPEAENEH, ey @, , HE paBeH
TOXZIECTBEHHO HYJII0) MEPOMOPGHO MPOAOIKAIOTCA BAOJb 000 Kpu-
BOM, HAYMHAOIIENCA B TOUKE d U Jexkaiei B obaactu X \ O, 1 He MeHsI-
I0TCA [IPY IPOAOJIKEHUHU BJIOJIb IOATPYNIEL G, N G, KOHEYHOT'O MHAEKca
B rpynme G=7,(X\ 0, a).

MHoro3HauHble GYHKIIUY, OIpeZiesieHHbIEe STUMU POCTKaMU, UMEIOT
anrebpaudeckrie 0COOEHHOCTH B TOYKaxX MHOKecTBa O, TaK KaK POCTKU
byHKIUM, TpeacTaBUMBIX psazamu [Tron3o, obpasytor mose. (Pasymeert-
csl, HeJb3A MPOU3BOAUTH apudMeTHYecKUe oIepaliyd HaJ MHOTO3HAY-
HbIMU QYHKIIUAMU. OfHAKO /1T GUKCUPOBAHHOM KPUBOU, BXOAANIEH B
TouKy 0, MOXXHO IIPOU3BOAUTH apudMeTHIecKue olepanuy Haz Gpukcy-
POBaHHBIMU BeTBAMHU PYHKIIMHN, packjabplBaoiuxcs B pagsl [Tronzo. B
pe3ysbTaTe IMOMYIUTCS BeTBb QYHKIINY, IpeCTaBUMOM psagoM [Ton30.)

Wtak, mbl mokasanu, 4to P,(O) apnsgercsa monmeM. MepomopdHoe
MIPOZIOJDKEHNE coxpaHseT apudmeTHdeckue omepanuu. [lostomy ¢yH-
JaMeHTanbHadA rpymnmna G geiictByer Ha P,(O) aBromopdusmamu. [Tome
HMHBApHUaHTOB COCTOUT U3 PpOCTKOB 1osA P, (0), ABIAIOIINXCA POCTKAMU
Mepomopdubix GyHKIUNA B obmactu X \ O. B Toukax MHOxecTBa O
3TH OZHO3HAYHble GYHKIIMU UMeIOT ajrebpanveckre OCOOEHHOCTU U
SIBJISIIOTCSA, CIe0BAaTeNbHO, MEPOMOPGHBIMU QYHKITUAMH Ha MHOT0006-
pasuu X. JlemMa foKa3aHa. O

3.2. Teopus lanya geiicTBusa $yHAaAMEHTAJIBHOM I'PyNIbI Ha IIO-
jge P,(0). B aToM myHKTe MBI IPUMEHUM Teopuio 'anya K AelCTBUIO
dyumamenTtanpHO# Tpymel 1 (X \ O, a) Ha nosne P, (0).

TeoPEMA 3.2. 1. Kaxcowtii anemenm ¢, noasa P,(0) anzebpauuen Hao
nosem K(X).

2. MHoxcecmeo pocmkog8 8 mouke a, y0081emeopsoujUx momy e
HenpugoouMoMy YpasHeHU0, YUMo U POCMOK ,, cognadaem ¢ opbumoil
pocmka @, npu deticmeuu epynnst G.
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3. Pocmok (, Jiejcum 8 noJsie, NOJydeHHOM NpucoeOUHeHUeM K MO0
K(X) anemenma f, nons P,(O), eciu u moavko ecau npu Oelicmsuu
2pynnst G cMAyUOHAPHAS 2PYNNA POCMKA P, CO0epHCUM CMAYUOHAPHYHO

epynny pocmka f,.
JlokazaTenbCTBO 1. 1 1 2 noslydaeTcsa NpUMeHeHUeM TeOpeMBl 3.2 U3
IJIaBHI 2, II. 3 — IpUMeHeHreM TeopeMbl 3.6 U3 IJ1aBhl 2. O

[TyHKT 1 Teopembr 3.2 MOXKHO TTepepOopMyIUpOBaTh TaK.

YTBEPKAEHUE 3.3. MepomopdHblil pocmok 8 mouke a Jiexcum 8 no-
se P,(0), ecnu u moawvko ecau oH ydogiemeopsiem HenpugoouMoMmy ypas-
Henuto T =0, MHOXNCECB0 MOUEK 8eMBJIeHUSL KOMOPO20 CO0epicumcs 8
mHoxcecmeae O.

[TyHKT 2 TeopeMBl 3.2 S5KBUBAJIEHTEH CJIeAYIOIeMYy YTBEePXeHUIO.

YTBEPXKAEHUE 3.4. YpasHeHue T = 0, MHOMcecm8o mouex eems-
JleHUsL Komopo20 codepaycumcst 8 MHoxcecmee O, Henpugsooumo, ecau u
MOJIbKO eciU pUMAHOB8A NOBEPXHOCIb 3MO20 YPABHEHU CBA3HA.

JOKA3BATE/NBCTBO. IlycTh f: M — X —puMaHOBa IOBEPXHOCThb
ypaBHEHUsI, MHO)XECTBO TOUEK BETBJIE€HUA KOTOPOT'O COAEP>KUTCA B MHO-
xecTtBe O. ComnacHo 1. 2 TeopeMbl YpaBHEHHE HENPUBOAVMO, e€ClIU U
TONBKO ecau MHOroo6pasue M \ f1(0) cBasHO. JleicTBUTENBLHO, CBA3-
HOCTb HaKpHIBAWOIIEro IPOCTPAHCTBA 3KBMBAJEHTHA TOMY, YTO CJIOHN
F = f‘l(a) JIEXKUT B OJHOM KOMIIOHEHTE CBA3HOCTH HAKPBIBAIOIIETO
IIPOCTPaHCTBa. JDTO, B CBOIO OYepe/b, SKBUBAJIEHTHO TPAaH3UTUBHOCTU
JleliCTBUA TPYyNIBl MOHOZpOMUM Ha cioe F. OcTramock 3aMeTUTh, 4TO
MHOT006pasue M CBS3HO, €CJIM M TONbKO €C/IM CBA3HO MHOroobpasue
M\ f~1(0), nony4enHoe BrI6pacHBaHUEM U3 M AUCKPETHOTO MOJMHO-
JKecTBa. O

YTBEPKAEHUE 3.5. Iloonone nons P,(0) sagisemcsi HOpMANbHbLM
pacutuperuem noas K(X), ecau u monwvko ecaiu 0HO NoJyueHo npucoedu-
HeHuem Kk K(X) scex pocmkos 8 mouke a MH0203HAuUHOU PyHKkyuu Ha X,
y008J1eMBOPAWUX Henpugooumomy anzebpauueckomy ypasHeruto T =0
Hao K (X), eemenerue komopozo codepucumes 8 O. I'pynna I'anya amozo
HOPMAIbHO20 pACULUPeHUs. UBOMOPPHA 2pynne MOHOOPOMUL PUMAHOBOUL
nogepxHocmu ypagHenuss T =0.

JIOKA3ATE/NIBCTBO. HopMmanbHOe pacmupeHUe Bcerja IoaydaeTcs
IIpucoeJVHeHreM BceX KOpHel HenpuBOAVMOI'O ypaBHeHHA. B curya-
LIUM yTBEpXKZEeHUA BETBJIEHHE 3TOI'0 YpPaBHEHHUA JOKHO COZEpKaThbCs
B O. Kak rpynna l'asya HOpMajJbHOTO paclIMpeHus, TaKk U TpyIna Mo-
HozmpoMuu ypaBHeHUs T = 0 u3omopdHbI ob6pasy byHAaMeHTaTbHON
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rpymmst 711 (X \ O, a) Ha opbuTe ee AeticTBusA Ha none P,(0), cocTosieit
13 BCEX POCTKOB B TOUKE d, YZIOBJIETBOPAIOUINX ypaBHeHuto T=0. [

PaccMoTprM pHMaHOBY IOBepXHOCTb ypaBHeHUA T = 0, KOTOpoMy
YVZIOBJIETBOPsIET POCTOK ¢, € P,(0). Touku 3TO! pUMaHOBOM ITOBEPXHO-
CTH, JIe)Kalllie HaJl TOYKOM d, COOTBETCTBYIOT KOPHAM ypaBHeHUA T =0 B
niosie P,(O). PocTok (p, — OAWH M3 3TUX KOpHeH. VITak, MbI COITOCTaBUIN
KaXXZIOMY POCTKY ¢, onsg P,(O), Bo-TIepBHIX, pa3BeTBIEHHOE HAKPHITHE
Ty, + M, — X, MHOXXECTBO KPUTHYECKUX TOYEK KOTOPOT'O COZEPIKUTCA
B O, ¥, BO-BTOPBIX, OTMEYEHHYIO TOUKY (p, €M, , IeKallyIo HaZy TOYKOM
a (MBI 0GO3HAYaeM CHUMBOJIOM (9, TOYKY PHUMAaHOBOM IOBEPXHOCTH,
COOTBETCTBYIOIIYIO POCTKY ,). IIyHKT 3 TeopeMbl 3.2 MOXKHO Iiepe-
dbopMyIUpOBaTh CIEAYIOIIUM 00pa3oM.

YTBEPXKAEHUE 3.6. Pocmok ¢, siexcum 6 noJjie, Noy4eHHOM Npuco-
eduHeHuem k nonto K(X) anemenma f, nons P,(0), ecau u monwvko ec-
2 paseemenenHoe Hakpvimue 1, : (M, , ¢,) — (X, a) noduuneHo pas-
gemesieHHoMy Hakpuimuio 1r @ (M, f)— X, a).

JleicTBUTENBHO, COIIACHO KIacCUUKAIUU pa3BETBIEHHBIX HAKpHI-
THM ¢ OTMeYeHHBIMU TOYKaMU HaKpBITHE, COOTBETCTBYIOLIEE POCTKY @,
MOAYMHEHO HAKPBITHIO, COOTBETCTBYIOIEMY POCTKY f,, €CIU U TOIBKO
ecIv CTalloHapHasA TPyIIa pocTKa ¢, NMpU AeWcTBUM QyHAAMEHTab-
HOM rpymmbl 711 (X \ O) comep:KUT CTalMOHAPHYIO TPYIIILY POCTKA f,.

CneacTBUE 3.7. Ilons, nosyueHHsle npucoeduHenuem K nouato K(X)
anemenmos ¢, u f, nona P,(0), cognadarom, ecau U MOAbKO ecau pas-
8emaeJieHHble HAKPbIMUSL ¢ OMMeUeHHbIMU moukamu T, @ (M, , p,) —
- X,a)u T (Mfa’ f) — (X, a) axeuganeHmHul.

BepHo su, uTo AJ1s1 t000# TOATPyIEl G, UMeroleil KOHeYHbIH WH-
Jekc B dyHAaMeHTaNIbHOM rpymme 71 (X \ O), cyliecTByeT POCTOK f, €
€ P,(0), crauroHapHas Ipyimna KoToporo paBHa G?

OTBeT Ha 3TOT BoIpoc TonoxuteneH. OgHoN Teopuw lamya ams
JIOKa3aTeIbCTBa 3TOTO GaKTa HEAOCTATOUHO: UYTOOBI anrebpandeckue
paccyxzeHus OBUIO K YeMy IPUMEHSITb, HEOOXOAMMO HMeTb MHOTO
MepoMOpdHEIX QYHKIMI Ha MHoroo6pasuu'. Ham 6yzeT JoCcTaTOYHO

1TEOpI/IH lasya 1mo3BOJIAET HMOMYyYUTh CIeAyIOMUNA pe3ynbTat. [IycTh At moarpynmns! G
OTBET Ha BOIIPOC IIOJIOKUTEJNEH, U IyCTh f,; € P,(O) — pOCTOK, CTaljiOHapHas I'PyIa KOTo-
poro paBHa G. Torza /11 BCAKOM I'PYIIIBL, cozepkaled rpymmy H, rae H — Hanbonbmuii
HOPMaJIbHBIN Jle/TuTesb, JeXalluil B rpymnmne G, OTBeT TOXe IoMoxuTesneH. /[l fokasa-
TeJbCTBA HYXKHO IIPMMEHUTh OCHOBHYIO TeOpeMy TeopuH l'anya Aaa MUHMMAaIbHOIO pac-
umpenus lanya noss K (X), coaeprkaliero pocTox f.
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chopMyTMPOBaHHOTO HIDKe (aKTa, KOTOPbIM MbI OyZleM HasbIBaThb TEO-
PEMOIi CyIecTBOBaHUA PuUMaHa W NPUMEHATbh 0e3 [JOKa3aTeabCTBA.
([loka3zaTesbCcTBO MCIONb3yeT QYyHKIIMOHAMBHBIN aHaMU3 U COBCEM He
anrebpanvno. OTMETHM, YTO €CTh ABYMEPHbIE KOMIIAKTHBIE KOMILTIEKC-
Hble aHAJUTUYECKEe MHOT000pa3ysi, €IJMHCTBEHHBIMU MEPOMOPGHBIMU
OYHKIIUAMY Ha KOTOPBIX SIBJIAIOTCS KOHCTAHTHI.)

TEOPEMA CYHIECTBOBAHHA PHMAHA. /1 8cAK020 KOHEUHO20
nooOMHONcecmaa 06020 0OHOMEPHO20 AHAAUMUUECKO20 MH02000pa3us
cywecmgyem GyHKYUS, MEPOMOPPHHASL HA MHO2000pA3UL, AHAAUMUUHAS
8 O0KpeCcmHOCmU NOOMHONCECB8A U NPUHUMAOWASL 8 PA3HbLX MOUKAX
NOOMHONCECMB8Aa pasHble 3HAUEHUS.

TEOPEMA 3.8. /[na stob6oii nodzepynnst G KOHeuH020 uHOekca 8 (yH-
OdamenmansHotll epynne 11 (X \ O) cywecmsyem pocmok f, € P,(0), cma-
UUOHAPHASA 2pynna Komopozo pasHa G.

JIOKA3ATENBCTBO. Ilycth 7,(M,b) — (X, a) — KOHEUHOIHUCTHOE
pasBeTBJIeHHOe HaKpbITHEe HaZ X, KPUTHYEeCKHe 3HayeHUs KOTOPOro
nexkaT B O M KOTOpOe COOTBeTCTByeT moarpyime G C 1;(X \ 0). O6o-
3HaunM depes F = f~1(a) cioi HakpHITHA Haj TOYKOH a. [To Teopeme
CyllecTBOBaHUsA PuMaHa Ha MHOTOOOpa3uu M cymiecTByeT MepoMopob-
Hasg OQYHKIUWsA, MPUHUMAIOUIAs pa3JIUYHble 3HAYEHWs B TOYKAX MHO-
’KectBa F. IycTh n;; — pOCTOK OTOOpa)keHUs, OOpAaTHBIH K MPOEKIUU
7T W TIEPEBOAANIMNA TOYKY a B TOYKy b. PocTok ¢yHKIuu f o rc;(ll o
MIOCTPOeHUI0 JeXUT B mnone P,(0), u ero crauyoHapHas TpyIa Mpu
JetictBuu GpyHAaMeHTanbHOM rpymmsl 7T, (X \ O) paBHa rpymre G. O

WTak, MBI TIOKa3aJu, 4To KiaccuduKaiys anrebpandecKux paciimpe-
Huti mosst K (X) mepomopoHbix GyHKIMI Ha MHOroobpasuu X, coaep-
skamuxcs B mmosne P, (O), sKBUBaJIieHTHA KlacCUPpUKAIU Pa3BeTBIEHHBIX
KOHEYHOJIMCTHBIX HaKpuiTwil 7: (M, b) — (X, a), KpUTHYecKre 3Have-
HUS KOTOPBIX JIeXKaT B MHOKecTBe O. U Te, u Apyrue oOBEKTHI Kiac-
CcUOULIUPYIOTCA TOATPYIIIAMU KOHEYHOTO UH/eKca B GyHAaMeHTaTIbHON
rpytie 711 (X \ O, a). B yacTHOCTH, CIIpaBeAINBa CIEAYIOIas TeOpeEMA.

TEOPEMA 3.9. Coomeemcmaue medncdy nodzpynnamu KOHeUHO20 UH-
dexca 8 yHOaAMEeHMANbHOI epynne u anzebpauueckuMu pacuiupeHusmu
nons K,(M), newawumu 8 none P,(O), e3aumHo 00HO3HAuHO. Ecau
nodepynna G, sexcum 8 nodepynne G,, mo noJe, coomeemcmayrouiee
epynne G, Jiescum 8 noJse, coomgemcmayriyem nodepynne G. IToonoze
8 P,(O) sasnaemcsa pacwuperuem Ianya nons K,(X), ecnu emy coom-
gemcmayem HeKomopblil HOpMAanbHbLl dequmens H ¢gyHOameHmansHotl
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epynnet. Ipynna Ianya amozo pacuiupeHust usoMop@ra daxmopepynne
m,(X\0,a)/H.

3.3. Ione pyHKIMIA HA pa3BETBJIEHHOM HAaKPBITHUH. 3/1€Chb MBI I10-
Ka3bIBAaeM, YTO HEIIPUBOJVMEBIE alrebpandecKre ypaBHEHUA HAJl TIOJIEM
K (X) 3azaroT uzoMopdHble pacliupeHus 3TOTO OIS, €CJTU U TOIBKO ec-
JIU PUMAaHOBBI TTOBEPXHOCTH 3TUX YpaBHEHWH 3aJal0T SKBUBaJIEHTHbBIE
Pa3BeTBJIEHHbIE HAKPBITUA HaJZl MHOTOOOpasuem X.

13 yTBepxeHUA 3.4 BBITEKaeT TaKoe CJIe/ICTBHUE.

CneactBUE 3.10. Anzebpauueckoe ypasHeHue Hao nojnem K(X) He-
npusoouMo, ecau U MoJbKo eciU e20 pUMAHO8A NOBEPXHOCMb CBA3HA.

Iyctb 7: (M, b) — (X, a) — KOHEYHOJIMCTHOE HAKPBITHE C OTMEYEH-
HBIMU TOYKaMM, MHOTOOGpasue M CBSI3HO W TOYKa a He TPUHA/JIEKUT
MHO)XECTBY KPUTHUYECKUX 3HAUYEHUH OTOOpaskeHWs 7. [IpUMeHuM pe-
3ynbTaTH O 1tosie P,(O) u ero moAmoNax i OMUCAHUS IO/ MepOMOpd-
HbIX QyHKIMH Ha M. 37ech Toe3Ha CIeAyionas KOHCTPYKIHA.

O6o3HaunM depes 771;(11 POCTOK B TOYKE d 0GpaTHOTO OTOOpasKeHUs
K IIPOEKIUU 7T, TepEBOAIIEro TOUKy a B Touky b. [Tyctsb Ky (M) —none
POCTKOB B TOUYKe b MepoMOpPOHBIX QYHKIMM Ha MHOTroo6pasuu M. DTo
mosie usomopdHo oo K (M). OTobparkeHue (n;’;)* BKJIQZbIBAET IIOJIE
K, (M) B mone P,(O). Beibupas pa3iuyHbie Mpoobpasbl b TOYKU d, MBI
[IOJIyYUM pasjivyHble BaoxkeHUd nosna K (M) B none P, (O).

[Tycths ypaBHeHue T =0 HempuBoauMo Haj noneM K (X). Torza ero
pUMaHOBA MOBEPXHOCTh M cBsi3HA M MepoMopdHble QYHKIIMM Ha HEH
obpasytot mone K(M). [Tone K(M) comepxut mogmnone nt* (K (X)), uso-
MopdHOe om0 MepoMoppHBIX GYHKINI Ha MHOTOOOGpasuu M. IIycTh
y: M — CP! — Mmepomopdnas dyHKIMSA, GUrypUpyIomas B opeeleHun
pUMaHOBOM MoBepxHOCTU. CIIpaBe/JINBO ClIeAyIollee YTBePKIeHUE.

YTBEPKAEHUE 3.11. Tlone K(M) mepomopdHbix PyHkyuil Ha no-
gepxrHocmu M nopoxcdeno ¢yrxyuetl y Had cgoum noonosem ' (K (X)).
dynkyua y ydossemeopsiem HenpugsoouMomy aneedpauueckomy ypasHe-
Huto T =0 Hao noononem 7 (K (X)).

JIOKABATEJBCTBO. [IycTh b € M — Touka Ha MHOTOOGpa3uu M, mpo-
eKTUpYIOIasacsa B TOUKY a, n(b) =a, u n;cll — POCTOK B TOUKe a 06paTHO-
ro oToOpakeHus1, IEPEBOAIIETO TOUKY a B TOUYKY b. O603HaUUM 4epe3
K, (M) mosnie pocTKOB B Touke b MepoMopdHBIX GYHKIIMIT Ha MHOTOO6pa-
3un M. 3Tto mose usomopduo moiio K(M). OTobpaskeHue (nljjl)* BKJIa-
aeiBaert nosne Ky, (M) B none P,(O).
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Tl kaxzoit MepoMopdHoit ¢yrkumu g: M — CP' pocrok g o 7!

nexuT B nosne P (0). CranuoHapHas I'pyIlia 3TOI0 POCTKAa OTHOCUTE/b-
HO zeticTBust Tpymiel 711 (X \ O, a) COAepKUT CTAI[HOHAPHYIO MTOATPYII-
Iy TOYKU b OTHOCUTENBHO JeMCTBUA I'PYIIEI MOHOAPOMUU. JI1 pocTKa
Yp © 7'5;1 CTaIlIOHApHAsA T'PyIIa paBHA CTAIlIOHAPHOM rpymie TOYKU b
IIpU ZIeHCTBUU TPYIIIBI MOHOZPOMUH, TaK KaK GYHKIINA Y IO oIlpe/erie-
HMIO IPUHUMAeT pasiMYHble 3HaUYeHHs B TOYKax caod 7 ' (a). Temepsb
yTBep:K/JileHHe BhITEKaeT U3 II. 2 TeopeMbl 3.2. O

TeEoPEMA 3.12. Henpusodumble ypagHerus Ty =0 u T, =0 Haod nosem
K(X) 3adarom usomopgHble pacuwiupeHuss amozo noas, ecau U moabko
ec/iu pasgemaJieHHble Hakpbvlmust 71: My — X u my: My — X, duzypupy-
rouwue 8 onpedesieHUU PUMAHOBbLX NOBePXHOCMell amux ypasHeHull, 3a0a-
1M 3K8UBAIEHMHbLE PA3BEMBIEHHble HAKPbLMUS HA0 MHO2000pa3uem X.

JOKA3ATE/NIbCTBO. TOYKM PHMAaHOBBIX ITOBEPXHOCTEN ypaBHEHUH
T, =0 u T, =0, nexarnue HaJl TOYTH KaKJA0W TOYKOM X MHOToobpasus X,
OJHO3HAYHO 3a/IaI0TCA 3HAYEHUAMU KOpHeH y; U Y, ypaBHeHuit T; =0
u T, =0 Haz Toukoi x. Ecim ypaBHenusa T; =0 u T, = 0 onpezensioT
omuHakoBble pacuripenusa noisd K(X), 1o y; = Q1(y,) u ¥, = Qy(y1),
rae Q;, Q, — MoMMHOMBI ¢ KoadduineHTamu u3 moist K (X). Ty momnu-
HOMBI 33/Ial0T OIpe/ieIeHHOe TIOUTH HaZ KaXKJ0M TOUYKOU X obpaTUMoe
oToOpakeHye OJHOM PUMAaHOBOM IIOBEPXHOCTH B IPYTYIO, KOTOPOE KOM-
MYTHpPYeT C IPOEKINUAMU 3TUX IToBepxHOocTel Ha X . [To HempeprIBHOCTU
OHO NPOJOJIKAETCA 10 U30MOPPHU3Ma HAKPHITHH.

Ecnu prMaHOBBEI ITOBEPXHOCTH YPaBHEHUM MMEIOT SKBHBaJIeHTHBIE
HaKpBITUsA, TO OToOpaxkeHue h: M; — M,, ycTaHaBIWBalOIlee SKBU-
BaJIEHTHOCTb, KOMMYTHUPYET C IPOEKIUAMHU U IMO3TOMY aHAJIUTHYHO.
Orobpaxkenue h*: K(M,) — K(M;) ycTaHaBIuBaeT u3oMopdu3M moneit
K(M,) u K(M,) u nepesoauT nozamnone 7, (K (X)) B nognone 77 (K (X)),
TaK KaK 7T; =TT, 0 h. O

84. TEOMETPUA TEOPUU TAJIVA /1J1 PACIIMPEHUM 1O/
MEPOMOP®HBIX ®YHKIIUN

B aTom naparpade Mbl TOABOAUM UTOTHU. B 11. 4.1 MBI 06CyKAaeM CBsI3b
MeX/Jly HOPMaJbHBIMU Pa3BETBJIEHHBIMU HAKPBITUAMU HaJ, CBA3HBIM
KOMILJIEKCHBIM MHOTroo6pasueM X U pacimupeHusamu lamya momst K (X).
B n. 4.2 aTa cBA3b NpUMeHAETCS AJid ONMCAaHUA PacIIMpeHU oA CXOo-
Adamuxesa pazos JlopaHa.
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B 1. 4.3 uzeT peub 0 KOMIIAKTHBIX OJHOMEPHBIX KOMILIEKCHBIX MHOI'O-
obpasusx. Teopus l'asya OMOraeT OMUCATh MOJie MEPOMOPPHBIX QYHK-
I[Ul Ha KOMITAKTHOM MHOT00Opa3uu, a TeOMETPH Pa3BETBIEHHBIX Ha-
KPBITHI TTO3BOJISIET JOCTATOYHO SIBHO OIMKCATh BCe anrebpanveckue pac-
IMUPEHNSA MOJIs PALMOHATBHEIX GYHKITUH OT OJHOT'O IEPeMEeHHOTO.

I'pymma l'anya pacimmpeHus Mojsd palioHaIbHBIX GYHKIMHN coBIaja-
€T C TPYIION MOHOAPOMUY PUMAHOBOM MOBEPXHOCTH ajlIreOpandecKoi
byHKIMY, 3ajatomel 3To pacmupenye. [Toatomy Teopus lanya gocTas-
JIIET TOIIOJIOTMYECKOe IPEIIATCTBHUE K IPEICTaBUMOCTHU arebpandecKux
byHKIMH B paguKaiax.

4.1. Pacummpenus l'amya mosma K(X). CornacHo Teopeme 3.12 an-
rebpandeckuie pacIIMpPeHUs MosT MeEPOMOPPHBIX GYHKITUI Ha CBA3HOM
KOMIUTEKCHOM MHOT000pa3uu X MMEIOT MPO3PaYHyI0 T€OMETPUIECKYTO
KIaccuUKaIio, COBIAZAIOIIYIO C KiaccuduKalell CBI3HbIX KOHEYHO-
JIUCTHBIX Pa3BETBJIEHHBIX HAKPHITHI HaZl MHOTOOOpasueM X . [Ipu aToM
pacumpenuam lanya nona K(X) cOOTBETCTBYIOT HOpMaJbHbIE Pa3BeTB-
JIEHHBIE HAaKPBITUA MHOroo6pasua X. OnuiiemM reoMeTpUdecKH Bee Ipo-
MeXXyTOUYHble paclIMpeHud I TaKUX pacuipeHuil l'anya.

[lycts X —CBA3HOE aHaJIUTHUYECKOe MHOroobpasue, 7: M — X —
CBAA3HOE HOpMaJIbHOE pa3BeTBIE€HHOE KOHEUYHOJIMCTHOE HaKphITHe Haj,
X, O —KOoHe4YHOe MHOXXecTBO B X, coZepxallee Bce KpUTHYECKHe 3Ha-
yeHUs oTobpakeHusa 7, U a € X —mobas Touka, He yexarnas B O. Mel
nMeeM mosie MepoMopdHbIx GyHkImi K (X) Ha MHOroobpasuu X u ero
pacmupenue Tanya —mone K(M) MepoMopdHBIX QYHKIMH Ha MHOTO-
obpasuu M.

CornacHO yTBepKJeHUI0 2.9 M3 3TOM IJIaBbl IIPOMEXYTOYHBIE pas-
BETBJIEHHbIE HAKPBITUA M —5 Y, £>X HaXoZATCA BO B3aUMHO OJHO3HaY-
HOM COOTBETCTBHH C ITOATPYIIIAMHU I'pymiel N peobpa3oBaHUs HaJIOXe-
HUA HOPMaJIbHOI'O HakKphITUA 7T: M — X. C KaXXJpIM IIPOMEXyTOYHBIM
HakpeITHeM M —5Y; A, X cBsg3aHO IOAIOJIE h’{ (K (Y1) monsa K(M) me-
pomopdHBIX GYHKIME Ha MHOroobpasuu M. V3 OCHOBHOH TeOpeMBI
TeopuH ['anya BUAHO, YTO KaXkJ0e IIPOMEKYTOIHOE I10JIe MeX /Y IOIAMUI
K(M) u 7*K(X) uMeeT Takoi BuZ, T. e. apaderca noineM h*(K(Y)) gia
HEKOTOPOI'0 IPOMEXXYTOYHOI'O PasBeTBIEHHOI'O HaKphITUA M Ly Lx.
[Tpu aTOM NpoOMeXyTOuHBlE paclIpeHUs [anya COOTBETCTBYIOT IIpO-
MEXXYTOYHBIM HOPMaJIbHBIM HakKphITUAM M — Y — X, a rpynmnsl l'anya
IIPOMEXKYTOYHBIX pacliupeHuii asya paBHbI rpyniaM Ipeo6pa3oBaHusd
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HaJIOXKEHUA COOTBETCTBYIOIIUX NPOMEKYTOUYHBIX HOPMAJIbHBIX HaKphI-
TUM.

BoT HEMHOrO fpyroe onucaHue TOro e pacmupenus l'amya. Ha Hop-
MaJbHOM pa3BeTBIEHHOM HaKphITUU M JelicTByeT KoOHeyHas rpynna N
aBTOMOPGU3MOB HanoxkeHHs. C KaKAOU moArpynnoi G rpymmel N cBs-
3aHo nozmnone Ky (M) mepoMopdHBIX GyHKIMN Ha M, MHBapUAHTHBIX
OTHOCUTEJIbHO I'PyHIH G.

YTBEPXKAEHUE 4.1. [lone K (M) sgnsemcs pacutuperuem Ianya nons
Ky (M) = n*(K(X)). Ipynna Tanya amozo pacwuperus Ianya pasia N.
Ipu coomeemcmauu Ianya nodepynne G C N coomgemcmeyem no.ie
K (M).

4.2. Asrebpandeckue pacIIUpPeHUS IOJSI POCTKOB MepoMopd-
HbIX PYHKIMI. B 3TOM IIyHKTE CBA3b MEX/IYy HOPMaJIbHBIMU HaKPbITH-
SAMU U paciupeHusMu [anya mpuUMeHAeTCs A OTUCaHus anrebpanye-
CKUX paclIMpeHul Mo cXoAAmuxcesa pAzgoB JlopaHa.

[Tycts Ly —Tone pocTKOB MepoMopdHBIX PyHKIHN B Touke 0 € cl.
OTO IOJIe MOXXHO OTOX/ECTBUTH C IIOJIEM CXOZAAMMXCA pAfoB JlopaHa

> cpx™.

m>m,
TEOPEMA 4.2. /lna kancdozo k cywecmeyem eduHcmeeHHOe pacllu-

penue cmenenu k nons Ly. OHo noposxcdero anemenmom z = xK. mo
pacuuperue HOpMasHo, e2o 2pynna I'anya pasna Z/kZ.

JlOKABATEIBCTBO. IlycTh yk + ak_lyk_l +...+ay=0—Henpusoau-
MoOe ypaBHeHUe Ha/ moneM L,. V3 HelIpuBOAUMOCTU YpaBHEHUA BBITE-
KaeT CylIeCTBOBAaHWE MaJIOr0 OTKPBITOrO JUCKA D, ¢ LIEHTPOM B TOYKE
0, Takoro uro 1) pszsl JlopaHa koadduineHTos q;, i=1, ..., k, cxoaares
B IIPOKOJIOTOM JIVICKE D;k; 2) ypaBHeHuUe HenpuBoAuMo Haz noneM K (D,)
MepoMOpdHBIX GYHKIINN B Auicke D,.; 3) ZUCKPUMUHAHT ypaBHEHUS OT-
JIMYEH OT HyJ/A BO BCEX TOYKAX MPOKOJIOTOrO AucKa D’

IIyctb m: M — D, —pruMaHOBa IIOBEPXHOCTb IIOJYYE€HHOI'O HEIpU-
BOZUMOI'0 ypaBHeHUd Haz aAuckoM D,. [Io ycioBuio B gucke D, jullb
Touka 0 ABIAETCA KPUTHYECKUM 3HAUYeHHeM OToOpakeHusa 1. DyHza-
MeHTa/IbHas TPyIIa IIPOKOIOTOTo Aucka D' nzoMopdHA aAAUTHBHOMI
I'pyIIie Ieablx yucen Z. I'pynna kZ sapnfeTcsa efUHCTBEHHOU IOATPYII-
o mHAeKca k B rpymme Z. DTa HOATPYMIA ABIAETCA HOPMAaJIbHBIM
nenutenieM, ¥ bakroprpynmna Z/k7Z sBaseTcs IUKINIeCKOH IPYIIIOH mo-
paaka k. [oaToMy cyuiecTByeT eAUHCTBEHHOE paclIMpeHHe CTeleHH K.
OHO COOTBETCTBYeT POCTKY k-mucTHOro HakphiTud f: (C!, 0) — (CL, 0),
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rae f(z) = z*, HopmanbHO, U ero rpymma anya pasHa Z/kZ. Jlanee,
$yrkumsa z: D, — C', e q =r'/¥, pasgenser Bce mpoo6pasel TOYKK

a € D] 1ipy 0TOOGpaKEHUH X = 2z~ [ToaTomy QyHKIIUA 2 = x1/k IIOPOX/AET
none K (Dq) Haz noneM K (D,). Teopema gokasana. O
CortacHo TeopeMe GYHKIMA z 1 ee cTemenu 1, z=xk ... 2k 1=

= x*k=D/k o6pasyior Gasuc B pacumpenuu L cremenu k moma Ly, pac-
CMaTPUBAEMOTO KaK BEKTOPHOE MPOCTPAHCTBO Haj moneM L,. DyHK-
UM y € L MOXXHO paccMaTpUBaTh KaK MHOTO3HAYHBIE QYHKIUU OT X.
PasnoxeHue ameMeHTa y € L 1o 6asucy y = fy + fiz + ... + fi_1257 5,
fos +-+s fi—1 € Lo, SKBUBAJIEHTHO pasioxkeHUIo y (x) = f,(x) + f; GO Xk 4
+ oo fiq ) x*=V/k yyoroznaunoit dynkimy y (x) B paz [Touso.

OTMeTHM, UTO eMEeHTH 1, 2, ..., 251 ABIAI0TCA COBCTBEHHBIMHU BeK-
TopaMu u3oMopduaMa mona L Haj moneM L,, MOPOXKAAIONIIETO TPYIIILY
Tasya ¥ COOTBETCTBYIOIEr0 06X0xy BOKPYT Touku 0. COOCTBEHHBIE YHC-
J1a 3THX BEKTOPOB COOTBETCTBEHHO paBHHI 1, &, ..., EK71 rme £ —mepBo-
obpa3sHblii KOpeHb U3 eIUHUILIL cTerneHu k. CyllecTBOBaHUE TakKoro 6a-
3uca ZiokasplBaeTca B Teopuu 'anya (cMm. yrBepxkzAeHue 1.1 rmaBsl 2).

3AMEYAHUE. [lome L, BO MHOTOM aHaJIOIMYHO KOHEYHOMY IIOJIIO
7/pZ, a obxol BOKPYT TOYKMA HyJb aHajorudeH usomopousmy Ppo-
Genuyca. JIeHiCTBUTENbHO, Y KAXKAOTO U3 ITUX MOJNEH Iy KaKOoTro
HaTypalbHOTO k eCTh eAMHCTBEHHOe anrebpandecKoe paclIMpeHue
crenenu k. Kaxzoe u3 3TUX paclIMpeHUN HOpMasbHO, Tpymna lamtya
KaKJOr0 M3 HUX eCTh ITUKINYecKas rpymmna u3 k amemeHToB. O6pasy-
Iollas TPyMnel ['asya paciiipeHus IepBoro Mmojs COOTBETCTBYET IETIIE,
06X0AAIIeN TOYKY HyJb, a 0Opasylolnas TpyImbl 'anya paciupeHus
BTOPOTO TOJNsA ABjsAeTcss usoMopousmom PpobeHuyca. AHAJIOTHYHBIE
cBO¥icTBa uMeeT J060e KoHewyHOe mose. A mons F,, comepikaiiero
q = p" 37eMeHTOB, poib MeTIH, OOXOAAIIeH TOYKY HyJb, UTDaeT Nn-f
creneHb aBToMopdusma PpobeHuyca.

4.3. AsrebGpanueckue pacIIMpeHUs IOJA PalOHATBHBIX QYHK-
nuii. PaccMOTpUM Teneph CIy4dail CBA3HBIX KOMIIAKTHBIX KOMIUIEKCHBIX
MHOT006pa3uii. [IpuMeHssa Teoputo [anya, MBI TOKaXKeM, UTO IOJIE Me-
poMOpdHBIX GYHKIMI Ha TAKOM MHOTOOOpPA3UU SBJIAETCS KOHEUHBIM
pacuipeHneM CTelleH! TPAHCIEHAeHTHOCTH OZUH MO KOMIUIEKCHBIX
yucesn. C Ipyroil CTOPOHBI, reOMeTpUs pa3BeTBIE€HHBIX HAKPBITUN HaZ
cdepoit PumaHa ZjaeT sCHOe ONMCAaHKE BCEX KOHEUHBIX anrebpandecKux
pacIIupeHuH MO PalOHAIBHBIX GYHKIIH.
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Cdepa Pumana CP! apngeTcs MPOCTEHITMM M3 KOMIAKTHBIX KOM-
IUIEKCHBIX MHOT000pa3uii. ByzieM cuuTaTh, YTO HA IPOEKTUBHON IIps-
Mot CP! dukcupoBaHbl 6eCKOHEYHO yAaleHHas Touka oo, Cl U {eo} =
= CP!, u xoopaunatHas ¢yHkiua x: CP! — CP!, umeromaa momoc
TIepBOro MOps/IKa B TOuKe co. Kaxzaa mepoMopdHas pyHkiusa Ha CP!
SIBJIIETCS palMoHAIbHOU QYHKIIMEN OT X.

CkakeM, 4TO mapa MepoMopHbIX GYHKIINI f, g HAa MHOTOOOpasuu M
paszienieT IOYTHU BCe TOYKU MHOT000pas3usa M, eciu CyIecTByeT KOHEU-
HOe MHOXeCTBO A C M, Takoe 4TO BeKTop-pyHKIUA (f, g) ompezeneHa
Ha MHOXXeCTBe M \ A ¥ IPUHKMMAET B €r0 TOYKAX Pa3Hble 3HAYEHUS.

TEOPEMA 4.3. IIycmbs M — cesi3Hoe KomMnakmHoe 00HOMepHOe KOM-
niekcHoe MHoz2o06pasue. Toeda

1) sr06wle 08e mepomopdHble Pyrkyuu f, g Ha M c8s3aHbL HEKOMOPbIM
NONUHOMUAILHBIM COOMHOULeHUeM (T. €. CYIleCTByeT IOTUHOM Q OT ABYX
MepeMEeHHBIX, JIJIT KOTOPOT'O BBIOTHAETCA TOXAeCTBO Q(f, g) =0);

2) ecnu yHkyuu f, g pazdenstom noumu 6ce mouku MHozoobpasusi M,
mo kaxcdas mepomopPHas GyHKyus @ Ha MHozoobpasuu M sensemcs
Komno3uyuetl payuoHanbHoll ¢yHkyuu R 08yx nepemeHHbIX ¢ GyHKUUS-
Mmu fug, ¢ =R(f,g).

JOKA3ATE/NBCTBO. 1. Ecm yHKUMA f TOXKZECTBEHHO paBHA KOH-
ctaHTe C, TO B KQUECTBE ITOJTMHOMUAIBHOTO COOTHOIIEHUA MOXKHO B3Th
Tox/1ecTBO f = C. B MpoTUBHOM ciy4yae oTobpaxenue f: M — CP! ap-
JifeTcs pa3BeTBJIEHHBIM HaKpPHITHEM C HEKOTOPBIM MHOXKECTBOM TOYEK
BeTBIeHUA O. OCTasoch BOCIOAb30BaThCA II. 1 TeopeMsl 3.2.

2. Eciu QyHKIUA f TOXZECTBEHHO paBHA KOHCTAHTE, TO QYHKIUS g
IPUHUMAET Pa3IUYHble 3HAYEHUs B TOYKaxX MHOkecTBa M \ A. CreioBa-
TebHO, pasBeTBIeHHOe HakphiTHe g: M — CPl apnserca BzauMHO 0i-
HO3HAYHBIM OTOOpa’keHHeM MHOroobpasusa M Ha cpepy Pumana CPL. B
3TOM cJiy4yae Kakaass MepoMopdHas GyHKIUS ¢ Ha M SBISETCA KOMITO-
3UIMel palioHaIbHOW QyHKIIMU R OfHOU mepeMeHHOU ¢ QyHKIMeN g,
¢ =R(g).

Ecnu GpyHKIUA [ He paBHA TOXJECTBEHHO KOHCTAHTE, TO OHA 33/]aeT
pasBeTB/IeHHOe HakphiThe f: M — CP! Haz chepoit Pumana CP!. ITycTs
O — ob6beivHeHNEe 06pa3a MHOXKECTBA A TIpU OTOOPaKEHUU [ U MHOXKe-
CTBa KPUTUYECKUX 3HaYeHUl oTobpaskenus f, a ¢ O — mobas Touka che-
pbl Pumana, He nexamas B O, u F — ciioil pa3BeTBIEHHOTO HaKPHITUA
f: M — CP! nag Toukoii a. ITo ycnoButo GpyHKIUA f NOMKHA paszeaTh
TOYKU MHOXKecTBa F. OcTanock Bocnonb30BaTheA 1. 3 TeopeMsl 3.2. [
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IlycTh
Y +ay" ... 4+ay =0 (15)

— HeNpHUBOAMMOE ypaBHEHHEe Ha/l II0JIeM pallOHaJbHBIX QyHKIUN. Pu-
MaHOBa TIOBEPXHOCTD 7 : M — CP! aToro ypaBHeHus HasbIBAaeTCA TaKxkKe
pUMAHOBOTL NOBEPXHOCMBIO aneebpaudeckoll PyHKUUU, OTPeAeTIeHHOMI
3TUM ypaBHEHHEM, a rpylia MOHOAPOMHUU PA3BETBIEHHOTO HAKPBITUA
n: M — CP! naspiBaeTca Tarxe 2pynnoii MoHoOpoMuU 3TOM anre6pau-
yecko# ¢pyHkImu. CormacHo yTBep:kaeHuto 3.5 rpymmna l'asya ypaBHeHUA
(15) coBmagaet ¢ TpyIIIoi MOHOAPOMUM.

Utak, rpymmna l'anya HenmpuBoauMoro ypaBHeHus (15) Haz moneMm pa-
I[MOHAIBHBIX QYHKINM NMeeT TOIOJIOTMYeCKU CMBIC: OHA PaBHA I'PYII-
e MOHOAPOMUU PUMAHOBOM MOBEPXHOCTHU alrebpanyeckoil GyHKIUH,
ompegeneHHou ypaBHeHueM (15). CoBmazeHue rpymnnsl [anya ypaBHe-
Hus (15) ¥ Tpynmbel MOHOAPOMHU ajirebpanyeckodl QyHKIIUM, OIpee-
JIEHHOWU 3TUM ypaBHeHUeM, 6bLTI0 U3BecTHO PpobeHuycy, HO, BO3MOXKHO,
OBUTO OTKPHITO €llle PaHbIIIe.

Pesynbrarhl Teopuu l'anmya AOCTaBIAIOT TOIOJOIMYECKOe IIpPendT-
CTBUE K pa3pelruMocTy ypaBHeHus (15) B pagukanax v B k-pagukaiax.
V3 Teopuu l'asya BBITEKAIOT CJIEAYIOIIHE TEOPEMEL.

TEOPEMA 4.4. Aneebpauueckas ¢yHKuus y, onpedeseHHAsl ypasHe-
Huem (15), npedcmasuma 8 padukanax Had nosem payuoOHANbHLIX PYHK-
yuil, ecau U MoabKO ecau ee 2pynna MoHOOpOMUU paspeuiumd.

TEOPEMA 4.5. Aneebpauueckasi ¢yHkyusi y, onpedeseHHAs ypas-
HeHuem (15), npedcmasuma 8 k-paduxkanax Had nNoiem payUOHAIbHBLX
@yHKUULL, ecaU U MONBKO ecu ee 2pynna mMoHoopomuu k-paspewuma.

CpsA3HbIE pa3sBeTBJIEHHbIe HAKPHITUA HaZ chepoit Pumana CPl, kpu-
THUYeCcKye 3HAaYeHUs KOTOPBIX JIeXKaT B GUKCHPOBAHHOM KOHEYHOM MHO-
’KecTBe O, ZIOMYCKAIOT MOJHOE KOHEYHOe omucaHue. CBs3HBbIE K-THUCT-
Hble pa3BETBJIEHHbIE HAKPHITHUA C OTMEYEHHOW Toukou 7t: (M,b) —
— (CP*\ 0, a) xraccuduIUpyrOTCa TOATPYTIaMU UHAeKca k B dyHza-
MeHTanbHol rpymme 71, (CP!\ 0). [lna kaxzaoii rpynmsl G cripaBeIiBa
cilezyroas JeMma.

JIEMMA 4.6. Knaccugukayus nodepynn undekca k epynnet G skeusa-
JleHmHa kaaccuduxayuu mpaHaumueHsix deiicmeuil epynnst G Ha MHO-
Jcecmae ¢ ommeueHHol moukoll, codeprcaulem k mouex.

JOKA3BATEJNIbCTBO. JleficTBUTENBHO, C IOATPYIION G, UHAEKca k B
rpynne G cBA3aHO TPaH3UTHBHOe JelcTBUe I'pynnbl G HA MHOXeCTBe
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§ 4. TeoMeTpua pacuIipeHUH

IIpaBbIX KJIACCOB CMEXHOCTU I'pymnisl G 1o noarpymme G,, COCTOALEeM
u3 k asieMeHTOB. B 3TOM MHOXeCTBe OTMeYeH IIPABBIH KJIacC CMEKHOCTU
eZIMHUYHOTO 27eMeHTa. O6paTHO, KaXX/IOMy TPaH3UTUBHOMY AEUCTBUIO
rpynmnsl G Ha MHOXKeCTBe U3 k Touek, U3 KOTOPBIX O/JHA TOYKa OTMeYeHa,
COOTBETCTBYeT CTallMOHapHadA HoArpynna G, OTMeYeHHON TOYKU, UMe-
folasa uegekc k B rpymre G. O

®yHpamenTanbHaa rpynma 7t (CP!\ O, a) cBo6osHas ¢ KOHEYHBIM
gyucioM obpasyronmx. OHa IMeeT KOHeYHOe YUCJIO PA3TUYHBIX TPaH3U-
THBHBIX IeHICTBUH Ha MHO)XeCTBe U3 k ToueK, KOTOpBIE MOXKHO IIepeyrC-
JUTh. BOT UX onncaHue.

3aHymepyeM TOYkU MHOkecTBa O. [IycTb OHO coZiepKUT m + 1 TOUKy.
dyngamenTanbhasa rpymma 715 (CP\ O, a) asnseTcs cBo6oAHOM TpyI-
TIOH, TIOPOXKAEHHOM KPUBBIMH Y1, ..., Y, TA€ Y; — KpUBas, 00XoAsIIasi
i-10 TOuKy MHOXXecTBa O. Bo3bMeM MHOXXeCTBO U3 k 3/IeMeHTOB, B KO-
TOPOM OZIHA TOYKa OTMedeHa. B rpynme S(k) mepecTaHOBOK 3TOTO MHO-
JKeCTBa TIPOM3BOJIBHBIM 00pa3oM BLIOMpaeM m 3JEMEHTOB O, ..., Op,.
Hac uHTepecyloT ymopsiodeHHble HAOOpHl O, ..., O,,, MOAYNHEHHBIE
OTHOMY-eZIJUHCTBEHHOMY VCJIOBHIO: HYXXHO, YTOOBI I'pyIllla IepecTa-
HOBOK, IIOPOXK/IEHHAasA STUMHU dJIeMeHTaMH, Oblla TPaH3UTUBHOH. EcTh
KOHEYHOEe YMCI0 HAaGOPOB 31€MEHTOB O, ..., O,,. VIX MOXHO Tiepe6paTh
Y BBIOpaTh Bce HAOOPHI, IOPOXKAAONIIE TPAH3UTUBHEIE I'pymIibl. C Kax-
JBIM TaKUM HaGOPOM CB3aHO €IMHCTBEHHOE Pa3BeTBIEHHOE HAKPHITHE
m: (M,b) — (CP', @) ¢ oTmMeueHHO# Toukoii. OHO COOTBETCTBYET CTa-
I[MOHAPHOH IMOArPYIIlEe OTMEYEHHOTO 3dJleMeHTa IpU romMomopousme
F: m,(CP*\ 0, a) — S(k), mepeBozsiieM o6pasyIoIIyIo ; B SIeMEHT O;.
WTak, 3a KOHEYHOE YKCJIO OIepaluii MOXXKHO IIepedyrCIUTh BCe TPaH3U-
TUBHBIE JelcTBuA F: 7Ty (Cp? \ 0, a) — S(k) ¢pyHmaMeHTaTbHOMN I'PYIIIBI
7'51((CP1 \ O, a) Ha MHOKeCTBe U3 k 3JIeMEHTOB.

Ha koHeuHOM MHOecTBe roMoMopusMos F: 71 (CP\ 0, a) — S(k),
06pa3 KOTOPBIX TPAaH3UTHUBEH, JEHCTByeT KOHeYHas I'PyIa rOMOMOD-
¢dusmoB conpsiykeHus rpymisl S(k). OpOUTHI eWCTBUS KOHEYHOH T'PYII-
IIbl Ha KOHEYHOM MHOXXeCTBe MOKHO IIepedyUcauTh. [109ToMy K1acchl co-
MIPSKEHHOCTH TOATPYIII UHAeKca k B dyHAaMeHTaIbHOM TPYyIIe TOXe
MOXKXHO TTepeYHC/IUTh 38 KOHEYHOE YKCJIO OIepalvii.

WTak, Mbl NomydaeM IIOJTHOe reoMeTpuyecKoe OIMCcaHue BCeBO3-
MOXXHBIX pacmmpeHuid [asya moisd panMoHaIbHBIX GYHKUUH OZHOM
nepeMeHHOU. OTMETHM, YTO B 3TOM OIMCAHUYU MBI UCIIONIb30BAJIN Teope-
My cyliecTBoBaHUuA PuMmana. Teopema PuMmana He moMoraeT OIMChbIBaTh
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anrebpaudeckrie pacINpeHU IPYTUX ITOJIEH, CKaXKeM, ITOJIs par[ioHab-
HBIX ymces. Bonpoc 06 omucanuu anrebpandeckux pacIiIvpeHUH IOoud
palMoOHAJbHBIX YMCe ellle OTKPHIT. HensBecTHO, HallpuMep, CyIeCTBY-
€T JIM paclIVpeHHe I0JA PalMOHAJIBHBIX YHCEN, Y KOTOpPOr'o IpyIa
lanya — 3azjanHan KOHe4YHad I'pyIina.
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I'maBa 5

OJHOMEPHAA TOIIOJIOTNYECKAA TEOPUA TAJIVA

[pymma MoHOApOMUM anrebpanveckoil GYHKIIUY COBIAZAET C TPYIION
Tanya paciivpeHus O PAlMOHATBHBIX GYHKIINHM, CBI3aHHOTO C 3TOMU
anrebpanveckoit dyHKIMEH. [103TOMy TpyIia MOHOAPDOMUU OTBEYAET
3a MpeAICTaBUMOCTh airebpanveckoit GyHKIIMH B paZukanax. Ho rpymmna
MOHOZIPOMUH €CTb He TOJBKO y anrebpandeckux ¢QyHkimii. OHa ompe-
JeneHa /i jorapudma, apKTaHI'eHca U JJI MHOTHMX, MHOTUX JPYTHX
bYHKIUH, 4719 KOTOPHIX Tpymna ['anya He mMeeT cMBIcaa. EcTecTBEHHO
MOMBITATbCA I TaKUX GYHKIUH HMCIIOIb30BATh TPYIITY MOHOAPOMUU
BMECTO TPyIIbI ['anya [ [oKa3aTeabCTBa HEMPUHAAIEKHOCTU HYHK-
I[UY TOMYy WIA WHOMY JIMyBIIJIEBCKOMY Kiaccy. VIMEHHO 3TOT IIOZXOZ
peanusyeTcs B OZHOMEPHOMU Tomosiorudeckor teopuu l'amya ([37]-[41],
[45], [47]).

B ozHOMEpHOM BapuaHTe TOIOJOTWYecKOW Teopuu [amya Mbl pac-
cMaTpuBaeM QYHKIINU, IPeACTaBUMbIE B KBaZpaTypaX, KAk MHOTO3HAU-
Hble aHAIUTHYEeCKUe (YHKIUU OJHOTO KOMIUIEKCHOTO IMepPEMEHHOTO.
Oxa3pIBaeTcsi, YTO CYIIECTBYIOT TOIIOJIOTUYECKHe OTpaHWYeHHs Ha Xa-
paKTep pacIoyoXeHUs HaZ KOMIUIEKCHOM IUIOCKOCTBIO PUMAHOBOM
MOBEPXHOCTH (YHKIIWH, TPeACTaBUMON B KBagparypax. Eciu ¢yHK-
I[UA He YIOBJIETBOPSET STUM OT'PAHUYEHUSAM, TO €€ HeJb3s1 BRIPA3UTh B
KBaJpaTypax.

DTOT MOAXOA, KpOMe TeOMETPUUECKOM HAIIAAHOCTH, UMEET CJIEAYIO-
Ilee MperuMyIecTBO. TOMONIOTHYECKUE 3aIPETHI OTHOCATCSA K XapaKTepy
MHOTO3HAYHOCTH GyHKINU. OHU COXPAHSIIOTCSA He TOMbKO I GYHKIUH,
IIPeJICTAaBUMBIX B KBa/[paTypax, HO U JJIs 3HAYUTENBHO 6ojiee IMIIPOKOTo
kmacca GyHKIMiL. ITOT Gosee MUPOKUI KJIACC TIOMYIUTCS, €CITU K GYHK-
IUAM, TPEeACTAaBUMBIM B KBaJpaTypax, Ao0aBUTb Bce MepOMOpPGHBIE
GYHKIIMY ¥ pa3peluTh UM y4acTBOBATh BO Bcex dopmysax. M3-3a aTo-
IO TOIOJIOTUYECKUE PE3YNbTaThl O HENMPEeACTAaBUMOCTU B KBaJpaTypax
OKa3bIBalOTCs 6osiee CUIBHBIMU, UeM anrebpandeckue. J[eo B TOM, YTO
cyneprno3uiys QyHKIIUN — He anrebpanyeckas onepanus. B auddepen-
I[UaJbHOM ajarebpe BMeCTO CyNepro3ulu GpyHKIMI paccMaTpUBaeTCs
mubdepeHInaTbHOE ypaBHEHNE, KOTOPOMY OHa yZoBIeTBopsieT. Ho, Ha-
npuMep, ['-GyHKIMA Diiepa He YAOBIETBOPSET HUKAKOMy ajrebpanye-
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ckomy auddepeHIIMaNbHOMY YpaBHeHUIO. [ToaToMy 6e3HaIE’KHO UCKATh
ypaBHEHHE, KOTOPOMY VZAOBJIETBOPSET, ckKaxkeM, OyHKuus ['(exp x).
EAVHCTBEHHbIE U3BECTHBIE PE3YJIbTAThl O HEIPEACTABUMOCTH GYHKIUH
B KBaZpaTypax U, ckaxkeM, B [-pyHKUMAX Diilepa MOTyYeHBI TONBKO
HaIIM METOZOM.

C Ipyro#l CTOPOHBI, 3TUM METOZOM HEBO3MOXKHO ZI0Ka3aThb HeTpes-
CTaBUMOCTb B KBaJpaTypax KaKOW-THMOO OJHO3HAYHON MepoMOpoHOI
byHKIMH.

Vcnonb3ys auddepeHnanbHylo Teopuio 'amya (TouHee, ee JTUHEU-
HO-aIre6panvecKyio 4acTh, UMEIOIIYIO JIeI0 C alreOpandyecKuMU Mart-
PUYHBIMU PYNIIaMU U UX AuddepeHInaTbHEIMU HTHBAPUAHTAMU), MOXK-
HO ITI0Ka3aTh, YTO €AMHCTBEHHbIE IIPUYNHEI HePa3peIlMOCTH B KBapa-
Typax JUHeNHBIX AubdepeHIInaNbHbIX YpaBHeHH Tuna ®ykca Tormoso-
rudeckre (cp. § 1 miaBel 6). J[pyruMU CIOBaMH, €CJIU K Pa3pelluMOCTU
B KBajipaTypax AuddepeHInaIbHOro ypaBHeHus tuna dykca He cyie-
CTBYET TOIIOJIOTMYECKUX TIPEMATCTBUMN, TO OHO pelllaeTcs B KBagpaTypax.

CylIecTBYIOT CIEAYIOI[HE TOIOJOTUYECKUEe TPENATCTBUSI K TIpe-
ctaBUMOCTA GYHKIIMH B KBaZpaTypaX, 0OOOINEHHBIX KBaJpaTypax U
B k-KBaZipaTypax.

Bo-miepBbIX, GYHKIINH, TIpeACTaBUMble B 0000IIEHHBIX KBaZpaTypax,
Y, B YaCTHOCTH, QYHKIINH, IIPeJCTaBUMble B KBaJpaTypax U B k-KBaj-
paTypax, MOTYyT UMETb He Oojiee YeM CUETHOE YKCJI0 OCOOBIX TOYEK Ha
KOMIUIEKCHOH TuiockocTd (cM. § 4). (XOTa yKe 1A MpOCTeHIUX GpyHK-
I[Uii, IPEICTAaBUMBIX B KBaJpaTypax, MHOXXECTBO OCOOBIX TOYEK MOXKET
OBITH BCIOAY ILUIOTHBIM!)

Bo-BTOpPBIX, T'pyIa MOHOAPOMUU GYHKIUU, TPEACTaBUMON B KBaj-
paTtypax, obsi3aTesibHO paspemntuMa (cM. 1. 7.2). (XoTs yKe 4711 IpocTeii-
mux QYHKIMH, IpeACTaBUMBIX B KBaZpaTypax, I'pylIia MOHOAPOMUU
MOXET COZIepKaTh KOHTUHYYM 3JIeMeHTOB!)

AHaJIOTUYHble OTPAHUYEHUS Ha PACIONOKEHUE PUMAHOBOU MOBEPX-
HOCTH CYIIECTBYIOT U [ (QYHKIIUM, MPEACTABUMBIX B 000OIIEHHBIX
KBajpaTypax U B k-kBazpaTypax. OfHAKO 3TU OTrpaHUYeHUs (Gpopmy-
JIUPYIOTCA CIOXKHee. B HUX Tpymnmna MOHOAPOMHUU QUTYPUDPYET He Kak
abcTpakTHas TPyIIa, a KaK TPyIIa epecTaHOBOK MHOXECTBA JINCTOB
¢byHKIIMU. [IpyTUMU CJIOBaMH, B 3TUX OTPAaHUYEHHUAX GUIypUpYeT He
TOJIBKO I'PyIIIa MOHOJAPOMUHM, HO U MOHOODOMHAS napa QGyHKIUHU, CO-
CTOAIIAs U3 ee TPYIIbl MOHOAPOMUU U CTAl[MOHAPHOMN MOATPYIIIILI
HeKoToporo pocTtka (cMm. 1. 5.3).
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§1. O TonosoruyecKo Hepa3peuruMOoCTH

B §1 ob6cyxmaeTcs IOHATHE TOMOJIOTUYECKON HEPA3PEITUMOCTH, TPU-
Haznexallee B. V. ApHOIbAY, U IPUBOJUTCA €0 JOKa3aTeJIbCTBO TOIIO-
JIOTUYeCKOM HeanleMeHTapHOCTH JIIUNTHYecKuX GyHKIui. B § 2 nmpuso-
JIUTCS KpUTEepU MpeAcTaBUMOCTH GYHKIIUN B paJKasiax, AoKa3aTellb-
CTBO KOTOPOTO COZEP:KUT U0 Tolojorudeckoil Teopuu lamya.

§I. O TOIIOJIOTUYECKOM HEPA3PEIIMMOCTU

ApHOJBZ, Zl0Ka3aa TOMOJOTUYECKYI0 HepaspellnMOCTb pAja Kiaccude-
ckux 3aza4 matematuku [3]-[10]. Cpeau HUX 337la4a O Pa3pelInMOCTH
anrebpanvecKuX ypaBHeHUH B pagukaniax (cM. § 2).

Kak moxkasan eme YXopzan, rpymma lamya anreb6pandyeckoro ypas-
HEHUsA HaZ IOJIeM DPAlMOHANBHBIX QYHKIUA HMMeEET TOIOJOTHYeCKYIo
WHTepIpeTanuio. PaccMOTpUM HENPUBOAMMOe airebpanyecKoe ypas-
HeHUe

Yi4+ny 4+ 4+, =0 16)
Ha/l IoJIeM pallMoHaMbHbBIX QyHKIUM Ps, 1; € P. Ipynna [anya ypagHeHUs
(16) Hao nosem payuUOHANBHBIX GYHKUUIL UBOMOPPHA epynne MOHOOPO-
Mmuu (MHO203HAUHOIL) aneebpauueckoll yHKUUU Yy, onpedeseHHOU ypas-
HeHuem (16). V13 Teopun T'asya BeITeKaeT Takoe CJIe/ICTBHE.

CaeactBUE L1. 1. Anzebpauueckas ¢yHkyus npedcmasuma 8 paou-
Kanax, ecail U moJbKo ecil ee 2pynna MOHOOpOMUL paspewiumd.

2. Aneebpauueckas @yHkyus npeocmasguma 8 k-paduxanax, ecau u
MOJILKO ecau ee 2pynna moHoopomuu k-paspewuma.

[IpuBegem npunaziexaitee B. V1. ApHOIbAY oIlpezesieHueE.

OnPEAENEHUE (ApHoubA). OTobGpaskenue f: X — Y HasbiBaeTcs
monosiozuuecku Hexopouwlum (HaIIpUMep, TOIIOJIOTMYEeCKU HealeMeHTap-
HOW QyHKIMEN), eciu cpeay (JIEBO-TTPABO) TOTIOJIOTMYECKH SKBUBAJIEHT-
HBIX €My HeT XOpOIInX (Hampumep, 31eMeHTapHBIX).

C KaXZo¥i MHOTO3HAYHOUM aHaMUTUYecKol QyHKIMeN f KOMIUIEKCHO-
o MepPEeMEHHOTO CBA3AHBI €€ PUMAaHOBA MOBEPXHOCTb My U MPOEKIUA
s : My — S* aToii noBepxHOCTH Ha cdepy Pumana S2.

CaeacTBUE 12. Ilycmb npoekyuu Ty U 7T, PUMAHOBbLX NOBEPXHO-
cmetlt My u My gynkyutl f u g na cepy Pumana mononozuuecku 3keu-
saneHmHsl. Tozda ¢yHkyuu f u g npedcmasumbsl UIU HeNnpeoCmMasuMbl
8 paduxanax (k-paduxanax) oOHospemeHHO (T. €. TOTOJOTUYECKUHN THII
MIPOEKIINY PUMaHOBOM MOBEepXHOCTU QYyHKIIUU Ha chepy PumaHa oTBe-
YaeT 3a MpeACTaBUMOCTh GYHKIIUU B pafIMKaiax U B k-pafiuKaax).
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JOKABATE/NIbCTBO. CiezacTBue 1.2 HeMe/JIEHHO BBITEKAET U3 CJIE]-
ctBua 1.1. JleficTBUTENBHO, anre6panyHOCTh QYHKIIMH CBA3aHA C KOM-
MIAKTHOCTHIO ee PUMAaHOBOM ITOBEPXHOCTH, ee IPe/JCTaBUMOCThb B paju-
KaJlaX CBf3aHa C Pa3pelIMMOCTBIO ee TPYIIBl MOHOAPOMUM, a ee Mpes-
CTaBUMOCTb B k-pafiuKajiax CBf3aHa C K-pa3pelnriMOCTBIO €€ TPYIIIIbI
MOHOJPOMMHU. Bce 3T cBOMCTBa TOMONIOTHYECKHE. O

s anrebpanveckux GyHKIM rpynna [amya coBmazaeT ¢ Tpymoi
MOHOZPOMHH. DTO JaeT BO3MOXXHOCTh OTJENbHO [JOKAa3blBaTh OTHOCSH-
myecs K Teopuu ['aymya pesysnbTaThl 006 anre6panveckux GyHKIUAX, HE
BBO/ISI OOIIUX OTIpeZieJIeHUH U He 0Ka3bIBasg o6Iux TeopeM. Kimaccuku
ITMPOKO TO0Jh30BAJIKUCh 3TUM TIpueMoM. Tak, B kHure [53] B maparpa-
e, TOCBAMIEHHOM TIPyIlle MOHOAPOMUM, YuTaeM: «Hinkeciexgyromue
TeOopeMbl YOeJ AT B 3TOM [B TOM, YTO I'pyIia MOHOAPOMUH €CTh TPYIIIa
lanya, —A. XosaHckuil] 3HaroIero Teoputo ['asya, a He3HAIOIIUM TTOJY-
YUT B HUX IIOHATHE O Teopuu 'anya, mprucnocobieHHOe K CIelalbHbBIM
IIOJIAM>».

B 1960-x rogax, 3aHMMasACh C OJapeHHBIMHU IIKOIbHUKaMU B Koimo-
TOPOBCKOM WHTepHaTe, Biazgumup VropeBud foKasasl, 9To JOCTATOYHO
obmas anrebpandeckas GYHKIMSA CTEMIEHU HE MEHbBIEe 5 OT OfHOU Iie-
PeMeHHOU He IpejcTaBUMa B pagukanax. OH Hallea YHUCTO TOIOJIOTHU-
YecKoe JJOKa3aTesbCTBO, He alejurupyouiee K Teopuu lamya, Hempes-
CTaBUMOCTU B pafiuKajax ajarebpandeckux GyHKIMH C Hepa3peuruMon
I'PyNIioi MOHOAPOMUH (cp. § 2). ApHOJBZ ITpoYes Kypc JeKLIUi 0 CBoeM
JoKazarebcTBe B KomMoropoBckoM nHTepHare. [1o3gHee 3TOT Kypc 6bLT
3HAYUTENBLHO TlepepaboTaH U omybiukoBaH B. B. AnekceeBbiM [2]. Co-
[JIaCHO ApHOJIB/Y, TOIOJIOTUYECKOe /0Ka3aTeIbCTBO Hepa3peliMOCTH
KaKoM-Tnub0 3a/jaun, KaK IPaBUIO, BlIedyeT 3a cOO0I HOBBIE C/IEACTBUA.
Hanpumep, 13 TOIIOIOTUYECKOTO T0KA3aTENbCTBA HEIIPEJCTABUMOCTH B
paavkanax aiarebpandeckod QyHKIUU C HEpa3pelIMMOU TPYIION Mo-
HOZPOMMUU JIETKO BBITEKAET HellpeACTaBUMOCTh TaKOH QYHKIIMU GpopMy-
JIOM, BKJIFOYAMOIEN B cebs HE TONbKO PAZIMKaJIbI, HO U JIIOOBIE IIe/bIe
bynukuy; cm. [38].

B 60-e rozpl ApHOIB/, IOMYyYWI TaK)Ke Pe3y/IbTaThl O TOMOJIOTHUYEeCKOM
He3JIeMEeHTAapHOCTH JUIUITHYECKUX QYHKIIUU U UHTETPasoB (M APYrux
OJIM3KUX BEIIEl), HO HUYero He omyOJIMKOBaI Ha 3Ty TeMy. B sexabpe
2003 r. Braaumup ViropeBud Hamucaa MHe MUCbMO 06 aToM. Ciezyro-
mas TeopeMa, Tak JKe KaK U IpUBeJeHHOe BHIIIe OIlpe/ieieHue, 3auM-
CTBOBAHBI U3 3TOTO MMUCHMA.
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§1. O TonosoruyecKo Hepa3peuruMOoCTH

TEOPEMA 1.3 (APHOABA). Eciu mepomopdras dyrxyus g: U— CPY,
onpedesieHHass 8 komniekcHol obaracmu U C C, monosozuuecku akeusad-
senmua aanunmuueckoii gynkyuu f: C— CPY, mo g —annunmuueckas
dyrkyus (803MoxCHO, ¢ Opyeumu, uem y dyHkyuu f, nepuooamur).

JIOKA3ATEJIBCTBO. JJUTUNTHYECKAsd QYHKIUA f WHBapUAHTHA OT-
HOCHUTEIbHO TPYHIIBI CABUTOB Z2 (2 — 2z + kyw, + kyw,, (ky, ko) € Z2).
[TosToMy ¢yHKUIMA g WHBapUAHTHA OTHOCUTEIBHO T'PYIIITEI TOMEOMOP-
usmoB Z? obmactu U. Kaxaplit romeoMopduaM h 3TOM TPYIIIEI Ha ca-
MOM JieJie SIBJIieTcss GUromoMopbHeIM oToOpakeHreM obsactu U B ce-
6s1. JlelicTBUTENBHO, TT0 TeopeMe 06 06paTHOM GYHKIIMK U3 TOXKAECTBa
g(2) = g(h(z)) BhITekaeT romoMoOpPHOCTL OTOOpaKeHUsT h B OKpeCTHO-
CTH KaKZOH TOYKH, He MIPUHA/JIeXalel mpoobpasy mpu 0ToOpakeHuU
h MHOXXecTBa KPUTHYECKUX TOoYeK GYHKIMU g. B Toukax 3TOro mpoob-
pasa otobpaskeHre h romoMopdHO Mo TeopeMe 06 YCTPAaHUMOI 0COOeH-
Hoctu. [To ycroBuio obnacte U romeomopdua C. CrepoBaresnbHO, IO
Teopeme Pumana obsacts U nnbo coBmagaet ¢ C, 1160 6uronoMopdpHo
SKBUBaJIEHTHA BHYTPEHHOCTU eIUHUYHOTO Kpyra. Obmacts U coBmaza-
et ¢ C, Tak Kak rpymnmna 6uroroMopoHBIX Tpeobpa3oBaHUN eITUHUIHOTO
KpyTa He COAeP:KUT NoArpynmsl Z2. Tlogrpymnna Z? rpynis! 61uronoMopo-
HBIX peobpasoBanuii C, geiicTBytommas Ha C 6e3 HEMOABMKHBIX TOUYEK,
ABJIAETCA TPYTIION cABUTOB (2 — k1 T1 +ko Ty, (kq, ky) €72). TloaTOMy g —
ALTUIITUYECKas GYHKITUA. O

Kak M3BeCTHO, /IUNITHYecKre QYHKIUY HeaneMeHTapHbl . 13 aToro
KJIACCUYECKOTO pe3ysbTaTa U JOKa3aHHOMU BHIIIE TEOPEMBI BHITEKAET TO-
MIOJIOTUYECKas HEANIEMEHTAPHOCTD SJTUITUIECKUX GYHKINH.

Hinke mpUBOAUTCSA IUTaTa M3 MUchMa Biagumupa Mropesuya.

«JTU cOOOpaKeHUs ZOKa3bIBaIU, MHE MOMHUTCS, TOIOJIOTUYECKYIO
HE3JIeMEeHTAaPHOCTh KaK JUIANTHYECKUX (QYHKIUH, f, TaK ¥ JIUNTH-
YeCKUX MHTerpaioB, f ', la ¥ MHOTOTO Jpyroro. IlpudeM Bce 3TO

THeaneMeHTapHOCTb IUIMITUYECKUX GYHKIMI BEITEKAeT U3 0606IeHHs Teopuu I1u-
kapa—Beccuo, mpunaiexkaiero Koruuny [21]. 3To 060611eHre TPUMEHUMO HE TOJIBKO K
JIMHEHHBIM, HO U K HEKOTOPBIM HeJMHEeHHbIM JuddepeHIIanbHbIM YpaBHEHUAM, HalIpH-
Mep K ypaBHEHUIO Ha y-dyHKIuIo Beitepirpacca. I'pynna lanya guddepernnanbHoro mo-
JIf1 IUTUITHYECKUX GYHKIHI Haz ToleM KoHCTaHT C, O4eBHHO, coepuT rpymy C/Z2,
COCTOAIYIO 13 (hAKTOPTPYIIIEI TPYIIIEI cABUIOB f (%) — f(z+a) mo moarpymme Z2 mepuo-
JIOB JUTUITUYeCKUX QYHKIMHA. HecIoKHO ToKasaTh, 4To rpynmna [anya coBnazaer ¢ 3ToH
rpynnoi. HelrpeZcTaBUMOCTD SJUIUIITHYECKUX QYHKIMM B 0600IIEHHBIX KBaJpaTypax, co-
racHo KoMuMHY, BEITEKaeT M3 HeCyllecTBOBAaHMA y Tpymnsl C/Z2 HOpMaIbHON 6GaurHu
TIOATPYMI, KaxkasA GpaKTOPIpyIia OTHOCUTENBHO KOTOPOH SABJIAETCSA WIM KOHEYHOH IPyII-
TIOH, WX aAJUTUBHOM, UM My/IbTUIUIMKAaTUBHOM IpyNIaMy KOMIUIEKCHBIX YHCelT.
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060011aeTcs ¥ Ha KPUBBIE IPYTUX POZIOB (C APYTMMU HAKPBITHUSIMHU, WIH
XOTsS GBI C YHUBEPCANBHBIMU HAKPBITHAMU). He MOMHIO, oKa3al v 1
aKKypaTHO, HO AyMalo, YTO Y MeHsI ObUTH COOOpakeH s, TOYeMY aHaI0-
TMYHbIE TIPUBEAEHHON TEOpEME MHO2OMepPHble BRICKA3BIBAHUSA JO/IKHBI
OBITH HegepHbl: TIOMHUTCS, UTO COXPAHEHUE MONON02UUECKO20 MUnad 8
MHO2OMEPHOM CJlyude He 2dpaHmupyem COXpaHeHue ai2e6paudHoCmu.
Camo 1o cebGe 3TO He TPEMATCTBYET TOMOJIOTHUYECKOM HednmeMeHTap-
HOCTU (HEXOPOIIECTH), HO TPEMATCTBYET MOEMY J0Ka3aTeNIbCTBY €ro,
ZIOKa3aTebCTBY IyTEM CBeZIEHUSA K HENEMEHTAPHOCTH KIaCCHYECKOTO
(anrebpanyeckoro) o6beKTa BpoJe JUIUNTUIECKON GYHKITUI».

§2. TOTIOJIOTUYECKAA HEMPEJCTABUMOCTDb ®YHKIIUH
B PAAMKAJIAX

B srom maparpade npuBOAUTCA BApUAHT TOIOJIOTMYECKOT'O /0Ka3a-
TeJbCTBA ApPHOJbZA HelpeACcTaBUMOCTU GYHKLIMM B pajgrKaiaX, OCHO-
BaHHBIM Ha 3aMeTke [38] u cozep:kaluil B 3apofiplllle PACCYKAEHU
OTHOMEPHOU ToToIornYecKoi Teopuu lanya.

Kitacc pyHKIIUH OT OZIHOM TTeEpEMEHHOM, TTPeICTABUMBIX B paJUKaax,
MOXXHO 33/IaTh IIPY TIOMOIITH CJIeAYIOMINX JIBYX CIIHCKOB.

CImCcOK OCHOBHBIX QYHKIIMHI: KOMIUIEKCHBIE KOHCTAaHTHl ¥ = C, He3a-
BHCHMas TlepeMeHHasA y =x 1 GyHKuun y =x /", rae n > 1 — moboe Ha-
TypaJIbHOE 9HCIIO.

CIKCOK ZOMYCTUMBIX OIepanuii: apudMeTrudecKue Omepanuu U cy-
MEPIIO3ULIUH.

Knacc ¢pynxyuil, npedcmasumuix 8 padukanax, — 3T0 MHOXKECTBO BCEX
bYHKIUIN, KOTOPBIE MOTYYalOTCS M3 OCHOBHBIX QYHKIMM TPU MOMOIIU
JOTIYCTUMBIX OomepaIliuii. B aTom maparpade obcyxaaeTcs caeayroIui

KPUTEPUI MPEACTABUMOCTU B PAZTUKAJIAX. ®PyHKUUS npedcma-
8UMA 8 pAOUKANAX, eC/U U MOJILKO eCllU OHA A8Jslemcs azebpauteckoll
@yHKyUell U uMeem paspeliumyio epyniy MoHoOpoMULU.

Kpurepuii erko BeIBoguTCA U3 Teopuu l'anya. /leyio B TOM, 4TO I'pyI-
ma MOHoApoMuu ajrebpamveckoil ¢pyHkinu nsoMmopdHa rpymme larya
pacIIMpeHus MOJsA PalMOHANbHBIX QYHKIIUM, TOMYIEHHOTO IIPUCOEAU-
HEHHEM K 3TOMY IIOJI0 BCEX BETBeH anrebpanyeckor QyHKIIMH.

B sToMm maparpade nIpuBOAUTCA IPOCTOE ZOKA3aTENbCTBO KPUTEPHH,
He3aBUCHMOe OT TeOpuHU lajya M OT OCTaJbHOIO COZep:KaHUA KHUTH
(mpaBga, B 1. 2.4 MBI UCIONb3yeM 0e3 JOKa3aTeNbCTBA HECHIOKHYIO JIH-
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§2 Tomonorusa HEeNnpeACTaBUMOCTU B paJuKalaX

HelHy0 anrebpy u3 miasel 2). [TyHKT 2.1 mocBAIIEeH (TOYTH OYEBUIHON)
IIPOBepKe DPaspelruMOCTH TPYII MOHOZPOMMM OCHOBHBIX GYHKIUH,
IIpe/ICTaBUMBIX B pajdkainax. B m. 2.2 opMymupyloTcs HyKHble Ham
YTBEP)KAEHUA O pa3pelvMbIX I'pymmax. B 1m. 2.4 gokasaHa IpeAcTaBU-
MOCTH B paZiuKaiax airebpandeckux GpyHKIUN ¢ pa3pelnrmMou IpyInon
MOHO/JPOMMUH.

3aMEYAHUA. 1. Kiacc GyHKIUHN, IpeACcTaBUMBIX B paZiiKasiax, oIpe-
JieJieH B II. 2.2 BBeJleHUSI HEMHOT'O HO-ApyroMy. JIerko BUAETH, YTO 3TO
oIipezieJieHNE SKBUBAJIEHTHO OIIpeZie/IeHHUI0, IPUBeJIEHHOMY BBIIIIE.

2. Omepauuy ¢ MHOTO3HAYHBIMHU (PYHKIIMAME B HACTOAIEM I1aparpa-
de, KaK ¥ B OCTAJIbHOW YacTH KHUTH (KpoMe IIaBbl 7), IOHUMAIOTCI B
cMbIce II. 2.1 BBeZleHus.

2.1. I'pynmmbl MOHOPOMUY OCHOBHBIX GYHKIMIA. JIETKO BHIYUCIUTD
TPYIIBl MOHOAPOMHU OCHOBHBIX GYHKIIMH, IPEACTaBUMBIX B paju-
Kamax. Ipynnst MOHOOpOMUU KOHCMAHM U HEe3a8UCUMOU nepemeHHOl
mpusuaibHsl (T. €. COCTOAT U3 OLHOTO eAMHUYHOTO 3JIEMeHTa), TaK KaK
3TU QYHKIIMU OTHO3HAYHBI.

YTBEPXKAEHUE 2.1. Ipynna monodpomuu dynkyuu y =x"" agnsem-
ca yukauueckoti epynnoil Z/nZ.

JIOKA3ATEJNIbCTBO. JlelcTBUTENBHO, GYHKIUA x/" He uMeeT Touek
BeTBIeHUA B o6mactu C*=C \ {0, «}, byHAaMeHTaIbHAA IPyIIa KOTO-
poii uzomMopdHa aAAUTUBHOMN TPYIIIeE 1ebIX Yyucen. B rpymme 711 (C*, 1)
B KauecTBe oOpasymolleil MOXHO BBHIOpaTh memio y(t) = exp(2mit),
0<t<1. Oynknua y = x'/" umeer n pocTkoB y;, 0 <k <n, B Touke 1,
3HaUYeHUs KOTOPBIX B 3TOM TOUKe 3aJal0TCA CIeAYIOMUME GpopMyIaMu:

2ki o
¥ (1) =exp - [TpomomxeHne pocTKa yj BAOJIb KPUBOU Y B TOuke ¥ (t)

2(k+t)mi
n

[IPUHUMaeT 3HaueHHe exp . Ilpu obxoze 1o KpWBOH y mapa-

MeTp t Bospacraet oT O g0 1. ITosToMy TIpu 06xX0/ie TTO TON KPUBOM
POCTOK Y, IEPEXOAUT B POCTOK Y,,, Te m = (k+ 1) mod n. O

CAEACTBHUE 2.2. Ipynnbt MOHOOPOMUU OCHOBHbIX (hYHKUULL, npeo-
CMAaguMblx 8 padukaniax, paspeuiumsl.

2.2. Paspemumsbie rpynmbl. ChopmynupyeM HyXHble HaM (aKThI
0 paspemMMbIX rpynmnax. ['pynny G 6yzeM Ha3bIBaTh paspeuwumoli epyn-
noti enybunst [ = 0, ecu 1) cymiecTByeT I[eITOYKa BAOKEHHBIX TOATPYIII
G=GyD ... DG, =e, B KOTOPOH rpymnmna G; COBIaZaeT C eJUHUYHBIM
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JIeMeHTOM e U TIpu i =1, ..., [ rpynmna G; SBIAeTCs HOpMaJIbHBIM JIeJIUTe-
sieM rpymmnet G;_,, ipudeM dakroprpynmna G;_,/G; KOMMyTaTUBHa; 2) He
CyIIeCTBYeT I[eITOYKH BIOXeHHBIX ITOATPYIII MeHbIIeH /JIMHEL C aHaJIo-
TUYHBIMU CBOMcTBaMU. ['pymina Ha3bIBaeTCA paspewumoll, ecivu oHa AB-
JIIeTCSI pa3pelMoi ryOrHbI | Tpyu HeKoTopoM [ = 0.

HonoxuM [G]° = G. O6osHauuM depes [G]! xkommMyTaTop Tpymmsl G.
JlJIs KaKZoro HaTypajabHOTO | 1Mo WHAYKIWU onpeaensercs [-il kommy-
mamop [G]' epynnst G xak xommyrarop rpymmsl [G]1~!. Jlerko mpose-
PHUTH CJIefyIolee YTBEPKAEHUE.

YTBEPXKAEHUE 2.3. 1. /s 06020 namypanstozo | epynna [G]' se-
JIslemcst HOpMAanbHbim denumenem 6 epynne G. (Bosee Toro, 110601 aBTO-
MopduaM rpynmsl G nepeBogut rpymmy [G]! B ce6s.)

2. Ipynna G saensemcs paspewumotl epynnoii enybunst [ >0, ecau u
monvko ecnu [Gll=e u [G]' ! #e.

3. /lnsa nt06020 2omomopgpusma m: G; — G, epynnst G 6 epynny G, u
21106020 HAMYPAILHO20 | cnpaseduso gKatoOUeHLe [n(Gl)]l C [Gz]l.

4. Zlns nrobbix HamypansHuix yucen L u m u atoboti epynnst G cnpaged-
aueo exmouenue [G] D [G]HH™,

2.3. 3aMKHYTOCTb KJjIacca anrebpandeckux GpyHKIUI ¢ pa3peru-
MO¥ rpynmoii MOHoApoMHuH. JIerko IoKasaTh, YTO Kjacc aarebpau-
YecKUX QYHKIMH 3aMKHYT OTHOCUTENIHHO CYNepHo3uIui u apudmeTu-
YecKux omepanuii. Mbl He OyZleM OCTaHABIUBAThHCS Ha JOKA3aTeIbCTBE
3TOTO XOPOIIIO M3BECTHOTO dakTa. JloKkakeM, UYTO KIacc aarebpandecKkux
bYHKIIUH, IMEIOINX pa3peIuMyto I'PYIILy MOHOAPOMUM, TOXKE 3aMKHYT
OTHOCHUTEIBbHO 3TUX Ollepaluii.

[lycth y —anrebpandeckass GYHKIMSA KOMILIEKCHON ITepeMeHHOMH,
A — MHOXeCTBO BeTBJIeHUA QyHKIMHU y U U, = C \ A— omonHenue K
MHOXeCTBy BeTBIeHHA A B cdhepe Pumana C. ITycts 71 (Uy, *) — dyHza-
MeHTasJbHad rpymna obmacti U, ¢ OTMeYEeHHOU TOUKOH * € U,.

YTBEPKAEHUE 2.4. 1. Ecnau epynna moHodpomuu aneebpauteckoil
dyHKUUU Yy a8asiemcsi paspewumoll epynnoil esybuHst He 6oabute I, mo
N1106011 pocmok PyHKUUL Y 8 MOuKe * He U3MeHSIencsl NPpU NPOOOSNCeHUU
80ob [-20 kommymamopa [1t1(Uy, )] epynnot 101 (Uy, *).

2. Ecnu xomsi 6bL 00UH U3 POCMKO8 PYHKUUU Y 8 MOUKe * He U3MeHSI-
emcst npu npodosceruu 800ab l-20 kommymamopa [, (U, ¥)1! epynnst
701 (Uy, %), mo epynna moHoOpomuu anzebpaudeckoll yHKyuu y sesem-
csl paspewumotl epynnoil enybuHst He 6obute L.
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JJOKA3ATEJIBCTBO. YTBepXkAeHUE 2.4 aBTOMAaTH4YECKU BBITEKaeT
u3 yrBepxkJenud 2.3. OrpaHuuuMca ClefyoluMM 3aMedanreM. ['pymmna
[G]! — HopMaTBHBIi fiemuTeNb GyHAAMEHTANLHOM IPYIITb G = 101 (Uy, *)
(cMm. 1. 1 yrBepskaeHusa 2.3). [10aTOMy eciiu XOTs1 6bI OUH POCTOK QyHK-
I[N y He MeHseTCA NPU IPOAOIKEHUU BJONb KPUBBIX U3 IOATPYIIIILI
[G]!, To mpozOIKeH e BOIb KPUBEIX U3 3TOM MOATPYIIIE He MeHAeT HU
OJJHOT'O POCTKA PYHKIIUU Y. O

[Tycts B — 11060€ KOHEYHOE MHOXKECTBO, COZleprKaliiee MHOXKECTBO TO-
4yeK BeTBaeHUA A GyHKIUU Y, U =C\ B — gononHeHye K MHOXECTBY B
B chepe Pumana C u * —Todka B obacTu Us.

CaeacTBUE 2.5. 1. Eciu epynna moHodpomuu anzebpauueckoll yHk-
yuu y seasemcs paspewumoil epynnoil 2tiybuHst He 6onsiue [, mo 060t
POCMOK yHKUUU Y 8 MOUKe * He USMEeHAeMmCcsi npu npoooceHUU 8007
[-20 kommymamopa [1t, (Ug, *)]l epynnot 104 (U, *).

2. Ecnu xomsi 6bL 00UH U3 POCMKO8 PYHKUUU Y 8 MOUKe * He U3MeHSI-
emcs npu npodosrceHul 800w 1-020 kommymamopa [11, (U, )1! epynnst
701 (Ug, *), mo epynna moHoOpomuu aneedbpauueckoll gyHKyuU y aeJisiem-
csl paspewumotl epynnoil enybuHbt He 6oabute L.

JIOKA3ATEJNBCTBO. KaXzayio IepecTaHOBKY POCTKOB (YHKIUU Y,
KOTOpas MOJIy4daeTcs Ipu ob6xofie Mo KpuBOHM u3 rpymmbl 71, (Uy, *),
MOXXHO ITOJIYYUTh B pe3yabTare 00Xoza 1o KpUBOU u3 rpymmsl 7T (Ug, *).
JIJIs1 3TOTO JOCTATOYHO UyTh ITOUIEBENIUTH MEPBOHAYATIHHYIO KPUBYIO U
n36aBUTHCS OT €€ TOUYEK TepecedeHrs ¢ MHOKecTBoM B\ (BN A) (eciu,
pasyMmeeTcs, TaKkhe TOYKU IepecevyeHus H3HAYaJbHO CYIIeCTBOBAJIN).
[ToaTomy ciefcTBUe 2.5 U YyTBEpXKAEHUE 2.4, B CYIIIHOCTH, He pasiuda-
IOTCA. O

TEOPEMA 2.6. Knacc anzebpauueckux ¢ynkyuii ¢ paspewumoti epyn-
noti MOHOOpPOMUU 3AMKHYM OMHOCUMENbHO apudmemuueckux onepayuil.

JIOKA3ATE/NBCTBO. IlycTh anrebpandeckue QyHKIIUU Y U 2 UMEIOT
MHO)XeCTBa BeTBleHUsA A; U A, U pa3pelrMble TPYIIIbl MOHOAPOMUU
M, u M, tny6un [; u I, cootBercTBeHHO. ITycth B=A; UA,, Uy =C\B
U * —To4YkKa B obnactu Uz. O603HAUYMM 4Yepe3 m MaKCUMyM M3 Yuces l;
u l,. Ilo cnepctBuio 2.5 MepoMopdHOe MPoJoKeHNEe BAOIb KPUBBIX U3
rpynmsl [7t1(Ug, *)]™ He MeHAeT pocTkoB GyHKIUH Yy U 2. [loaToMy mipu
IIPOZIOJKEHUAX BAOIb KPUBBIX U3 OTOU TPYIIIBI POCTKU QYHKIMH Yy + 2,
Yy —2%,Y XZHYy:Z BO3BpAUIAIOTCA K CBOUM IPEXXHUM 3HAYeHUAM. 3Ha-
YUT, TI0 CJIeZICTBHUIO 2.5 I'PYIIIEI MOHOAPOMUU 3TUX POCTKOB Pa3peIIMBbI
Y IMeIOT JITMHEL He OosbIne m. O
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TEOPEMA 2.7. Knacc aneebpauueckux ¢yHkyuil ¢ paspewtumoti epyn-
noti MOHOOPOMUU 3AMKHYM OMHOCUMENLHO CYyNepno3uyuil.

IIpexxzie yeM JOKasblBaTh TeopeMy 2.7, HEMHOI'O YyTOYHUM ee. Pac-
CMOTpUM anrebpandeckue GyHKIUU ¥ U 2. [IycTb A; U A, — MHOXKeCTBa
BeTBJIeHUN PyHKUMH y U 2z, a M; 1 M, — Pyl MOHOAPOMUHN STUX
bYHKIUH, SBIAIONUECT pa3peliuMbIMU rpynnaMu ybuH [; u l,. O6o-
3HauMM yepe3 ¥ '(A,) TOMHBIA Poo6pa3 MHOMXeCTBAa A, MpPHU MHOTO-
3HAYHOM COOTBETCTBUH, OPOXKIEHHOM QyHKIMeH y (T.e. x € y~1(A,),
€CJIN CYIIEeCTBYeT POCTOK QYHKINUU Y, 3HAaYEeHUE KOTOPOTO B TOYKE X
TIpUHA/JIEXUT MHOXECTBY A,).

TEOPEMA 2.7’. Ilpu cOeslaHHbLX 8blile NPeONONOHCEHUSX CYyNepnosu-
yus z(y) anzebpauueckux GyHKUUil y u g umeem paspeliumyio epynmny
MOHOOpoMUU 2tyOUHbL He boabiue 1y + L, MHoxcecmeo eemesieHust hyHK-
yuu z(y) asusemcsi NOOMHONCECMBOM MHONcecmea B=A, U y‘l(Az).

JIOKA3ATE/NBCTBO. OUeBH/HO, YTO MHOXKecTBO B=A; Uy 1(A,) co-
JIEP’)KUT Bce TOYKU BeTBiaeHUA GyHKUMM z(Yy). Ilycts Ug =C\Bu *x—
TouKa B o6mactu Uy. [Tonoskum Uy, =C\A,. O603HaunM 9epe3 G IpyTIIy
71, (Ug, *) u gepe3 [G]" — ee 1;-if KoMMyTaTOp.

[To creactBuio 2.5 MepoMopdHOE MPOAOKEHUE BOTh KPUBBIX U3
rpynnsl [G]D He MeHsAeT POCTKOB GYHKIMEI y. DTO 03HAYAET, 4TO JJIA
Ka)KZIOTO POCTKA y; QYHKIIMU Y B TOUKE * OTpeeieH TOMOMOPOU3M T; :
G — 111 (Uy,, %), tAe x = Y;(*), conocrasisaomuii Kpusou v : [0, 1] — U,
y(0) =y(1) =%, ua rpynnsl G = [7t; (Up, L kpuByio y;(y): [0, 11— U,,,
¥ (y(0)) = y;(y (1)) = y;(*) = *, nmony4yeHHy10 MepOMOP(HBIM IIPOJOIIKE-
HUeM POCTKa Y; BAOJIb KPUBOH Y.

[To ompezneneHuio MepoMOpdHOe IPOAOIKEHNE BAOJIb KPUBBIX U3
rpynsl [711(Uy,, x)1" He MeHseT poctka z. CiesoBaTeIbHO, MepOMOpPG-
HOe MPOZOJKEHNUE BAOIb KPUBBIX U3 TPYIIIIEI Ti_l([rcl(UAz, %)12) He Me-
nseT poctka z(y;). Ilo 1. 3 yrBepxzaenns 2.3 rpynna © ([, (U,,, $)12)
COZIEPKUT l,-1i KOMMYTATOpP T'PYIIIIBI [G]Y. TlosTomy MepoMopdHOe mpo-
JIOJDKeHYe BZOb KPUBBIX U3 Tpymmsl [11; (U, )] +2 He MensaeT pocTka
cynepnosunu z(y;). Jlif 3aBeplieHus J0Ka3aTeabCTBa TeopeMbl 2.7’
OCTaJIOCh BOCIIO/Nb30BATLCA CIEACTBUEM 2.5. O

2.4. Anrebpandeckas GyHKIHSA C pa3pelliMMON I'PYIIOH MOHO-
JpPOMUH IIpeAicCTaBHUMAa B pajuKasax. [IycTe y —n-3HayHad anrebpa-
nyeckasd QyHKIUA OZHON MepeMeHHOU, A — MHOXKeCTBO ee TOYeK BEeTB-
sneHusd, Uy = C\Aux*e U, — oTMeudeHHas Touka. [IycTb V — OTKPBITHIN
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§ 3. O6 ogHOMEpPHOM BapHaHTe

KpPyT C IIEHTPOM B TOYKe *, He IepeceKalouuiicsa ¢ MHOXecTBoM A. B
Kpyre V CyIIecTBYIOT n TOJIOMOPQHBIX BeTBeH Yy, ..., Y, QyHKIUU Y.
[TosToMy B 3TOM Kpyre MepoMopdHbl Bce GyHKIUH U3 moast R{y) =
=R(yy, .., V), OTYIEHHOTO MIPUCOEANHEHNEM DTIEMEHTOB Y1, ..., ¥, K
monio R Bcex panuoHaIbHBIX ¢yHKUuN. Kakzgas oyHKIuUA z U3 mOond
R{y) mepomopdHO Tpoo/mKaeTcss BAOMb JI060M KpUBOM Y U3 dyHza-
MeHTanbHOU Tpymnmnbl 7, (U,, *), TaK Kak BAOAb Y MepPOMOPQHO IIpo-
JIOIDKAIOTCA PalMOHANbHEIE QYHKIIMU M BCe BeTBH QYHKINH Y. Mepo-
MopdHOe IPOJOIKEeHNe BAONh KPUBOH Y COXpaHAeT apupMeTHIecKre
omepanuu. [loaToMy MepoMopdHOe POAOIKEHNE BIONIb KPUBOU ¥ 3a-
AaeT aBToMopdusM T, mosis R(y). ABTOMOPOH3M T, TOXAECTBEH, eCU
Y TOJIBKO €CJIM KPUBOH Y COOTBETCTBYET TPUBUAIBHOE IIpeobpa3oBaHye
Mouozpomun M byukuuu y. ®yHukuus z € R(y), HEMOABUKHAS OTHOCH-
TEJIbHO BCEX aBTOMOPQU3MOB T, ABNAETCA PAMOHANbHOM QyHKIHEH.
JleficTBUTENBHO, 2 — OZJHO3HAYHAsA anrebpandeckas QpyHKIUA, caef0Ba-
TeJIbHO, z — palloHaMbHasA QYHKIUA.

ME&! [oKa3aIu CIeyIoIyIO TEOPEMY.

TEOPEMA 2.8. Ipynna moHodpomuu M ¢yHkyuu y Oelicmgyem Ha
none R(y) kak epynna asmomopdusmos. ITonem uH8apuaHmos omHocu-
MeNbHO 3Mo2o Oelicmaust s18Jslemcs noJie payUoHANIbHbIX PyHKyull R.

CoeauHss TeopeMy 2.8 ¢ pe3y/ibTaTaMy U3 JTUHEUHOU anre6phl, U3JI0-
>KeHHBIMU B § 1 IIaBBI 2, TIOJIy4aeM TaKoe CJie/ICTBUE.

CneEACTBUE 2.9. Aneebpauueckas ¢gyHkyus ¢ paspewumoti epynnotii
MOHOOpOMUU Npedcmasumda 8 padukaiax.

JloKa3aTesbCTBO KPUTEPUs IPEACTAaBUMOCTH B DPaZUKalaX 3aKOH-
YeHO.

§3. OB OITHOMEPHOM BAPHAHTE TOIIOJIOTUYECKOH
TEOPUU TAJVA

['pymma MOHOAPOMHU €CTh HE TOJMbKO y anrebpanyeckux QyHKIHH.
OHa ompeziefieHa /Ji1 OCHOBHBIX 3JIeMEHTapHBIX (GYHKIUN U [JIg MHO-
TMX, MHOTUX APyrux OYHKIUU, [Jig KOTOPHIX rpymmna [adya He nMeeT
cMbIca. i oKa3aTelbCTBA HENIPUHAJIEKHOCTH TaKuX GYHKIUN TO-
MY WIH WHOMY JIMYBWIEBCKOMY KJIacCy MOXKHO HMCIIONb30BaTh TPYIIITY
MOHOZPOMMH BMECTO TPYIIHI ['anya. DTOT OAXOA pPeannu3yeTcs B TOIO-
soruveckoit Teopuu lanya. [IpuBezeM mpuUMep, KOTOPBIM MOKA3bIBAET,
KaKue TPYAHOCTU TPUXOAUTCS MPEO0TEeBATh HA 3TOM Iy TH.
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I'maBa 5. OgHOMepHada Tomnonaoruyeckas teopud [adya

PaccMOTpHM 2ieMeHTapHYI0 GYHKIIUIO f, ONpeeIEHHYIO CIIeAYIOIEen

dbopmynoi:
n
f@) = 1n(2 2 1n(z—aj)),
j=1
rae a;, j=1,...,n, — pasJu4YHble TOYKK Ha KOMIUIEKCHOU IPAMOU U Aj,
j=1, ..., n,— KOMIUIEKCHbIe KOHCTaHTBl. O603HaYNM uyepe3 A afuTHB-

HYIO TPYIIY KOMIUIEKCHBIX YHCEJI, TOPOXKAEHHYIO0 KOHCTAHTAMHU A, ...
eee» Ap. SICHO, 9TO ecTM N > 2, TO MOYTH AJIT BCIKOTO Habopa KOHCTAHT
Aly ..y Ay TPYIIA A BCIOAY IUIOTHA HA KOMIUIEKCHOM IIPAMOH.

YTBEPXKAEHUE 3.1. Eciu epynna A eciody niomHa Ha KOMIEKCHOU
npsmotl, mo aemenmapHas GyHkyus f umeem 6crody niI0OmMHoe MHO;ce-
CMeo mouex J102apudMuUecko20 8emeieHUsl.

JOKA3ATENBCTBO. IIycTh g, —OAWH M3 POCTKOB QYHKIMH g, OIIpe-

n

JeJieHHOU dopmynoi g(z) = ‘21 Aj In(z— a;) BTOYKe d, a #aj, j=1,...,n.
[Tocne o6xoza TovYex ay, ..., cjzn K POCTKY g, IpUOaBUTCA YUCIIO 27TiA, T
A —anmemeHT rpynnsl A. O6paTHO, BCAKUN POCTOK g, + 27iA, Toe A €A,
MIOJTy4YaeTCs NIPU AaHATUTUIECKOM IIPOJIOIKEHUH POCTKA g, BAOJb HEKO-
Topo#i kpuBoil. Ilycts U — manasa oKpecTHOCTb ToUkKu a U G: U — C—
aHanmuTH4YecKas GpYHKIUA, POCTOK KOTOPOH B TOYKe d ecTh g&,. O6pas V
obnactu U npu orobpaxenuu G: U — C orkpeIT. [ToaToMy B obractu
V Hamizercsa Touka Buga 27iA, rae A € A. Oyakumsa G — 27iA aBasgeTcs
ofHOU U3 BeTBel GYHKIMU g Haj obsacThio U, mMpUYeM MHOXECTBO
HyJIell 3To BeTBU B obsactu U HemycTo. ITo3TOMy OfiHA U3 BETBEH
¢yuknuy f =In g umeeT B U TOUYKY JiorapudMUYecKoro BeTBaeHud. [

HecI0)XHO TIPOBEPUTH, YTO B YCIOBUAX YTBEPKAEHUs I'PYIa MOHO-
apoMuu QYHKIMHM f KOHTHHyaJbHa (3TO HEYAWUBUTENBHO: (yHAaMeEH-
TanbHas rpymmna 71, (S \ A), rie A — cdeTHOe BCIOAY IIOTHOE MHOYKECTBO
Ha chepe PumaHa, 0YeBUAHO, COAEPKUT KOHTUHYYM JIEMEHTOB).

MoKHO TOKa3aTh TaKXke, YTO 00pa3 ¢yHAaMeHTaJIbHOW TPYIIIIEL J0-
MIOJTHEHUST K MHOXKeCTBY AU D, T7ie b ¢ A — TouKa Ha KOMILIEKCHOM IIps-
MO¥, B I'PYIIIIE TIEPECTAaHOBOK JIUCTOB GYHKINHU f ABIAETCS COOCTBEHHOM
MOATpyIoi rpymmel MoHoApoMmuu ¢yHkuuu f. (To 06GCTOATENBCTBO,
YTO yAajleHWe OZHOHW JIMIIHENH TOYKU MOXKeT M3MEHHTH I'DYIIY MOHO-
JIPOMUU, HECKOIBKO YCJIOXKHSET BCE JOKA3aTeTbCTBA.)

HTak, yxe MpocTeiine aneMeHTapHble GYHKIMM MOTYT UMETH BCIO-
[y IUIOTHOE MHOXKECTBO OCOOBIX TOUEK M KOHTHHYAJIbHYIO I'DYIILY MO-
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§ 4. Knacc &-dpyHKImi

HoApoMuU. TeM He MeHee, MHOXXECTBO OCOOBIX TOUYEK IeMEHTapPHON
GYHKIIMM OZIHOTO TIEpEMEHHOTro He 0ojiee YyeM CYETHO, a ee Tpymmna
MOHOZpOMUH pa3spemyma. Eciy GpyHKINA He yI0BIeTBOPSAET 3TUM Orpa-
HUYEHUAM, TO OHa He MOXeT OBITh 371eMeHTapHOM. CyIecTBYIOT aHa-
JIOTUYHBIE TOIOJIOTUYECKUE TIPENATCTBUA K IPUHA/JIEKHOCTH QYHKIIIHI
OZIHOTO KOMIUIEKCHOT'O [IEPEMEHHOT0 APYTUM JIMYBWIEBCKUM KIaccaM
byHKIMH.

[TepexoayM K MOAPOGHOMY OIMCAHUIO STOTO €OMETPUYECKOrO IOZ-
XoZa K ImpobiieMe pa3penrnMoCTH.

§4. ®YHKIO MU C HE BOJIEE YEM CYHETHBIM MHOXXECTBOM
OCOBBIX TOYEK

B aToM maparpacde ompezenseTcs oOIIHUPHBINA Kiace QYHKIUN OZHOMU
KOMIUIEKCHOM TTlepeMeHHOM, HYKHBIH /IJIf TIOCTPOEHUS TOMOIOTUYEeCKOHN
Teopuu l'anya.

4.1. 3anpemeHHbIe MHOXKecTBa. OmpesenuM Kiacce GyHKIIHHI, BHYT-
PU KOTOpOro OyZyT IIPOBOAUTHCA JajbHeHIIe paccMOoTpeHus. MHoro-
3HaAYHas aHATUTHYECKas GYHKINA OZHOTO KOMIUIEKCHOTO [TePEMEHHOTO
HasbIBaeTcs S-@yHkyuell, ecii MHOXKeCTBO ee 0COOBIX Touek He Goree
YeM CYETHO. YTOUHUM 3TO OIpeZiesieHue.

JlBa peryisApHBIX POCTKA f, U &), 3a/laHHble B TOUKaX a U b cdepsl
PumMana S?, HasbIBAIOTCA SKBUBAJEHTHBIMU, €CIM POCTOK g, TOMyYaeT-
Cs1 M3 POCTKA f, PETy/ISPHBIM IIPOJOKEHNEM B/IOIb HEKOTOPOU KPHUBOH.
KakapIii pPOCTOK g, SKBUBAJIEHTHBIA POCTKY f,, Ha3bIBAE€TCS TAKKe pe-
TYJIIPHBIM POCTKOM MHOTO3HAYHOM aHAJIUTHYECKOU GYHKIUU f, TIOPOXK-
JIEHHOU POCTKOM f;.

Touka b € S? HasbIBaeTcss 0cobOi AJA POCTKa f,, €CTU CYIIeCTByeT
kpuBad y: [0, 1] — 82, y(0) =a, y(1) =b, BAOIb KOTOPOI POCTOK HE MO-
JKET OBITh PETYJSPHO MPOAOIKEH, HO i Jroboro t, 0 <t < 1, pocTok
PETY/IAPHO MPOAOIKAETCA BAOMb YKOPOYeHHOM KpuBoi y: [0, t] — S2.
JIeTKO BU/IETD, UTO Y SKBUBAJEHTHBIX POCTKOB MHOXKECTBA OCOOBIX TOUEK
COBIIAJAIOT.

PeryssapHBII POCTOK HA3bIBAETCS F-POCMKOM, €CJIU MHOXKECTBO €T0
0cobBbIX TOYeK He Oojiee 4yeM cueTHO. MHOTO3HAaYHas aHAJIUTHYECKas
byHKIMA Ha3bBaeTca S-@yHKuyuell, eciu KOKIABI ee peryaapHBIA po-
CTOK ABIAETCA S~-POCTKOM.
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Ham moHazobuTcs JieMMa, COrJIaCHO KOTOPOUM MasbIM IIeBeJleHUeM
KPUBYIO Ha IJIOCKOCTH MOXKHO CHSITh CO CYETHOT'O MHOKECTBA TOYEK.

JJEMMA 4.1 (O CHATHUHU KPUBOM CO CUETHOI'O MHOXECTBA).
ITycmb A — He boJiee wem cuemHoe MHOXCeCmao mouek Ha naockocmu C,
y:[0,1] — C—xpusas u @ — HenpepwulHAS NOAOHCUMENLHAA GYHKUUA
Ha unmepsane 0 <t < 1. Toeda cyuecmgyem kpugas v: [0, 1] — C, makasn
umo Y(t)¢Au |[y@) —f(@®)|<p®) npu 0<t<l1.

«Hay4HOe» [IOKa3aTeJbCTBO JIEMMbI 3aKJIIOYAETCI B CJEAYIOIIEM.
B QyHKIMOHAIBLHOM MPOCTPAHCTBE KPUBBIX KPUBHIE 7, OJIU3KHE K 7,
|y (@) —7(®) | < ¢(t), ¥ He TPOXOSIIHE Yepe3 OAHY U3 TOUEK MHOKECTBa
A, 06pa3yloT OTKPHITOE IUIOTHOE MHOXKeCTBO. [lepeceueHUe CUYETHOTO
YUCIa OTKPBITHIX IUIOTHBIX MHOXXECTB B TaKUX (QYHKIIMOHAJIBHBIX IMPO-
CTPaHCTBaX HE IIyCTO.

[TpuBezieM 3yeMeHTapHOE J0Ka3aTeJbCTBO JIEMMBI (OHO TIOYTH [0-
CJIOBHO TIEPEHOCHUTCA Ha Oosiee OOMIME Caydvail, KOTZla MHOXXECTBO A
HECYETHO, HO MMeeT HyJIeBYIO JyInHY 10 Xaycaopdy; cp. § 8). CHavana
MOCTPOUM OECKOHEUYHO3BEHHYIO JIOMAaHyI0 Y C BepIIMHAMH, He IIpU-
HajIexamuMu A, takyio uro |y(t) — y(t)| < %go(t). Takyio JIOMaHyIo
MOXKHO TTOCTPOUTbD, TaK KakK ZIOTIOIHEHHE K MHOXKECTBY A BCIOZIY IIOTHO.
[TokaxkeM, KaK U3MEHUTb KaXKZoe 3BeHO [p, q] JoMaHo¥ ¥, 4TO6GH OHA
He Iepecekasia MHOXXecTBa A. Bo3bmeM oTpe3soxk [p, q]. IlycTe m — nep-
MIEHJIUKYJISP K €ro cepeiiHe. PaccMOTpUM /1By3BeHHBIE JIOMaHbIe [p, b],
[b, ql, tme b €m u Touka b gocTaTOuHO 6M3Ka K OTpe3ky. OHU Tepe-
CEKaloTCs TOJBKO IO KOHIIAM p, U UX YUCJIO KOHTHUHYaJIbHO. 3HAYUT,
cpe HUX eCTh JIOMaHas, He IepeceKaroas MHOXKeCcTBa A. 3aMeHUB
TaKUM 00pa3oM Kakioe 3B€HO 6eCKOHEUHO3BEHHOM IOMAaHOM!, TOIYIUM
HMCKOMYIO KPHUBYIO.

KpoMe MHOKeCTBa OCOOBIX TOYEK YZIOOHO pacCMaTpPUBATh U JPYyTUE
MHO)XECTBA, BHE KOTOPHIX QYHKIIMSA HEOTPAHUYEHHO MpoJiomKaeTcs. He
Gosee yeM CYeTHOE MHOXXECTBO A Ha3BIBAETCSA 3ANpPeuieHHbIM MHONiCe-
Cmeom [IJIsl PETYASPHOTO POCTKa f,, €CIM POCTOK f, PETYAAPHO MpO-
JloyKaeTcs Boab KpuBoH v (t), y(0) = a, mepecekaromieir MHOXKECTBO A
JINTITh, MOKET OBITh, B HAYaIbHBIH MOMEHT.

TEOPEMA 4.2 (O 3ANPEIMEHHOM MHOXECTBE). He 6Gonee uem
CUemHOe MHOMCEeCMB0 SB8NSEMCS 3aANPeuleHHbIM MHONECMBOM POCMKA,
ecaU U MONBKO eCcll OHO COO0epIHCUM MHONCECNBO €20 0COobbLX Mouex.
B uacmnocmu, pocmok obaiadaem HeKOMOPbLM 3aNpeujeHHbIM MHOdNce-
CMBOM, eCiU U MOJLKO eCAU OH ABJSIeMCst POCMKOM F-PyHKUULU.
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JIOKA3ATEJIbCTBO. [IpEATIONOKIM, YTO CYIeCTBYyeT ocobas Touka b
pocTKa f,, He jexaas B HeKOTOPOM 3aIpelleHHOM MHOXECTBE A 3TOTO
pocTka. ITo onpesie/leHHIo Jo/KHA CyIecTBOBaTh KpuBas y: [0, 1] — 52,
y(0) =a, y(1) = b, BAOIb KOTOPOH He CYIIeCTBYeT PEryJAipHOrO IIpO-
JIOJDKEHUS POCTKA f,, HO BZOJb KOTOPOH POCTOK IIPOAOJDKAETCA O
060 Touku t < 1. He orpaHu4muBast OOGIIHOCTH, MOXKHO CYMTATh, YTO
TOuku a,b u kpuBas y(t) sexaT B KOHeYHOU dacTu chepbl PumaHa,
T. e. Y(t) # o npu 0 <t < 1. Ob6o3HayuM yepe3 R(t) paguyc cXoaAUMO-
CTU PAAOB f, (), TONYIAIOMIUXCA [PU MPOAODKEHUU POCTKA f, BAOMb
kpuBoil y(t). @ynkuua R(t) HempepblBHa Ha mnomyuHTepBaine [0, 1).
CorytacHo JileMMe cylecTByeT Kpuas 7 (t), 7(0) =a, (1) =b, Takas uro
ly(®)—7@)]< %R(t) u 7(t) ¢ A pu t > 0. POCTOK f, TI0 YCJIOBUIO JOMKEH
IIPOZOJKAThCA BAOJIb KPUBOU 1 Ao Touku 1. Ho oTCioza JieTKo cienyer,
YTO POCTOK f, IPOAOIKaeTCsA BAOIb KpUBOH Y. [lolydeHHOe IpOTHBOpe-
Yue J0Ka3bIBAeT, YTO MHOXKECTBO OCOOBIX TOYEK POCTKA f, COAEPKUTCS
BO BCSIKOM 3ampelieHHOM MHOXKeCTBe 3TOro pocTka. O6paTHOe yTBep-
XKaeHue (CUeTHOe MHOKECTBO, COZleprKalliee MHOXKECTBO 0COOEHHOCTeHN
POCTKa, SBJISETCSA 3aMpelieHHbIM 1 POCTKA) OYEBU/HO. O

4.2. 3aMKHyTOCThb kjacca F-pyHKOUMH. JlokakeM 3aMKHYTOCTb
BBEZIEHHOTO KJ1acca GpyHKITUI OTHOCUTENbHO BCEX €CTECTBEHHBIX OIepa-
LU,

TEOPEMA 4.3 (0 3BAMKHYTOCTU KJIACCA F-oyYHKIUM). Knacc &
gcex F-PyHKyUL 3aAMKHYM OMHOCUMENbHO CIedYIoUUX onepayuil:

1) Judpepernyuposarus, m. e. ecau f € ¥, mo f' €.;

2) unmezpuposanus, m.e. ecau f€ L u g =f, mo ge;

3) cynepno3uyuu, m.e. ecau g, f €, mo go f €

4) mepomopdHuix onepayuil, m. e. ecau F(xy, ..., X,,) — mepomopdHas
@yHKyua n nepemenHsvlx, ;€S i=1,...,n,u f=F(fy, ..., f,), mo f€;

5) pewenus anzebpauueckux ypagHenuii, m.e. ecau fie &, i=1,...,n,
ufi+fif" 4.+ f,=0,mo f€;

6) peweHUs JUHelUHbIX JuPdepeHUUAnbHbIX YPABHeHUll, M. e. ecau
fedi=1 .. ,nuf®+ffOV4 +f=0mofe.

JOKA3ATENBCTBO. 1, 2. IIycTh f,, a # o, — POCTOK F-OYHKIIUU C
MHOXECTBOM OCOOBIX ToueK A. Ecii pocTOK f, peryispHO IIpoAoIKa-
eTcs BJOJMb HEKOTOPOW KPUBOH Y, Jexallell B KOHEYHON yacTu cde-
pbl PuMaHa, TO WHTerpaj U MPOU3BOAHAS 3TOTO POCTKA PETY/IIPHO
MIPOZIOJKAIOTCS BAOMb KPUBOH Y. [103TOMY B KayeCTBe 3alpenieHHOTO
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MHOXECTBA /I MHTerpaja U IPOU3BOJHOU POCTKA f, JOCTATOYHO B3ATh
MHOXKecTBO AU {o}.

3. IIycTb f, U g, — pOCTKU F-bYHKIUH C MHOXXECTBAMU OCOOBIX TOYEK
A u B u f,(a) =b. O603nauuM depes f '(B) momHbI mpoobpas MHO-
’KecTBa B mpy MHOTO3HAYHOM COOTBETCTBHU, IOPOXKAEHHOM POCTKOM
f,. ViapiMu cnoBamu, x € f~1(B), eci U TONBKO €C/U CYLIeCTBYeT Po-
CTOK 1)),., 9KBUBAJIEHTHBIM POCTKY f, U Takoi, 4To 1) (x) € B. MHOXeCTBO
f~1(B) He Gomee yeM cyeTHO. B KauecTBe 3alpeleHHOTO MHOXECTBA
pOCTKa g, © f, I0CTaTOYHO B3ATh MHOMecTBO AU f~1(B).

4. IycTh f;, — pPOCTKY &-OYHKIINI, A; — MHOXKECTBA X OCOOBIX TOUEK
u F —MepoMmopdHas GyHKIINA n nepeMeHHBIX. MEbI IpeAnonaraeM, 4ro
poCTKH f;, 1 GyHKIUA F TAaKOBEL, YTO POCTOK f, =F (fi,, ..., f4q) ABISAETCA
BIIOJIHE OIpeZieJIeHHBIM MepOMOPQHEIM POCTKOM. 3aMeHUB, eC/Id HaJZlo,
TOYKY a GJIU3KOI TOUYKOM, MOKHO CIYUTATh, UYTO POCTOK f, peryasapeH. Ec-
Ji1 KpuBas Y (t) He IepeceKkaeT MHOXKECTBO A = U A; ipu t >0, TO POCTOK
f. MepoMopdHO TTpofoIKaeTcsa BAOIb 3TON KpuBOH. I[Iycth B — mpoek-
1A Ha chepy PumaHa MHOecTBa MOMIOCOB GYHKINU f, TIOPOXKIEHHOMN
POCTKOM f,. B KauecTBe 3arpemeHHOro MHOXKECTBA POCTKA JOCTATOYHO
B3ATb MHOXXeCTBO AU B.

5. IycTb f;, — pocTKU S-GyHKIMH, A; — MHOXKECTBA UX OCOOBIX TOYEK
U f, — PETYJSIPHBIA POCTOK, VIOBIETBOPSIOIINN PABEHCTBY

P+ fra M4+ fre=0.
Ecmu xpuBas y(t) He mepecekaeT MHOXecTBa A = U A; ipu t >0, TO
CyllecTByeT IIPOZO/DKeHNe POCTKA f, BAOJb 3TOM KPUBOH, cozeprkaliee,
BOOOIIle TOBOPsI, MepoMopdHbIe U anrebpandeckue 3MeMeHTH. [IycTh
B — MpOEKIMS MHOXKECTBA MOMI0COB GYHKIUU f U TOYEK PA3BETBIEHUA
ee PMMAaHOBO} TTOBEpXHOCTU Ha chepy Pumana S2. B kauecTBe 3ampe-
[IeHHOT'O MHOXXeCTBA /I POCTKA f, IOCTATOYHO B3ATh MHOXeCTBO AU B.
6. Ectu K03 PUITMEHTHI YpaBHEHUS

fa(n) +f1a 'fa(n_l) +... +fna =0

PeryJIsipHO MPOZOIKAIOTCSA BIOJIb HEKOTOPOM KPUBOH Y, Jiexaleil B Ko-
HeyHOM yacTu cdepsl PuMana, To 1060€e pemeHue f, 3Toro ypaBHeHHUs
TaKKe pery/IApHO MPOJ0DKAeTCsA BAOAb KpUBOH Y. [IoaTOMy B KadecTBe
3alpelleHHOr0 MHOXKeCTBA POCTKa f, JOCTAaTOYHO B3ATh MHOXECTBO
A= U A;U{e}, rne A; — MHOXXeCTBa OCOOBIX TOYEK POCTKOB fi. O

3AMEYAHUE. ApudmMeTnueckue olepaluy U NMOTEeHIUPOBAHUE fAB-
JIIOTCSA IpUMepaMy MepOMOPOHEIX OIEPALUi, I03TOMY KAACC F-PyHK-
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yuil 3amMKHYm OMHOCUMENbHO apudmemuueckux onepayuil u nomeHyu-
po8aHusl.

CAEACTBUE 4.4. Ecnu MHO203HAUHYIO (hYHKUUIO [ MONCHO NOJLyUUmMb
U3 00HO3HAUHBIX F-PYHKUULL ¢ NOMOULLIO UHMe2pUPO8aHUsl, JugdepeH-
UUPOBAHUS, MEPOMOPPHBIX onepayull, cynepno3uyull, peweHus anzeb-
pauuecKux ypasHeHuil u JuHeliHbx 0ug@PepeHyUanbHbIX YPASHEeHULL, Mo
dyHkyua f umeem He 6osiee uem cuemHoe UUCO 0cobbLx mouek. B uacm-
HOCMU, PYHKUUIO, UMEIOUYI0 HecuemHoe UUcao 0cobblX mouek, Helb3s
npedcmagums 8 06006UeHHbIX K8AOPAMypax.

§ 5. T'PYIIIIA MOHOJAPOMMUU

B sToM maparpade oOCYKAArOTCA pa3iUYHbIE TOHATHUA, CBSI3aHHBIE C
I'PyIIION MOHOJPOMUHU.

5.1. T'pynna MOHOAPOMHH C 3alpellieHHBIM MHOKeCTBOM. [pyi-
I1a MOHOAPOMUH F-OyHKUMM f C 3ampelleHHbIM MHOXECTBOM A — 3TO
I'pyINa BceX IepecTaHOBOK JUCTOB GYHKUUU f, KOTOPHIE IIPOUCXOASAT
mpu 06xo/ie TOYeK MHOKecTBa A. JlalM Telepb TOYHOE OTIpeJeIeHHE.

[Tyctb F, — MHOXXeCTBO BCeX POCTKOB -QyHKIMU f B TOUKE a, HE Jie-
’Kallell B HEKOTOPOM 3allpellleHHOM MHoXecTBe A. BosbMeM 3aMKHY-
TYI0 KpUBYIO ¥ B S?\ A ¢ HauasoM B Touke d. [Ipoflo/KeHHe KaXJ0TO
POCTKa M3 MHOXXecTBa F, BAOTb KPUBOM Y NPUBOJUT K POCTKY K3 MHO-
»xecTBa F,.

VTak, Ka)x04 KpUBOU ¥ COOTBETCTBYeT OToOparkeHre MHOXKecTBa F,
B cebs, IpUYeM TOMOTOIHBIM B S2 \ A KPUBBIM OTBEYAIOT OJMHAKOBbIE
oTobpakeHus. [Ipou3BeZieHUIO KPUBBIX OTBEYAET IPOU3BeJeHUE OTOO-
paxxeHuil. BosHukaeT romoMopdu3M T GyHAAMEHTAIbHOH I'PYIIITEI MHO-
xectBa S2\ A B rpynmy S(F,) B3aMMHO OJ[HO3HAYHBIX TIpeo6pa3oBaHmit
MHOXecTBa F,. OToT romoMopdusM 6yzeM Ha3bIBATb 20MOMOPHUIMOM
A-monodpomuu. I'pynoii MOHOZPOMUH F-OYHKIIUYU f C 3alperieHHbIM
MHO)XECTBOM A WIH, KOpoue, 2pynnotl A-moHoOpomuu HasbIBaeTcs 00-
pas pyHAaMeHTanbHOM rpynmbl 71, (S%\ A, a) B rpynne S(F,) Ipu roMo-
MopdusMe T.

YTBEPKAEHUE 5.1. 1. Ipynna A-moHodpomuu F-@yHKUUU He 3a8U-
cum om 8vLbopa mouku a.

2. I'pynna A-monodpomuu S-gyHkyuu f mpaHaumusHo deticmayem Ha
aucmax gyHkyuu f.
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Oba yTBep:KJeHUA MIPOCTO JOKA3BIBAIOTCA IPU MOMOIIU JeMMH! 4.1.
OcTaHoBUMCs, HAlIpUMeEP, Ha J0KA3aTEIbCTBE BTOPOT'O U3 HUX.

JOKA3BATE/NBCTBO. IIycTh f, U f,, — HEKOTOpbIe POCTKU GYHKIMU f
B TouKe a. Tak KaK POCTKH fj, U fo, SKBUBAJIEHTHEI, TO CYIIECTBYeT KPH-
Bas ¥, IIpU [IPOAOIKEHNUU BAOIb KOTOPOU POCTKA f;, TOIYyIaeTCs POCTOK
foq. CoracHo seMMe 4.1 CyIecTBYET CKOJb YTOAHO OM3Kas KpuBas 7,
He Tlepecekaromas MHO)XecTBO A. Eciiu KpuBas { ocTaToyHO Om3Ka
K KPUBOU Y, TO COOTBETCTBYIOIAsA € IIepecTaHOBKA JIUCTOB MIEPEBOAUT
POCTOK f}, B POCTOK fo. O

5.2. 3amMKHyTaf rpyniia MOHOAPOMUHU. 3aBUCUMOCTD I'PyIIIbl A-MO-
HOZIPOMUU OT BBIOOpA MHOXKeCTBa A 3aCTaBisgeT BBECTH TUXOHOBCKYIO
TOIIOJIOTHIO B IpyIIle IIepecTaHOBOK JIUCTOB. OKasblBaeTcsA, YTO 3aMbl-
KaHUe I'pylnbl A-MOHOZAPOMUH yKe He 3aBUCUT OT MHOXXecTBa A.

I'pynmy S(M) B3aMMHO OZIHO3HAYHBIX NMPeOOpPa30BaHUN MHOXKECTBA
M wpbI 6yzieM paccMaTpuBaTh BMECTE CO CJeAyolleil Tornonoruei. Jua
Ka)XZI0T0 KOHEYHOI'0 MHOXecTBa L C M oIpeZennM OKPecTHOCTb U; TOX-
JIECTBEHHOT'0 ITpeob6pa3oBaHusA KaK COBOKYITHOCTb Ipeobpa3oBaHUi p,
Takux yto p(l) =[ mpu [ € L. Ba3uc 0KpeCcTHOCTEN TOX/AeCTBEHHOTO TIpe-
06pa3oBaHuA OIpeZiesAeTcs KaKk MHOXXeCTBO OKpecTHOCTel Buga Uy, rrie
L mpoberaeT Bce KOHEYHBIE TOAMHOXKeCTBa B M.

JIEMMA 5.2 (O 3AMBIKAHHWU TPYIIIIBI MOHOAPOMUM). 3amblKa-
Hue 2pynnsl MOHOOpoMUU F-PYHKUUU f € 3anpeujeHHbIM MHONHCECMBOM
A 8 epynne S(F) scex nepecmanogok qucmos gyHkyuu f He saasucum om
8blb0pa 3anpeueHH020 MHOdYcecmaa A.

JOKABATENBLCTBO. [lycTh A U A, — /iBa 3ampeleHHbIX MHOXeCTBa
¢yukumu f u F, — COBOKYITHOCTD JIUCTOB QYHKIIMU f B TOUKE d, He MPU-
Hazjexalied MHOXecTBY A, UA,. Ilycts I', I'y € S(F,) — rpyIIIbl MOHO-
ApoMuy GYHKIMY f ¢ STUMU 3alpelleHHBIMI MHOXXeCcTBaMu. JlocTaTod-
HO II0Ka3aThb, YTO AJA KaXAOW IepecTaHOBKU Uq € [} U AIA KaXZ0To
KOHEYHOro MHoxecTBa L C F, cylecTBYeT IIepecTaHOBKa U, € I'y, Takaa
9TO UUq]; = Usl;. TIycThb KpuBag y € m,(S%\ A1, a) 3aaeT mepecTaHOBKY
. Tak KaK MHOeCTBO L KOHe4HO, BcsiKas KpuBas € 1, (S? \ Ay, a),
JOCTaTOYHO 6yM3Kas K KPUBOU Yy, 3a/laeT IEePeCTaHOBKY [l;, COBIIaJalo-
IIyI0 C TIepPeCTaHOBKOM W, Ha MHOXKeCTBe L, U], = (;];. ITo memme u3
1. 4.1 TaKyro KpUBYIO ¥ MOXKHO BBIOpATh Tak, YTOOBI OHA He MepeceKaa
MHOXXeCTBa A,. IlepecTaHOBKa [I; B 3TOM C/y4ae OyZeT JeXaTb B IPYI-
e [, O
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JleMMa ZiesiaeT KOPPEKTHBIM CleAyIoliee OIpesieleHre: 3aMKHY MOl
epynnoii moHoOpomuu -PyHKUUM f HA3bIBAETCA 3aMbIKaHUE B TPYIIIIE
S(F) Tpynmsl MOHOAPOMUU QYHKIIUY C HEKOTOPHIM 3alIpellleHHBIM MHO-
JKECTBOM A.

5.3. TpaHsuTHBHOe JelCcTBHEe TPYyNIIbl HA MHOXKECTBE M MOHO-
JpoMHas mapa S-GyHKuuu. I'pymnma MOHOAPOMHUH GYHKUIMHU f — 3TO
He TpocTo abCTpaKTHAas IpyIna, HO TPAH3UTHBHAA IpylIa Iepecra-
HOBOK JIUCTOB 3TOU (YHKIMU. B 3TOM MyHKTEe HANOMUHAeTCs ajre6-
pandeckoe OIMCAHWE TPAH3UTUBHBIX JEWCTBUM TIpyNIBl Ha MHOXe-
CTBax.

JletictBueM rpymnmbl [T Ha MHOXKeCTBe M Ha3bIBaeTCs TOMOMOPOU3M
T rpynnel I' B rpyny S(M). /JIBa geiictBua 7,: I' = S(M;) u 75: ' —
— S(M,) Ha3bIBAIOTCA 5KBUBAJIEHTHBIMU, €CIU CYyIIeCTByeT TaKoe B3a-
MMHO OIHO3HAYyHOe oToOpaxkeHue q: M; — M,, 4TO § © T; = T,, A€
q: S(M;) — S(M,) — usomopdusM, UHAYIIMPOBAHHBIN OTOOpAKEHNEM (.

CmauyuonapHoill nodepynnoil I', Touyku a € M Tpu AeUCTBUU T Ha-
3bIBaeTcA MOArPYIIIA, COCTOAIIAA U3 BCeX IeMeHTOB W € I, Takux 4To
Tu(a) =a. [leicTBUe T Ha3bIBAETCS MPAH3UMUBHbIM, €CITU JJIS JIIOOBIX
Toyek a,b € M cymectByer u € I', Takoe uro Tu(a) =b. OyeBUAHO
clezyroliee yTBepXKAeHUe.

YTBEPXKAEHUE 5.3. 1. flelicmsue T epynnst I mpaHaumusHo, ecau u
MOJILKO ecU CMAyUOHAPHbLe N002pYNbL H00bLX 08X mouek a, b €M co-
npsicersl. O6pas epynnst I' npu mpansumugHom deticmeuu T U30MopdeH

daxmopepynne '/ ﬂ ,ul“au_l.
uer
2. Cywecmgyem u npu 3mom eOUHCMBEHHO ¢ MOUHOCMbI0 00 3KBUBA-

JleHmHocmu mpaH3umugHoe Oeticmaue epynnsl I' ¢ puxcuposarHoii cma-
YUOHApHOU nodzpynnoil HeKomMopoil MOUKU.

WTak, TpaH3UTHBHbBIE JeWCTBUA Tpynmbl [ ONMUCHIBAIOTCA IapaMu
rpynn. [lapy rpynn [T, I, 1, rae I', — cTannoHapHas noArpymnia HeKOTo-
PO¥ TOYKM a NP TPAH3UTUBHOM JEeHCTBUM T Ipymmnsl I', 6yzemM Hasbl-
BaTh MOHOOPOMHOUL Napoil MouKU a OTHOCUTENBHO AelicTBUA T. I'pymiry

T ~T/ ﬂ ulu~! GysemM HasblBaTh IPYNION MOHOAPOMMH Maphl
uer
[T, Tl

Tomomopdu3M A-MOHOAPOMHUU T 33a/laeT TPAH3UTUBHOE JeHCTBUE
yHAaMeHTaIbHO rpynmsl 711 (S?\ A) B MHO)ecTBe F, TUCTOB QYHKIUH
f B TOuUKe a.
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MOHOZPOMHYIO TIapy POCTKA f, OTHOCUTENBHO A€UCTBUA T OyZieM Ha-
3BIBaTh MOHOOPOMHOL napoil pocmka f, ¢ 3anpeujeHHbIM MHONCECMB0oM A.
MoHOAPOMHYIO Tapy poCTKa f, IpU JeHCTBUU 3aMKHYTOM I'PYIIION MoO-
HOZpPOMUH OyzZeM Has3biBaTh 3AMKHYMOl MOHOOPOMHOIL napoti pocmka
fa- Y pasHBIX POCTKOB F-QYyHKIMH f MOHOAPOMHBIE IIAPHI C 3alpelleH-
HBIM MHOXECTBOM A M30MOP(HBI, TTO3TOMY HMEET CMBICI T'OBOPUTH
0 MOHOJPOMHOH Tape C 3alpelieHHbBIM MHOXECTBOM A U 3aMKHYTOH
MOHOZPOMHOH mape -GyHKUUU f. 3aMKHYTYI0 MOHOZPOMHYIO Iapy
S-oyakiun f 6yzem obo3Havats [f].

5.4. Tloutu HOpManbHble ¢yHKUMU. [lapy rpynm [[, T3], I C T,
6yZieM Ha3bIBaTh NOUMU HOPMAbHOU Napoil, eCIU CYIeCTByeT KOHEYHOe
MHOXecTBO P CI', Takoe 4TO

(Y ulou™ =) ulou™".

uer uepP

JIEMMA 5.4 (0o AUCKPETHOM JAEUCTBUM). O6pasz T(I') epynnwt
I' npu mpansaumugHom deticmeuu T: I' = S(M) sensemcsa ouckpemHoii
noodepynnoii 8 S(M), ecau u moavko ecau mMoHoopomHas napa [T, [yl
HeKOMmop020 neMeHma Xy € M noumu HOpmansHa.

JIOKA3ATEJNBCTBO. Ilycth rpynma T(I) auckpetHa. O603HAYUM
yepes P Takoe KOHeUHOe NOAMHOKECTBO MHOXecTBa M, 4TO OKpecT-
HOCTh TOXK/IECTBEHHOT'O Npeobpa3oBanus Uy He COAEPKUT Ipeobpaso-
BaHu# rpynnsl T(I7), OTIMYHBIX OT TOXKAECTBEHHOI'0. DTO 03HAYAET, YTO

nepecedennio (| I', CTalMOHApHBIX TIOATPYII TOYeK x € P oTeedaet
xeP
TpUBHMaIbHOe ZeiicTBre Ha MHOxectBe M, T. e. [ Ty € () ulou .
x€P uer
Ipymmer T, compskeHBI Tpymme I, TI03TOMY MOKHO BEIGpATh Takoe

KoHeyHoe MHOkecTBO P C T, uto (| ulou = () ulyu™'. O6parHoe
U€eP uer
VTBepKAeHUe JOKA3bIBAeTCs AaHAIOTUYHO. O
Byznem Ha3bIBaTh #-OYHKIUIO f noumu HOPMAIbHOIL, €CIU ee I'PyIna
MOHOZPOMUHU AUCKPeTHA. V3 JIeMMBI BBITEKAET, YTO GYHKIUA f TOYTH
HOpMaJbHa, €CIM U TOJIbKO eCIM IIOYTH HOpMaJsibHa ee 3aMKHyTasd MO-
HoApoMHas mapa [f].
JunddepeHnyansbHON pauoHaNbHON GYHKIMEH OT HECKONbKUX QyH-
KW Ha3bIBaeTCsA paloHaIbHasA QYHKIUA OT 3TUX GYHKIMH U UX TIPO-
W3BOZAHBIX.
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§ 5. I'pymma MOHOZPOMUU

JIEMMA 5.5 (0O KOHEYHO TIOPOX/ZIEHHBIX ®VHKIHAX). [lycmb
Kaxcowlil pocmok S-PyHkyuu f 8 mouke a sissemces OupdepeHyuanvHoll
PAUUOHANBHOU PyHKYUell 0 KOHEUHO020 ULCAd PUKCUPOBAHHBIX POCMKO8
¢yrkyuu f 8 mouxe a. Toeda gyHxyusa f noumu HOpMANbHA.

JleficTBUTENBHO, ec/iy TIPU MPOJO/DKEHUU BOIb 3aMKHYTON KPUBOU
He U3MEeHITCS GUKCUPOBAHHBIE POCTKYU QYHKIIMH, TO HE MEHAIOTCI U
mubdepeHIaNbHBIE pAllUOHANbHbBIE QYHKIIUN OT HUX.

13 1eMMBI O KOHEYHO TTOPOXK/IEHHBIX PYHKITUAX BHITEKAET, YTO JIF060E
peleHue TuHEeHHOTO AuddepeHInaTbHOTO yPaBHEHUS C PAITUOHATIbHBI-
MU k03dduUlleHTaMu ABIAETCA TIOUTH HOpMasabHOU byHKIMelH. To ke
caMoe BEpHO M /Il MHOTUX APYTUX QYHKITUH, eCTECTBEHHO BCTpeYalo-
muxcs B AuddepeHIuaabHol anrebpe.

5.5. Kiaccsl map rpynn. B § 6 Mbl onuireM, Kak U3MeHAIOTCA 3a-
MKHYTbIe MOHOZPOMHBIE TTaphl GYHKIUI IPU CYIEPIIO3UIINAX, UHTET PU-
poBaHuUAX, AuddepeHINPOBaHUAX U T. A. JJI1 9TOTO HaM TOHAJ00UTCS
BBECTH HEKOTOPbIe OHATHUA, CBA3aHHEBIE C TTapaMU T'PYIIII.

[Tapoi#i rpynn MBI Beerza OyzeM Ha3bBaTh Mapy, COCTOALIYIO U3 I'PYII-
Il ¥ HEKOTOPOU ee MOArPYIIIBL. byzZeM O0TOXAecTBIATh IPYIILY C Tapoi
T'PYIIIL, COCTOAIIEH M3 3TOM I'PYIIIEI U ee eAMHUYHON MO PYTIIIHL.

OnPEAENEHUE. COBOKYITHOCTh ¢ map rpymmn OyZeM Ha3blBaTh No-
YMu NOJHbIM KAACCOM NAp 2pynn, eciu

1) ana xkaxkgoit mapsl rpymn [, [yl € ¥, Ty €T, u 1060ro roMoMop-
¢usma 7v: I'— G, roe G — HeKoTOpas rpymnna, napa rpym [T, T[] Tak-
K€ COLEPXKUTCA B L,

2) ans kaxzgou napet rpynn [T, Tyl € ¥, Ty C T, u 1106010 roMoMOp-
¢usma 7: G—T, rie G — HeKoTopas Tpymna, napa rpyni [t 1T, 71T, ]
TaKXe COLEpPKUTCA B &L,

3) ana xaxzo mapel rpynn [N, I]1€ %, Iy €T, u rpynns G, Haze-
neHHo# T,-Tomosnorueit u cofepxauei rpynny I', I' € G, mapa rpymnmn
[T, T,] Taxxke comepxurca B %, tae I, Iy —3ambikanua rpynn I', Ty B
rpymnmne G.

OnPEAENEHUE. [IoYTH MOMHBIN KIacc map Ipymn OyZeM HasblBaTh
NOJIHbLM KNACCOM nap epynn M, eciu

1) pana xaxgoil mapsel rpynm [N, Iyl € 4 w rpynnet I, [ C T CT,
napa rpynn [I7, I'; ] Takke cogepXutca B A,

2) pana xaxzapix AByx map rpynn [IT,I1, [T, [,] € 4 mapa rpynn
[T, T',] Takke comepKUTCA B .
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MuHuManbHble NOUMU NOJHbLLUL U NOJHBLL KAACCHL nap epynn, coodep-
Jcauiue PukcuposaHHoe MHONcecmeo nap zpynn 9B, 6yaem o603HaYaTh
COOTBETCTBEHHO ¥(RB) u M(B).

JIEMMA 5.6. 1. Eciu epynna moroopomuu napwt [T, T'g] codepucumes 8
HeKOMopoM NONHOM Kkadacce nap M, mo napa [T, T'y] maxoice codepucumes
8 M.

2. Ecnu noumu HopmansHas napa [T, T'y] codepicumces 8 Hekomopom
NONHOM Kadcce nap M, mo ee 2pynna MOHOOPOMUU MAKHCE COOEPHCUMCS
8 M.

OcTaHOBUMCSA Ha Zi0Ka3aTeNbCTBE BTOPOro yTBepxkAeHus. Ilycts [,
i=1,...,n,— KOHEYHOE YMUCJIO MOATPYHI, CONPSKEHHBIX C ), Takux

n
uro (| I;= ) ulou™t. Hapst [T, ;] usomopduer nape [T, I'y], mosto-
i=1 er
My [T, ;] eu/fl. [lycty 7: Iy — I' —romomopdu3sM BIOKEHU:, TOTAA
77 Y(I) =T, NTy, moatomy [Iy, [, NT;]1 € 4. Knace ./ copepXuT napsl
[[,Ty] u [y, T,NT;], cregoBatenbHo, [T, T NT,] € 4. Ilpogomxkas
n
3TO paccykJeHue, IToIy4YnM, YTO KJIacC ./ COAEP>KUT Hapy [F, ﬂ FL} u
i=1

BMecTe ¢ Heii rpynmy I'/ (] ulou ™.
uer

YTBEPXKAEHUE 5.7 (0 KJIACCE Z([f1)). Iloumu noawslii knacc nap
% codepacum 3amMkHymyr MoHoOpomHyto napy [ f1 S-dynxkuyuu f, ecriu u
MOJIbKO ecll IMOm KJIACC CO0epHcUm MOHOOPOMHYHO napy ¢yHkuyuu f ¢
3anpeujeHHbIM MHONCeCMBoMm A.

JOKA3BATENBbCTBO. [Iycth [T, T'j] — MOHOZpPOMHaA mapa GyHKIIUU f
C 3arnpenieHHbIM MHOXXKecTBoM A. Torga [f]= T, 1:0]. [TosToMy BCAKUM
IIOYTH NOJHBIN Kiacc %, copepxamuii napy [I', I'yl, cogep:xut u napy
[f]. O6patHo, ecm [T, Ty] comepxwurcs B kiacce %, To u [, T,] € £.
JleficTBUTENIBHO, TOIIOJIOTHS B TPYIIE TePeCcTaHOBOK yCTpOeHa TaKUM
o6pasom, uro Iy =T'NT,. [TosTomy mapa [T, ;] sBAAg€TCA IPpOO6Pa3OM
napsl [T, Ty] npu B1okeHuu rpynmbl I B ee 3aMbIKaHUe. O

8§ 6. OCHOBHAA TEOPEMA

3zaech GopMyIHUpyeTCs U 0Ka3bIBA€TCS OCHOBHAS TEOpeMa TOIOJIOTHYE-
ckol Teopum lamya.

OcHOBHAA TEOPEMA 6.1. Knacc S-¢ynxuyuil M, cocmosuuil u3
S-PyHKyull, 3amMKHymble MOHOOPOMHbLE NAPbL KOMOPHLX JEHCUM 8 HEeKO-
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MOopoM NOJNHOM KJadcce nap M, 3aMKHYm OmHocumensHo ougdgdeperyu-
posaHus, cynepno3uyuil u mepomopgdHuix onepayuil. Eciu, kpome moeo,
knacc M codepucum

1) 2pynny C KOMNIEKCHBLX ULICe 10 CLONCEHI0, MO KAACC M 3aMKHYm
OMHOCUMENLHO UHMe2PUPOBAHUS,

2) epynny S(k) nepecmanogok k asnemeHmos, mo Kaacc M 3aMKHym
OMHOCUMENIbHO peuleHUsl aneebpauueckux YpasHeHUll cmeneHU He Bbl-
we k.

JloKa3aTesbCTBO OCHOBHOM TeOPeMBI COCTOUT U3 CIEAYIOMINX JIEMM.

JIEMMA 6.2 (0 mpPOU3BOJAHOM). /[lna ecakoil S-dynkuyuu f cnpa-
gednuso simouerue [ 1€ A([f]1).

JIOKA3ATEJNBCTBO. IlycTh A —MHOXECTBO OCOOBIX TOUEK F-PyHK-
uu f u f, — pocTok GyHKIUHU f B HEOCOO0I Touke a. O603HAUUM Uepes
I' pynzamenTanbHyto Tpyniy 7, (S?\ A, a), a yepes I'; u I', — cTanuo-
HapHble TPYIIE POCTKOB f, U f/. I'pynma I'; cogepsxutes B rpymme I,
JlelicTBUTENBHO, TIPY IPOAOKEHUH BOIb KPUBOH ¥ €' HE U3MEHIETCS
POCTOK f,, a 3HaYUT, He MeHseTCA U ero Ipou3BogHad. VI3 onpeseneHus
[IOJTHOTO KJacca map ciezyert, uro [, I',] € #([T", I';]1). Bocmonabp3oBas-
IIKCh YTBEPXKAeHUeM 5.7, monyuum, uto [f'] € A ([f]). O

JIEMMA 6.3 (0 cynEPno3unuu). Jna scakux S-gyukuyuil f u g
cnpasednuso ekarouerue [go fle #([f]1, [g]).

JIOKA3ATEJNBCTBO. IlycThb A U B —MHOXXeCcTBa 0COOBIX TOYEK (PyHK-
uuit f u g. Iycts f~1(B) — npoobpas MHOXkeCTBa B IPX MHOTO3HAYHOM
COOTBETCTBUHM, TOPOXKAEHHOM MHOTO3HAaYHOU ¢yHKumei f. [Tomokum
Q=AU f"(B).TlycTb f, — HEKOTOPBLIH POCTOK QYHKIMH f B TOUKe a ¢ Q
U g, — HEKOTOPBIN pocToK QYHKIMHU g B Touke b = f(a). MHOXecTBO Q
OyZieT 3ampelleHHbIM AJI POCTKa gj, © f,. O603Hauum yepe3 I' dyHzaMeH-
TanpHyIo rpynmy 7, (S%\ Q, a), uepes I'; u I', — cTaroOHapHbIE TOATPYII-
IIBI POCTKOB f,; U gp, © f,. O603HauuM yepe3 G GyHAaMEHTATbHYIO IPYIIITY
71(S?\ B, b), a uepes G, — CTAI[MOHAPHYIO I'PYIIIy POCTKA gj.

Omnpenenum romomopdusm T : 'y — G. Kaxkzoi kpuBoii y € I'; mocra-
BUM B COOTBETCTBHE KpUBYIO T oy (t) = f (v (t)), TAe f, ;) — POCTOK, moy-
YeHHBIN MPU MPOJOIKEHUH POCTKA f, BAOIb KPUBOU Y 0 TOukH t. Kpu-
Bble T 0y OyAyT 3aMKHYTBI, TaK KaK IPU MPOAODKEHUU BAOIb KPUBBIX
u3 I'; pocTok f, He uaMeHsAeTcsA. [Ipy TOMOTOIIMM KPUBOH Y B MHOXe-
ctBe 2\ Q 6yzeT MPOUCXOAUTL TOMOTOMMS KPUBOM T 0y B MHOXKECTBE
S2\ B, Tak kak f '(B) C Q. CrezoBaTebHO, FOMOMOPGU3M OIpejeseH
KOPPEKTHO.
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PocTok g, o f, He OyZleT MEHATHCA TPU MPOAOIKEHUU BAOIb KPUBBIX
u3 rpymnbl T (G), WM, ApyruMHu cioBamu, T 1(G,) C I, OTcioga
¥ BBITEKAeT jeMMa. J[eliCTBUTENbHO, MBI IOJydYaeM BKJIIOUeHHsI I D
o2, 2 T_l(GO) crt ()= ' €T, u3 KoToprIX ciaenyet, uro [, ] €
e M([G, Gyl, [T, T;]). Bocrnonb3oBaBIIUCh yTBEPXKAEHUEM 5.7, moiy-
gum, uto [go fle. #([f], [g]). O

JIEMMA 6.4 (OB MHTETPAJE). /na gcakoil S-dyrnkyuu f cnpageo-
JIUBO BKIOUEHILE [ff(x) dx]| € #([f], C), 20e C— 2pynna komniekcHbix
YuCesn No CONCEHUIO.

JIOKABATE/NBCTBO. [IycTh A —MHOXECTBO OCOOBIX TOUEK GYHKIINHU
fuQ=AU{w}.IIycTbh f, — HEKOTOPHIA POCTOK GpYyHKIMHU f B TOUKe a & Q
U g,— POCTOK QYHKIIUU f f(x) dx B aTOii Touke, g/ = f,. B KauecTBe
3ampeleHHOr0 MHOXECTBA /I POCTKOB f, U g, MOXXHO B3ATh MHOXXe-
ctBo Q. O6o3HauuM depes I' pyHAaMeHTanbHyI0 rpymmy 711 (S \ Q, a),
yepe3 I', u I'y — cTalioHapHbIe MTOATPYIIIIBE POCTKOB f, U g,.

Omnpegenum romomopdusm 7 : I'y — C. Kaxkgoii kpuoit y €'} mocra-
BUM B COOTBETCTBUE YUCJIO f . fly®)dx, tne fy(t) — POCTOK, TIOJTy4eH-
HBIM NPOJODKEHNEM POCTKA f, BAOJIb KPUBOU Y JI0 TOUKU t, U X =Y (t).
CranuoHapHas nozarpymmna [, pocTka g, COBIAJaeT C SAPOM rOMOMOP-
¢usma 7, otkyza creayert, uro [I', L] € #([T, T;], C). Bocmonab3oBas-
IITUCh YTBEPXKAEHUEM 5.7, TIOyIrM, YTO [f f(x) dx] e #([f],C). O

B manbHelneM OyzeT yZ0OHO MOMb30BaThCS BEKTOPHBIMU QYHKITUSA-
Mu. Ha BekTOpHBIE QYHKITUY HETIOCPEAICTBEHHO MTEPEHOCITCS OTpe/ierne-
HUS 3alpeNn[eHHOTO MHOXKECTBA, S~-QYHKIINY, TPYIITHl MOHOAPOMUH.

JIEMMA 6.5 (0O BEKTOPHOW ®VHKIMU). /s 8Cskoll 8eKMOPHOUL
F-pyuxkyuu f=(f,, ..., f,) cnpageduso paseHcmao

ML) = A(Lfi, .., [fa])-

JOKA3ATEJNBCTBO. IIycTh A; —MHOXeCTBa OCOOBIX TO4YeK (QYHK-
Ui f;. MHOXeCTBOM OCOOBIX TOYEK BEKTOPHOH OGYHKIMU f ABIAETCA
MHOXeCTBO Q = U A;. Tlyets f, = (figs --+» fna) — HEKOTOPBIN pPOCTOK
BeKTOpHOU O¢yHKIMK f B Touke a ¢ Q. O6osHauum udepe3 I' ¢ymza-
MeHTalbHyI0 Tpymmy 7, (S?\ Q, a), 4epes I'; — cTal[MOHapHbIE TPYTITIHI
POCTKOB f;, U uepe3 ') — cTaluoHapHyIo I'PYIITY BEKTOPHOI'O POCTKA f,.

n

CrauvoHapHas nogrpynna Iy ects B TouHoctu (| I, oTKyza ciezyer,
i=1
YTO

ML, Tol) = ([T, 1], ..., [T, T,0).
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Bocnonb30BaBIINCh YTBEPKAEHUEM 5.7, IIOIYYUM, YTO

Mf1) = A(f1l, ..., [fu]) O

JIEMMA 6.6 (O MEPOMOP®HOU OTIEPALIMU). /s 8cskoll 8ekmop-
Holl S-pynkyuu f=(fi, ..., f,) U mepomopgroil pynxyuu F(x1, ..., X,),
maxoil umo ¢yrkyus F o f onpedenena, cnpasednugo gkntouee [Fo f]e€
€ M(Lf]).

JIOKA3ATEJNIBCTBO. IIycTh A — MHOXXECTBO OCOOBIX TOUEK GYHKIIUMHU
f v B—TIpoeKIusa MHOXKeCTBa MoocoB ¢yHKnuu F o f Ha chepy Pu-
MaHa. B kadecTBe 3ampelieHHOTO MHOXecTBa GyHKuuH F o f u f Mox-
HO B3ATb MHO)XXecTBO Q = A U B. IlycTh f, — HEKOTOPBIM POCTOK (HYyHK-
uu f B Touke a, a ¢ Q. ObosHauum depe3 I' GyHAaMEHTATBHYIO TPYII-
ny 71,(S%\ Q, a), 4epes I'; u I', — cTalOHapHbIE IPYTITIBI POCTKOB f,
Fo f,. I'pynna I'y cogepxurcs B rpynmne I'y. JeficTBUTeNbHO, IPU TIPO-
JIOJDKEHUU BAOJIb KpUBOH y € I} He U3MeHsAeTcs BeKTOpHaA QYHKIINA, a
3HAUUT, He MeHseTcA MepoMopdHaa PyHKIUA OT Hee. VI3 BKIIOYEHUSA
I, €T, cneayet, uro [, T,] € ([T, I;]1). Boconb3oBaBUIMCh yTBEP-
XAeHUeM 5.7, IIOIy4YUM, 4TO

[Fofle . #([f]). O

JIEMMA 6.7 (OB AJITEBPAMYECKOM ®YHKIMU). /s 8CAKOIl 8ek-
mopHotl S-pynxyuu f = (fy, ..., f,) U aneebpauueckoil dyHkyuu y om
Hee, onpedesieHHOTl paBeHCMBoM

Y+ Ay L+ f =0, a17)

cnpasednuso exoueue [y] € #([f],S(k)), 20e S(k)—epynna nepe-
cmaMosok k anemeHmos.

JIOKA3ATEJNBCTBO. I[IycTh A —MHOXXECTBO OCOOBIX TOUEK GYHKIIMH
f ¥ B—TIpOEeKITHsI MHOXKECTBA anrebpandecKrux ToOUYeK BETBIEHUSA GYyHK-
uu y Ha chepy PumaHa. B kauecTBe 3ampelieHHOTO MHOXKECTBa (GyHK-
Ui y U f MOXHO B3sTh MHOXeCcTBO Q = AU B. IlycTb y, U f, — HEKOTO-
pbie pocTKy GYHKINK y U f B TOUKe a ¢ Q, CBI3aHHbIE PABEHCTBOM

ycll<+f1ay§_1+...+fka =0.

O6osHaunM yepe3 I dyHzaMeHTaIbHYIO rpymmy 7T;(S?\ Q, a), a yepes
I’} u I'y — cTanoHapHble NOATPYNIIEI POCTKOB f, U ¥,. [Ipu mpozpomxke-
HUM BJOJIb KpUBOH y €'} koadpdunmeHTr ypaBHeHu: (17) He MeHAIOTCH,
cjle0BaTeIbHO, IIPU IPOAO/KEHUHN BAOJIb KPUBOW Y KOPHU YpaBHEHUA
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(17) mepecrabistoTca. Bo3HuKaeT roMoMopou3M T Tpynmsl I, B Ipyn-
my S(k), 7: Ty = S(k). I'pynma T, comepkuTcs B sizipe roMoMopdu3Ma
T, OTKyza cienyert, uro [[, Ty] € ([T, 11, S(k)). Bocronb30BaBIIKCh
yTBepXAeHueM 5.7, IIOIy4YUM, 4TO

[y] € 4([f], S(K)). -

JlokazaTesbCTBO OCHOBHOM T€OPpEMBI 3aKOHYEHO.

§7. TPYIIIOBBIE INPEMATCTBUA K IPEJCTABMMOCTHN
B KBAIPATYPAX

B sToM maparpade BBIMHCISAIOTCS KJIAcChl ap TPYII, BCTPEYaIoIyecs
B OCHOBHOH TeopeMe, U GOPMYJIUPYIOTCA HEOOXOAUMbIE YCIOBUS TIPE-
cTraBuMocTU GYHKUIMI B KBaZpaTypax, k-KBagpaTypax U 0O0OUIEHHBIX
KBaJpaTypax.

7.1. BbrumcieHue HEKOTOPBIX KjaccoB Iap rpymmn. OcHOBHad
TeopeMa JesaeT aKTyalbHOU 3aZiady onucaHuA HauMeHBIIero kjacca
Iap rpymi, cogep:xaiero rpyniny C KOMILUIEKCHBIX YHCEI 110 CIOXKEHUIO,
Y HauMEeHBIIUX IIap KJIacCoB Map IPyNI, coep:KalluX COOTBETCTBEHHO
rpymnmny C 1 Bce KOHeYHBIe I'PYIIEL, a Takke rpymny C u rpymmy S(k). B
HaCTOAIeM IIyHKTe MBI IPUBOJYM pelleHue 3TUX 3a/ad.

YTBEPKAEHUE 7.1. Haumenvwuil noauslil kaacc nap M{L,), co-
Oepycawyutl 3a0aHHble NOYMU NOAHblE KAdCcbl nap £,, cocmoum u3 nap
epynn [T, Ty], 0151 komopsix cywecmayem yenouxa nodepynn I'=T7 2 ...
... 2T, €Ty, makas umo ona qbozo i, 1 <i<m — 1, napa epynn
[T}, I'i41] codepycumces 6 nekomopom noumu nonxom knacce Ly ).

1A foKa3aTenbCTBa OCTATOYHO IIPOBEPUTD, UTO napsl rpyni [T, Iy,
YZOBJIETBOPAIOLIYE YCIOBUIO YTBEPXK/AEHUA, BO-IIEPBIX, COAEpXKaTCA B
mosnHoM kiacce A (¥,) ¥, BO-BTOPBIX, 06pa3yroT TIOMHBIN Kiacc map. U
TO U Apyroe HeloCpeCTBEHHO BBIBOJUTCA U3 OllpeZiesIeHHi.

[TpocTO IPOBEPUTH TaKXKe CIEAYIOIINE YTBEPXKICHUA.

YTBEPKAEHUE 7.2. CosoxynHocms nap epynn [I', ], 20e I, ecms
HopmanbHbLil deumens epynnout I' u epynna ' /Ty kommymamueHa, o6pa-
3yem HAUMeHbWUL NOUmu NoAHbLI kaacc nap £{.«/), codepucawuii kaacc
.o 8cex abenesblx epynn.

YTBEPKAEHUE 7.3. CosoxynHocms nap epynn [I', ], 20e Iy ecms
HopmanbHblll denumens epynnst I u epynna T'/T, koHeuna, obpa3yem
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HauMeHbWUTl NoUmu noJHbLil kaacc nap L{4’), codepucawuil knacc A
8Cex KOHEUHbLX 2pynn.

YTBEPXKAEHUE 7.4. CosoxynHocms nap epynn [, I'y], ons komopwix
ind (T, Ty) <k, 06pazyem noumu nosHwlil Kaacc epynn.

Byzem o6o3Havath yepe3 £ (ind < k) kiacc map Ipymn U3 yTBepxze-
HUA 7.4. YTBepXKJeHue 7.4 UHTEePEeCHO JJIAd Hac B CBA3U C XapaKTepPUCTU-
YeCKHUM CBOMCTBOM HOArpyIN rpynnsl S(k) u3 seMmer 3.13.

Lemnouka noarpynn I, i=1,...,m, I'=I7 2... 2T, €T, HaseIBaeTca
HOpMaJsIbHOM GamurHei napsl rpynn [I, Iy], ecnu rpynmna I, ABageTca
HOpPMaJIbHBIM JleiuTesieM rpynmsl [; mpu kaxgom i =1, ..., m — 1. CoBo-
KynHocTh dakToprpymi I'; /T, Ha3bIBaeTCs COBOKYITHOCTBIO JeUTENel
OTHOCHUTETHFHO HOPMAaJIbHOU GallrHH.

TEOPEMA 7.5 (0 KJIACCAX NAP (o, X), M{,S(k)) n M{)).

1. ITapa epynn [T, ['y] npunadnexcum HaumeHbUleMY NOJHOMY KIAC-
cy M(.e, X'), codepucawemy 8ce KOHeUHble U KOMMYMAMUBHbLE 2DYNNbL,
ecau U MOJIbKO ecll OHA 0b1adaem HOPMAbHOU bawuHell, kKaxcobvlil Oenu-
meJib OMHOCUMENLHO KOMOPOUL 1811eMCsl Wil KOHEUHOU, WU KOMMyma-
mueHoll epynnoti.

2. Iapa epynn [T, Ty] npuHadneicum HaumeHbvuUleMy NOJHOMY KAACCY
(., S(k)), codepucawemy 2pynny S(k) u ece kommymamuesHble 2pyn-
nbl, ecaU U MOAbKO ecaU OHA 001adaem HOPMANbHOU b6auiHell, Kancowblil
desumesib OMHOCUMENLHO KOMOPOLL S811emcsl Uil nodepynnotl epynnwl
S(k), unu kommymamueHoil 2pynnoti.

3. Ilapa epynn [T, Ty] npunadnexncum naumenswemy kaaccy M{.<o),
eCcaU U MOAbKO ecll 2pynna MOHOOPOMUU 3MOIl Napbsl paspewumd.

JOKA3BATEJNIbCTBO. IIyHKT 1 TeOpeMBbI BEITEKAET U3 OMMCAHUA KJIac-
coB Z(.) u L(A') B yIBepKAeHUsAX 7.2 1 7.3 ¥ U3 yTBEPKAeHU 7.1.

i moKasaTeqbCTBA BTOPOTO IMYyHKTA PAacCMOTPUM HaWMEHBIIMH
MOJIHBINA KJIACC Tap TPy, coAepskamuii knaccel Z(.of) u £(ind < k).
DTOT Kjacc cocTouT u3 map rpynn [T, [,], A9 KOTOPBEIX CyllleCTByeT
mernovka moAarpynn I' =T, 2 ... 2T, €T, Takad 4To AJA JIOOOro i,
1<i<m-—1, mbo rpynmna I;/T;; KOMMyTaTuBHa, 1160 ind (I, I 1) <k
(cMm. yTBep:xkaenud 7.3, 7.4 u yTBep:kAeHue 7.1). OnucaHHBIN KIacc map
rpynn cofepxut rpynny S(k) (cm. semmy 3.13) ¥ Bce KOMMyTaTUBHBIE
TPYIIBI U SBJASETCS, OYEBUAHO, HAUMEHBIIIMM IOJHBIM KJIACcCOM Tap,
ob1aaoyM 3TUMHU cBolicTBaMu. HaMm octamock nepedpopMyaupoBaTh
otBeT. Lenouky noarpynn I'=T7 2 ... 2T, €T, mociaesoBaTeabLHO Ipe-
obpasyeM B HOpMabHYyI0 6aurHio napsl [, Iy]. [IycTs mpu j <i rpynma
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I'j 41 ABIAETCA HOPMaIbHBIM AenuTeneM rpynmsl I'; u ind(T, Tiyq) < k.
O6o3HaunM dvepes I;,; HauOONBIINI HOPMAJbHBIM AeIUTENb TPYIIIEL
I;, copepxamutics B I ;. fcHo, uto daxToprpymma I;/I;,, ABIgeTCs
noarpymmoi rpynnel S(k). BMmecTo MCXOAHOUW IEMOYKU MOATPYIIT pac-
CMOTPHM LienouKy I'= G12...2Gy, =T, BxoTopo# G; =T'; mpu j <i u
G;=T;NT;;, mpu j >i. IIpogomkas 3ToT nporecc (He Gonee 1yeM m pas),
MBI TIepeiieM OT UCXOAHOM IETIOYKY IOATPYIIN K HOPMaIbHOH 6alrHe u
HOJIyYUM onrcaHue knacca #{.«/, S(k)) B Hy’)KHBIX TEDMUHAX.
JokaxeM ImyHKT 3. COIvIacHO yTBEpXJEHUAM 7.2 U 7.3 mapa Ipynn
[T, ] npunHagmexxut knaccy 4 (.ef/), ecii U TONbKO €CIU CyLECTBYET
Takas emnouka I' =14 2 ... 2T}, €T, uro I[;/T;,; —KOMMyTaTUBHAas
rpynma. PaceMoTpuM nenodky rpymm I'= Gl D ... 2 G™, B KoTopoii
rpymma Gl mpu i=1,...,m — 1 ecTh KOMMYTaHT I'pymmbl G'. Beakwmit
aBTOMOp®U3M TPYMIEI I' TIepeBOAUT IelouKy rpynn G' B ce6s, 03TO-
My Kaxzas rpynma G' apigeTcs HOPMaibHBIM JleJuTeseM Tpymmsl I
VHAyKIUA 0 i MOKa3kIBaeT, uto G' C I; u, B yactHocTH, G C T, CTY,.
I'pynma G™ sBiseTcd HOPMAaJIbHBIM JieluTeNeM Tpynnsl I', U Tak Kak

G™CT,, 10 G™"C () ulou™!. B cuy onpesenenns nenodku G' rpynna
uer
I'/G™ paspemmma. I'pynna I'/ (1) uTou ™" paspemmma kak dpaxroprpy-
uer
ma rpymmnsl ['/G™. O6paTHOe yTBepsKAeHue (I1apa TPYIII ¢ pa3penmmoi

IPYIIION MOHOAPOMUHU JIEKUT B Kaacce ./ (.ef)) OUeBUAHO. O

YTBEPXKAEHUE 7.6. Kancdas He 6oiee ueM KOHMUHYANbHASL KOMMY-
mamuenas epynna I' npunadnexncum knaccy L{.«/).

JOKA3ATE/NBCTBO. KommiekcHple uyncia C o6pas3yioT BEKTOPHOE
IIPOCTPAHCTBO HaJl palliOHAJbHBIMU YKUCIaMU KOHTHHYaJIbHON pa3Mep-
HocTu. [TycTh {e, } — HEKOTOPHII 6a3uc 3TOro mpocTpaHcTBa. IloArpyrmmna
C rpynnsl C, HaTAHyTaA Ha yuciaa {e, }, ABIAeTCA CBOOOAHON abenreBoi
I'PYIIION C KOHTUHYaJIbHBIM YHUCIOM 06pasyromux. Beskas He 6oree ueM
KOHTHHYyaJbHasA KOMMYyTaTUBHasA rpynna [ ecTb GpaKTOprpyIina rpymist
C, u, ciegosarensHo, '€ (o). O

V3 yTBepkZeHuUs 7.6 U pe3y/IbTaTOB BRIYUCIEHUS KIaccoB A (., ),
M, S(k)) u (o) cneayet, uto napa rpym [, [,] ¢ He Gosee yem
KOHTHHYyaJIbHOM rpymmoii I' mpunaznexxur kinacey A (C, &), #(C, S(k))
U M (C), ecsiu ¥ TOIBKO eCJI OHA TIPUHAIJIEKUT COOTBETCTBEHHO KJIACCY
M(A, K ), M, S()) v M( ).

M&I BIipaBe OrpaHUYUTHCA STUM Pe3y/IbTaToOM, TaK KakK I'pyIIa IIepe-
CTaHOBOK JIMCTOB QYHKIIUU He Hosiee 4eM KOHTHHYyaIbHa.
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JIEMMA 7.7. CgobodHas HekoMMymamueHas epynna A He Jiexcum 8
knacce M., A).

JIOKABATE/NLCTBO. Ilpeamonoxum, uto A € (.o, X), T. e. A 00-
JlazlaeT HopMasubHOU GamHelr A =T D ... 2 T, =e, KaXXAbIi JieUTENb
OTHOCUTEJIbHO KOTOPOM ecThb KOHe4YHasd WIKM KOMMyTaTHMBHAd TIpyIIa.
Kaxkgas rpymnma I[; cBoOoZHa KaK IOATPYIIA CBOOOAHOM TIpymmbl (CM.
[22]). I'pynna I',, = e koMMyTaTuBHa. [lycTh I, ; —epBasd 10 HOMepy
KOMMYTaTHUBHasA rpymna. Jlig mobbIx a1eMeHToB a, b € T; cymecTByer
HeTPUBHAJIbHOE COOTHOIIeHHe: ecnu dakroprpymna I;/I;,; KoMMyTa-
THBHA, TO KOMMYTHPYIOT, HanpuMep, aneMeHThl aba b~ u ab?a~1b~2%;
ecmu [;/T;,; KOHe4YHa, TO KOMMYTHUDPYIOT HEKOTOpBIE cremeHu a’, b?
anmeMeHTOB a, b. CrnexoBarenpHO, rpynma [; nMeer He Oosee OZHOMU
obpasyrolieii ¥ MO3TOMY KOMMYTaTUBHA. [IpOTHBOpeYne [JOKA3bIBAET,
aro A ¢ M (., K ). O

JEMMA 7.8. Ilpu k >4 cummempuueckas epynna S(k) He niescum 8
knacce M{C,S(k—1)).

JIOKABATE/NbCTBO. [Ipu k > 4 3HaKonepeMeHHas rpymmna A(n) mpo-
CTa U HeKOMMYyTaTHBHa. /|11 3TON IPyIIIbl, OY€BUJHO, He BBIIONHACTCA
KpuTepuii npuHagnexxHoctu kinaccy #(C,S(k — 1)). CnenmoBarenb-
HO, U cUMMeTpudeckad rpymmna S(n) mpu k > 4 He JIEKUT B Kiacce
M(C,S(k—1)). O

JIEMMA 7.9. EOuHcmeeHHOU mpaH3umueHoil epynnoil nepecmaHogox
k anemenmos, Hamanymoil Ha mpancno3uyuu, S85emcst cummempuue-
ckas epynna S(k).

JOKABATEALCTBO. [lycTh rpynna [ ecTb TpaH3UTUBHAA I'PyIIa Iie-
pecTaHOBOK MHOXXecTBa M U3 n 3/71eMeHTOB, HaTAHyTasd Ha TPaHCIIO3U-
uuu. INogmHOxkecTBO My € M HasoBeM IIOJHBIM, €CJIU BCAKadA ero Ie-
pecTaHOBKa IIPOZO/LKAETCA 0 HEKOTOPOU IlepecTaHOBKU MHOXecTBa M
u3 rpyumnel I'. [TosnHble IOAMHOXECTBA CyllecTBYIOoT. Hanpumep, /Ba sie-
MeHTa MHOKecTBa M, MepecTaBisieMble 6a3MCHON TpaHCIIO3UITHEH, 06-
Pa3yIoT IOJMHOE IOAMHOXKECTBO. Bo3pMeM Hambosblllee IO YUCITY dJIe-
MEHTOB IIOJIHOE HOAMHOXXecTBO M. [Ipeamonoxum, uro M, # M. Tak
Kak rpymmna [ TpaH3UTHBHA, TO CYIECTBYeT Oa3ucHas TPAHCIO3ULIUS U,
MepecTaB/IAIONas HEKOTOPHIHM /IeMeHT a ¢ M, ¢ HEKOTOPBIM 3IEMEHTOM
b € M,. I'pynna nepecTaHOBOK, IOPOXKAEHHAs TPAHCIIO3ULIVEH (4 U TPYII-
ot S(M,), ectp rpynna S(MyU {a}). MHoxecTBo M, U {a} aBaaeTca
TIOJIHBIM U COZIEPXXUT MHOKecTBO M. [lonydyeHHOE TpoTHBOpeune 0Ka-
3bIBaeT, 4To rpymmna I ects rpynma S(M). O

199



I'maBa 5. OgHOMepHada Tomnonaoruyeckas teopud [adya

7.2. HeobxoauMble yCJIOBUA IpeCTaBUMOCTH QYHKIIUI B KBaJ-
patypax, k-kBagjpaTypax U 00OOIIeHHbIX KBaZpaTtypax. OCHOBHas
TeopeMa (cM. § 6) U BEIYMC/IEHNE KIACCOB IIap I'PYIII ZOCTABIAIOT TOMO-
JIOTUYECKUE TIPEIATCTBUA K IPeACTaBUMOCTH GYHKIUN B 0006IIEHHBIX
KBaJparypax, B k-KBapaTypax U B KBaJpaTypax. B 3TOM IyHKTe MBI
cobepeM BMecTe HOMy4YeHHyI0 MHbopMmanuio. HauyHeM ¢ omnpezeneHusa
kmacca GyHKIUA, MpeACTaBUMBIX IIPY MOMOIIKM OJHO3HAYHBIX -pyHK-
i u kBazpatyp (k-kBagpaTyp, o60OIIeHHBIX KBazpatryp). Kak u B
II. 2.2 BBeZIEHUs, MBI ONIPEeINM 3TH KJIACChl, 33/1aB CIIMICKU OCHOBHBIX
GyHKIMHT U I0MyCTUMBIX OTIEpalvi.

OYHKINHU, TpeJCTaBUMbIe MPU MOMOIIYA OZHO3HAYHBIX S-pYHK-
nuil ¥ KBaZpaTyp.

CICOK OCHOBHBIX QYHKITUH: OJHO3HAYHBIE #-OYHKIUU.

CIKCOK JOMYCTUMBIX OTIEPALIMii: CYIIEPIIO3UIINY, MepOMOpdHEIE Olle-
paruu, auddepeHINpOBaHNe, UHTETPUPOBAHUE.

OyHKINYU, IpeJCcTaBUMbIe MPU MOMOIIY OZHO3HAYHBIX F-pYHK-
nuii U k-kBagpartyp. DTOT Kiacc GyHKIUN OTpeZessieTcsl B TOUHOCTU
Tak »ke. Hy>KHO JIMIIb K CITUCKY AOTYCTUMBIX OTlepaliuii 106aBUTh OTle-
palMIo pelleHus anrebpanyecKux YpaBHEHUH CTeIIeH! He BHIIIE K.

OyHKINYU, TpeJCTaBUMbIe MPU MOMOIIY OZHO3HAYHBIX F-pYHK-
WA ¥ 0000IIeHHBIX KBaZipaTyp. DTOT Kaacc GYHKIMM ompeenseTcs
B TOYHOCTHU TaK »Ke. Hy>XKHO JIMIIb K CIUCKY JOIMYCTUMBIX OIepanui 1o-
6aBUThH OIEPALMIO PeNIeHUs alrebpandecKux ypaBHEHUH.

VI3 ompeziesieHUs BUAHO, YTO Ki1acce GyHKINM, TPEACTABUMBIX C TOMO-
IO OZIHO3HAUHBIX F-yHKINH U KBaApaTyp (k-KBazpartyp, 0606IeH-
HBIX KBaZpaTyp), COAEPKUT Kiacc GpYHKIMHA, MpeACTaBUMBIX B KBaZpa-
Typax (k-kBazpaTypax, 0600IIeHHBIX KBapaTypax). SICHO, YTO TOJBKO
YTO OTpe/esieHHbIe Kaacchl GYHKIMI HECDAaBHEHHO LIMPE, YeM UX JINY-
BIJUIEBCKUE aHAIOTU. [103TOMY, CKaXKeM, YTBeP)KIeHUE O HETPUHAIEX-
HOCTH QYHKIIUM f Ki1accy QYHKITMH, TPeACTaBUMBIX C TIOMOIIBIO OfHO-
3HAYHBIX F-OyHKIUN U KBaZpaTyp, 3HAUUTENbHO CHIbHEe, YeM yTBeEp-
JKZEeHe O HEeIPeJCTaBUMOCTH f B KBaZpaTypax.

YTBEPKAEHUE 7.10. Knacc gyHxyuil, npedcmagumvix ¢ NOMOUbo
00HO3HauHbIX F-PyHkyull u keadpamyp (k-keadpamyp, 0606UeHHBIX
keadpamyp), Jiexcum 8 kaacce SF-PyHrkyuil.

OTo yTBepXKZeHUe HeMeAJEeHHO BBITEKAeT U3 TEOPEMBI O 3aMKHYTO-
¢ty Kiacca S-OyHknuit (cM. 1. 4.2).
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§ 7. TpynmnoBble MPenATCTBUA

PE3VJIBTAT OB OBOBIIEHHBIX KBAJPATYPAX. 3AMKHYmMdas MOHO-
opomHas napa [f] ¢yHkyuu f, npedcmasumotii 8 0606weHHbLX K8AOPAMy-
pax, obsiadaem HOpMAnbLHOL bautHetl, Kaxrcoblil deJiumesnb OMHOCUMENbHO
KOMOpoll ecmb WU KOHEUHAs, WIU KOMMymamueHas epynna. Bosee mo-
20, IMOMY YC108UI0 Y0081emaopsiem 3aMKHymas MoHoOpomHas napa [ f1]
gcakoll gyHxyuu f, npedcmasumoil npu NOMowjl 0OHO3HAUHBLX F-PYHK-
yutli u obobueHHblx K8adpamyp. Ecnu dononnumensHo usgecmro, umo
dyHkyus f noumu HOPMAJIbHA, MO YKA3AHHOMY YCA08UI0 YO08.1emEopsi-
em u epynna moHoopomuu gyHxyuu [f].

PE3VJIBTAT O k-KBAZIPATYPAX. 3amkHymas MoHoOpomHas napa [ f]
¢yHkyuu f, npedcmasumoil 8 k-keadpamypax, obradaem HOPMANbHOU
b6awHetl, kaxcOblil Oenumenb OMHOCUMENbHO KOMOPOU ecmb uau noo-
epynna epynnet S(k), unu kommymamueHras epynna. bosee mozo, amomy
ycaoguto ydossiemeopsiem 3aMKHymas mMoHoopomHas napa [f] ecskotl
dyHxyuu f, npedcmasgumoil npu nomowu 00HO3HAUHLIX F-PYHKUULL U
k-keadpamyp. Ecau 0ononHumensHo usgecmuo, umo gyHkyus f noumu
HOPMQIbHA, MO YKA3AHHOMY YCA08UI Y0081emaopsiem U 2pynnd MOHO-
opomuu gynxyuu [f].

PE3VJIBTAT O KBAZIPATYPAX. 3AMKHYMAs 2pynna MoHOOpomMuu yHK-
uyuu f, npedcmasumotl 8 kgadpamypax, paspeuwuma. bosnee mozo, paspe-
wWuMa 3amKHymas 2pynna MoHoopomuu 8caxoil gyHkyuu f, npedcmasu-
Motl npu nomowu 00HO3HAUHBIX F-PYHKYUILL U K8adpamyp.

st JoKasaTebCTBa STUX PE3YIbTATOB JOCTATOYHO IIPUMEHUTD OCHO-
BHYIO TeopeMy K KinaccaM F~byukimit A (C, %), M(C,S(k)) u M#(C)
¥ BOCIIO/NIb30BaThCA BhIUMCIeHUeM KiaaccoB A (C, . #), M (C,S(k)) n
M(C).

[lpuBeseM Temepb MpUMepPHI GYHKIWH, He MIpeACTaBUMBIX B 0000-
MIEHHBIX KBaZpaTypax. IIycTb puMaHOBa MOBEPXHOCTh GYHKUUU f SB-
JifeTcs yHUBepCcalbHON HAaKpHIBaomlel Haz obnacThio S2\ A, rae S2 —
chepa PumaHa U A —KOHEUYHOE MHOKECTBO, COZleprKalllee He MeEHbIIe
Tpex Touek. Toraa yHkuus f He @blpaxcaemcsi npu nomouwjt 0OHO3HAU-
Hblx F-PyHkyuil u 0606ueHHblx k8adpamyp. JlelcTBUTENbHO, GYHKITIA
f ABJsETCA TOYTH HOPMAJIbHOM (QyHKIMeH. 3aMKHyTas I'pyIa MOHO-
apomuu GyHKIMU f cBOOOZHA U HEKOMMYTATHBHA, TaK Kak cBOOOAHA U
HeKOMMYyTaTUBHA QyHZaMeHTa bHas rpynmna obmactu S\ A.

[TpuMEP 1. PaccMoTpuM QYHKIINIO f, KOHGOPMHO OTOGpPaKaroIIyIo
BEPXHIOI0 MOJYIUIOCKOCTb Ha TPEYTONbHUK C HYJEBBIMU YIJIAMU, OTpa-
HUYEHHBIN AyramMu oKpyXkHocTel. OyHKIUA f obpaTHa K MOAYJIAPHOHN
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I'maBa 5. OgHOMepHada Tomnonaoruyeckas teopud [adya

¢yukuy [Mukapa. PUMaHOBa MOBEPXHOCTh QYHKIMU f SBISETCS YHH-
BepcaJbHON HaKphIBaOIel Ha/l chepoit 6e3 Tpex TOUYEK, ITOITOMY QYHK-
1A f He BbIpa)KaeTcs IIPU MOMOIIY OFHO3HAYHBIX &-PyHKIMI U 0606-
IIIeHHBIX KBaZIpaTyp.

®yHKIMA f TECHO CBfi3aHa C AJTUITAYECKUMU MHTErpaaMu

1 1/k
K, (k) = J dx u Ky(k) = J dx .
o V(A-xH(1-k%x?) 0 V(1 =x2)(1 —k2x2)

Kaxzple e 3 ¢yakumii K, K, 1 f B3aMHO BBIp@XKaIOTCA APYT Yepes
Zpyra npu nomoinu kBazparyp (cm. [16]). [oatomy kanxcowiil us unme-
epanos K, u K, He sblpaxcaemcst npu nomouiul 00HO3HAUHBIX F-PYHKUULL
u 0606wWeHHbLX K8AOpAMYyp.

[Ipumep 1 gomycKaeT cyuiecTBeHHOe 0600IeHue: B § 3 m1aBhl 6 Tepe-
YHCJIEHBl BCe MHOTOYTOJBHUKY, OIPAHMYEHHbIE AyTaMU OKPY)KHOCTeH,
Ha KOTOpPble MOXKHO OTOOPasUTh BEPXHIOI TOMYIUIOCKOCTh GYHKIUEN,
MIPeCTaBUMOM B 0600IIEHHBIX KBaZpaTypax.

[MpuMEP 2. IlycTh f —k-3HauHas anrebpawyeckas QyHKIUS C He-
KpaTHBIMU TOYKAMM BETBJIEHUs, PACIIONIOKEHHBIMU B PAa3HBIX TOYKAX
ceprl Pumana. Ilpu k > 4 ¢ynxyus f He sblpaycaemcs npu nomouju
o00Ho3HauHbx F-pynkyuil u (k — 1)-xkeadpamyp, cynepnosuyuii u Me-
pomop@Hbuix onepayuil. B uacmuocmu, dyHkyus f He npedcmasuma e
(k —1)-xeadpamypax.

JlelicTBUTENBbHO, TPU 00XOZle HEKPATHOM TOYKU BETBIEHUA (YHK-
VU f IPOUCXOAUT TPAHCIIO3UIINA B MHOXXECTBE JIICTOB 3TOH GYHKIUN.
I'pynma MoHOApPOMHMHM QYHKIUM f ABAAETCA TPAH3UTUBHOM TIPYIIION
IepecTaHOBOK, HATAHYTOM Ha TPaHCIO3ULINH, T. e. rpynnoi S(k). IIpu
k > 4 rpymna S(k) He nexut B kiacce A (C, S(k —1)).

B r1aBe 7 Tomosorudeckye pe3yibTaThl O HENpeJCTaBUMOCTU (YHK-
Uil B KBagparypax (k-kBagpaTypax U OOOOIIEHHBIX KBaJpaTypax)
0600611eHbI Ha cTyYail GYHKITUHA MHOTHUX KOMIUIEKCHBIX TIEpEMEHHBIX.

§ 8. KJIACCHI OCOBBIX MHOXECTB Y OBOBIIEHUE
OCHOBHOI TEOPEMBI

B § 4 paccmarpuBanmuch &-PpyHKIUHU, T. €. MHOTO3HAYHbIE aHATUTHYE-
ckre GYHKITMY KOMIUIEKCHOTO TIEpeMEeHHOT0, MHOXKECTBA OCOOBIX TOUEK
KOTOPHIX He Oosee yeM cueTHEHL [IycTh & —Kiacc Bcex He Oojee ueM
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§ 8. O60611IeHIIE OCHOBHOM T€OPEMBI

CYETHBIX OJMHOKeCTB chepsl Pumana S2. TlepeuncuM cBoHcTBa Kaac-
ca ., KOTOPBIMU MBI CYIIIECTBEHHO ITOJIb30BAIUCH:

1) ecnu A € &, To MHOXecTBO S\ A BCIofly TUVIOTHO U JIOKAJbHO JIH-
HEeWHO CBSI3HO;

2) cyliecTByeT HEIyCTOe MHOXKeCTBO A, Takoe 4To A € ¥

ecmAc S uBCA, To BEY,

4 ecm A €S, i=1,2,.., 10| JAES;
1

5) nyctb U; u U, — OTKpBITBIE TIOAMHOXeCTBA cdepbl U f: U; = U, —
obpaTuUMoOe aHaJIUTHYECKoe oToOpaskeHue, Toraa eciu ACU; u A€ Y,
TO f(A) €.

ITonHbim Knaccom mHoxcecms GyZieM Ha3bIBAaTh BCAKOE MHOXKECTBO
moAMHOXKecTB cheprl PuMaHa, yzoBIeTBOpAlollee cBolicTBaM 1-5. MHo-
TO3HAYHYIO aHAJIUTUYECKyI0 GYHKIMIO OyZieM HasbiBaThb Q-@yHkyuell,
€CJI MHOXKECTBO ee 0COOBIX TOYEK JIEXKUT B HEKOTOPOM IIOTTHOM KJlacce
MHOXXecTB Q. Ha Q-QyHKIIUU ITepeHOCATCs BCe OIpe/ieIeHU U TEOPeMBI
u3 § 5. Tak, HamIpuMep, CIIPaBeJIUB CIeLyIOUUN

BAPMAHT OCHOBHOI TEOPEMBI. /sl 8CIKO20 NOJIHO20 KJjdccd
MHOdcecm8 Q U noarozo kaacca nap M knace M, cocmoawutl us ecex
Q-pynxuyuii f, dna komopsix [f] € M, 3amxHym omHocumensHo dugge-
peHuuposaHus, cynepno3uyuil u mepomopgdHsix onepayuil. Ecau donos-
HUMEeNLHO

1) Ce ./, mo knacc Q-pyHxyuil M 3AMKHYM OMHOCUMENbHO UHMe-
2puposamusl,

2) S(k) € M, mo knacc Q-pyHkyuil M 3aMKHYmM OMHOCUMENIbHO pe-
WweHUus anezebpauyieckux ypasHeHull cmeneHu He gblule K.

[TpuBezem mpuMep IOJHOTO Kjiacca MHOXecTB. [Iycth X, — MHOXKe-
CTBO BCeX IOAMHOXKeCTB chepsl PuMmaHa, NUMeONUX HyJEBYI0 Mepy IO
Xayczopody Beca a. HecytoxXKHO 1OKa3aTh, 9TO Ipu a < 1 MHOXXeCTBO X,
obpasyeT IOMHBIM KJIacC MTOAMHOXKECTB ChephI.

OtMmeTuM, 9TO HOBasA GOPMYIUPOBKA OCHOBHOH TEOPEMBI ITO3BOJIAET
YCWINTD BCE OTPULIATETbHBIE pe3ynbTaThl. OCTAaHOBUMCS, HAIIPUMep, Ha
pe3yJbTaTe 0 HellpeACcTaBUMOCTH QYHKIMH B KBagpaTypax. (PesynbTaTe
0 HEIpeJCTaBUMOCTU B k-KBaZipaTypax u B 000OIIEeHHBIX KBagpaTypax
06001I1al0TCS TOYHO TakK >ke.) OmpeaeTuM CIeAyIONi Kiace GyHKITUN.

®yHKIUY, NIpeAcTaBUMble IIPU IOMOIIY OJHO3HAYHBIX X;-pyHK-
Oui U KBaZpaTyp.

CIMCOK OCHOBHBIX QYHKITUNA: OZJHO3HAYHBIE X -DYHKITUH.
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I'maBa 5. OgHOMepHada Tomnonaoruyeckas teopud [adya

CIKCOK JOIIyCTUMBIX OIIEPALIMI: CYIIePIIO3UIINH, MepOMOpdHEIE Olle-
pauuu, nuddepeHIIpOBaHNEe, UHTETPUPOBAHUE.

CoznacHo HOBOTL (hopMynUPOBKe OCHOBHOIL meopembl F-PyHKUUSA, UMe-
owas Hepaspewumyo 2pynny MoHoOpOMUL, He MOJbKo He npedcmasu-
Ma 8 k8adpamypax, Ho U He npedcmasuma npu NOMOWU 00HO3HAUHBLX
X;-gynxuyuii u keadpamyp.

CNEACTBUE. Ecau ons mHoz0y2onvHUKa G, 02pAHUUEHHO020 O0y2amu
okpyJcHocmetl, He 8bINOJIHEHbL YCA08USL HU 00HO020 U3 Mpex Cayudes UH-
mezpupyemocmu (cM. § 3 miaBsl 6), mo @yHKUUI f; Helb3sl BbIPA3UMD
uepe3 00HO3HAUHble X -PYHKUUL NpU nomowl 0600WeHHbLX K8adpamyp,
cynepno3uyuii u mepomop@dHuix onepayuil.
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I'maBa 6

PA3PEIIMMOCTB B KBAZIPATYPAX JIMHEWHBIX
ITVN®PEPEHIIMAJIBHBIX YPABHEHUN TUIIA ®YKCA
N TOIIOJIOTUYECKAA TEOPUA TAIYA

B 3TOif I71aBe ONMCHIBAETCS «pa3pelIuTeTbHasg» YaCcTh TOMOMOTUYeCKON
Teopuu ['amya. OHa ocHOBaHAa Ha CAeAYIOMINX KJIaCCUYeCKUX pe3ysbTa-
Tax: Ha MPOCTOU JUHEHHO-aarebpanveckoll dactu Teopuu I[Tukapa—
Beccrio u Ha Teopeme ®pobenuyca (cMm. Teopemy 1.2). Jlis Aokasa-
TeNTbCTBA PA3PEUIMMOCTH B k-KBazpaTypax ypaBHeHusa tuma ®Pykca,
HMMeIoUIero k-pas3pelrMyio IPYITy MOHOAPOMUH, IPUXOJUTCS UCIONb-
30BaTh TaKke OOBIYHYIO Teopuio amya.

B §1 cTposTcsa pemeHus JUHENHBIX AuddepeHINaNTbHBIX ypaBHEHUN
tuma Pykca ¢ pa3pemuMon (TIOYTH pa3pelnMoi, k-pa3penruMort) rpyr-
o MoHOZpoMUU. B § 2 mpuBoAATCA ABHBIE KPUTEPUU /I PA3TMYHbIX
BU/IOB Pa3pellnMOCTH CUCTeM JMHEeUHBIX AuddepeHInaabHbIX ypaBHe-
HuM Tuma Pykca ¢ OCTaTOYHO MaleHbKUMHU KoddduimeHntamu. [Ipu
TIOCTPOEHUM pellleHul ucnonb3yeTrcs Teopus Jlammo-/lanuneBckoro. B
§ 3 wiaccuUIUPYIOTCA MHOTOYTOJBHUKU G, OrpaHUYeHHBIe AyraMu
OKPY)KHOCTEM, 1T KOTOPBIX PYHKIUA f;, 3aarolias oTtobpakeHue Pu-
MaHa BepXHel IIONyILIOCKOCTH Ha MHOTIOYTONbHUK G, IIpecTaBuMa B
SBHOM BH/JE.

§I. TEOPUA IMKAPA—BECCHO /1A YPABHEHUM TUIIA ®YKCA

B aToM maparpade MmoKasbIBaeTCs, YTO TOIOJOTHA PACIIONOXKEHUS Haj
KOMIUIEKCHOH IJIOCKOCTBIO PIMAHOBOM IIOBEPXHOCTH OOIIEro peleHus
JuHeRHOTo AuddepeHIuanpHoro ypaBHeHusa tuna dykca oTBedaer 3a
Pa3peIrMoCTh YPaBHEHUs B IBHOM BUE.

1.1. I'pynna MoHOApOMUM JHHEITHOTO AuddepeHnaIbHOrO ypa-
BHEHNS, ee cBA3b ¢ rpynmnoii l'amya. Paccmorpum snHeiHoe audde-
pEeHIMaIbHOE YpaBHEHNE

yP+ry® V4 4y =0, (18)
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I'maBa 6. Paspeurnmocts ypaBHeHuUl Trma Pykca

TJe 1; — palroHaIbHble GYHKIIMM KOMIUIEKCHOU mepeMeHHOH Xx. ITomto-
CBI PAIOHATBHBIX GYHKITUH 1; ¥ TOUKA oo HA3BIBAIOTCS OCOOBIMU TOYKA-
MU ypaBHeHud (18).

B oKpecTHOCTU HEOCOOOU TOUKU X, PEIleHUs YpaBHEHUA 06pasyroT
n-MepHoe MpocTpaHcTBO V™. Bo3bMeM Temepb MPOU3BOIBHYIO KPUBYIO
y (t) Ha KOMILJIEKCHOU IJIOCKOCTH, BEZYIIYIO U3 TOUKHU X B TOUKY X; U He
MIPOXOASAIIYIO Yepe3 0coOble TOUKU q;. PellleHus ypaBHeHUs OyAyT aHa-
JIUTHYECKHU IIPOJI0O/KAThCA B/I0Ib KPUBOM, OCTaBaACh IPY 3TOM pellleH!U-
SIMU ypaBHeHUs. [103TOMY KaXK/JJ0i KPUBOU Y OTBeYaeT JTMHEHHOE OTO6-
paxeHue M, NPOCTPAHCTBA pelleHud Vi B TOYKE X, B IPOCTPAHCTBO
pewenui V;! B TOYKe X.

Eciy momeBennTh KPUBYIO Y, HE 3a/ieBas IIPU 3TOM OCOOBIX TOYeK
¥l OCTAaBJIAA 3aKPEIUIEHHBIMU KOHI[bL, TO OTOOpaskeHne M, MEeHAThbCA He
6yZeT. 3aMKHYTBIM KPUBBIM OyZIeT OTBeUaTh IMHEHHOe Tpeobpa3oBaHue
mpoctpaHcTBa V" B cebs1. COBOKYITHOCTh BCEX TAaKUX JIMHEWHBIX TTPe00-
pa3oBaHUil mpocTpaHcTBa V" o6pasyeT TpyIily, KOTOpas U Ha3bIBaeT-
cs1 epynnoti moHoopomuu ypasHenusi (18). VTak, rpymma MOHOAPOMUH
YpaBHEHUS — 3TO T'PyIINa JUHEHHBIX MPeoOpa3oBaHUN pelleHuH, KOTO-
pble BO3HUKAIOT IIpU 00X07ie 0COOBIX TOUYEK. I'pyTiia MOHOPOMUU YpaB-
HEHUs XapaKTepr3yeT MHOTO3HAYHOCTh €T0 PellleHUi.

JIEMMA 1.1. 1. Ipynna moHoOpoMuU noumu Kaxicooz2o pelleHusl ypas-
Henus (18) usomopgdra epynne MoHOOPOMUL 3MO20 YPABHEHUS.

2. MoHodpomHas napa kaxc0ozo peuteHus ypasHenus (18) noumu Hop-
MANbHA.

JOKABATE/JILCTBO. Bropoe yIBepKieHre JIEMMBI BHITEKAET U3 II. 5.4
maBbl 5. OCTaHOBHUMCA Ha /J0OKa3aTeJbCTBE IIEPBOTO YTBEpPXKAEHUS.
I'pynma moHozpomuu ypaBHeHus (18) —3To MaTpuyHas rpyIima, co-
Jepxkamas He Ooyee YeM CYETHOE YKCIO 2IeMeHTOB. [l KaXKZoro
HETOXX/IeCTBEHHOI'0 JIeMeHTa 3TOM T'PYIIIbl MHOXXECTBO €0 HeIllOZBUK-
HBIX TOYEK fIBJIIETCI COOCTBEHHBIM IOAIIPOCTPAHCTBOM KOHEUHOMED-
HOT'O0 IIPOCTPAHCTBa peleHUi ypaBHeHUs (18). MHOXeCTBO pelleHuH,
OCTAIOUINXCSA HEIOABIKHBIMU, XOTS OBbI /1T OZHOTO HETOXJECTBEHHO-
ro mpeo6pa3oBaHUsA U3 T'PYIIE MOHOAPOMUH MMEET HYJIEBYIO MeEpY B
MPOCTPAHCTBE pellleHu (Tak Kak 00beInHeHNe He 6ojiee YeM CYETHOTO
gucia cCOOCTBEHHBIX MOANPOCTPAHCTB KOHEYHOMEPHOI'O IIPOCTPAHCTBA
HMMeeT B 3TOM IIPOCTPAHCTBE HyJIEeBYyIO Mepy). I'pyIna MOHOZPOMUU BCEX
OCTa/IbHBIX pellleHnH ypaBHeHU: (18) n3oMmopdHa rpyrne MOHOAPOMUHU
YpaBHEHUA. O
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8 1. Teopus l'anya ypaBHeHmi Tuma Dykca

B OKpecTHOCTH HeoCcO60H TOYKHU X, CYIIECTBYIOT N JTUHEWHO HE3aBU-
CHUMBIX pelleHuH y;, ..., ¥, ypaBHeHu: (18). B 3Toi oKpecTHOCTH MOXXHO
paccMoTpeTh mosie GYHKIMH R (Y, ..., Yy ), IOIYIeHHOE TPUCOEAMHEHNU-
€M K TIOJIIO PAIlMOHANBHBIX QYHKIINY % BCeX PEIIeHU y; U BCEX UX MPO-
W3BOAHBIX.

Kaxzioe mpeo6pasoBanue M, TPOCTPAHCTBA PEIIEHUH U3 TPYIIIIBL MO-
HOZPOMUY MOXXHO MPOZAO/DKUTD 10 aBTOMOPdU3Ma BCero Mot GyHKIUH
R(Y1, --+» Yn). HelicTBUTENBHO, BMecTe ¢ QYHKIUAMH Y, ..., Y, BAOJb
KpUBOH Yy OyZeT MepoMOpPGHO MPOAOIKATHCS KaXKABIH 3JIEMEHT TOJIS
R(Y1 +++» V). DTO MPOAOIKEHUE U AET TPEOYEMBIN aBTOMOPGU3M, TaK
KaK NIpU NPOAODKEHUM COXPAHAIOTCA apupMeTHYecKUe OIlepaluy U
muddepeHIIIpOBaHMe, a pallMOHAIbHbIE (QYHKIIUM BO3BPAIAOTCA K
CBOEMY MpEeXXHEMY 3HAUE€HUIO U3-32 OHO3HAYHOCTH.

Utak, epynna moxnodpomuu ypasHerus (18) semcum e epynne Ianya
3Mo020 ypasHeHUs HAO NoJleM PAUUOHANbHBIX PyHKUYULL.

[Tosle MHBAaPUAHTOB TPYIIIEI MOHOAPOMUU — 3TO TOATIONE AuddepeH-
[UATBHOTO 1Ot Z(Y1, ..., V), COCTOSIEE U3 OJHO3HAYHBIX (GYHKIUH.
B ominuve OT anreGpanvyecKux ypaBHEHUU A AubdepeHIranibHbIX
YpaBHEHUH I107le MHBAPUAHTOB OTHOCUTEIBHO JEHCTBUSA IPYIITEI MOHO-
JPOMUU MOXKET OBITh 6OJIbIIIE, YEM TIO/IE PAIIMOHATBHBIX QYHKIUHN.

Hampuwmep, aia auddepeniuanpHoro ypasHenus (18), y KoToporo
Bce KOIGOUIMEHTH! 7;(X) ABIAIOTCA MOJIWMHOMAMU, BCE pelleHUI — Iie-
sele GyHKIMU. HO, KOHEYHO, pelleHus TaKUX ypaBHEHUH JajleKo He
BCerzia TMOMMHOMUAIBHEL Jleso 37lech B TOM, 4YTO pelleHus aubdepeH-
[[UAJbHBIX YPaBHEHWU MOTYT PacTH IPU MOAXOZAe K OCOOBIM TOYKaM
SKCIIOHEHI[UAIBHEIM 06pa3oM. M3BecTeH MIMPOKUN KJIacC JTUHEHHBIX
aubdepeHINaNbHBIX YPaBHEHUM, I KOTOPBIX TaKOTO OCTIOXKHEHUS
HET, T. €. /1T KOTOPBIX PEIleHUs MPHU TMOAX0Ee K KaKA0HU 0coO0H TOUKe
(BmOJb JTFOO6OTO CEKTOPA C BEPIIMHOM B 3TOM TOYKE) pPaCTyT He ObICTpee
YeM CTeleHHbIM o6pasoM. JubdepeHnnanbHble ypaBHEHUsI, 06Ia1at0-
Imye 3TUM CBOMCTBOM, Ha3bIBAIOTCA AuddepeHIIaibHBIMU ypaBHEHU-
avu tuma Oykca (em. [13], [1]). Jaa auddepeHIMaNbHBIX ypaBHEHUN
tumna Pykca cripaBeayiuBa cienyoias Teopema PpobeHuyca.

TeorPEMA 1.2. [lodnose duddepeHyuanbHo2o noast &Yy, ..., ¥n), €o-
cmosuee U3 00HO3HAUHBIX GYHKYUIL, 01 duPdepeHUUANbHBIX YPasHeHUT
muna ®Pyxca cognadaem c nojiem paylloOHANbHbLX HYHKUULL.

[Ipexxzie ueM ZoKasbIBaTh TeopeMy PpobeHnyca, OCTAaHOBUMCS Ha €€
HEITOCPe/CTBEHHBIX CJI€ZICTBUAX.
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CaeacTBUE 1.3. Anzebpauueckoe 3amblKaHue 2pynnsl MOHOOPOMUU
M (m. e. HaumeHbwas aneebpauveckas epynna, codepycaujas M) ypas-
HeHus muna Pykca cosnadaem c epynnoil I'anya amozo ypasHeHus Haod
noJieM payUoHANbHbLX PYHKUULL.

JlOKA3ATEJNBCTBO. CreficTBHE BEITEKaeT U3 TeopeMbl OpobeHuyca
Y OCHOBHOU TeopeMbl AuddepeHnmuanbHol Teopun [amya (cm. § 3 mia-
BHI 3). |

TEOPEMA 1.4. JluneiiHoe dugdpdepenyuansvHoe ypasHeHue muna Pyxca
pewaemcsl 8 kgadpamypax, 8 k-kgadpamypax unu 8 0606ueHHbIX K8ao-
pamypax, ecau u moJbKo eciu e20 2pynna MOHOOPOMUU COOTNBEMCIMaEeH-
HO paspewuma, k-paspewiuma uau noumu paspewumd.

JlokazaTenbCTBO BBITEKaeT U3 TeopeMbl [lukapa—Beccuo (cm. § 5 ria-
BHI 3) U NpeABIAYIIETO CIe/ICTBHUA.

Iunddepennyanpuas Teopud 'anya foKaspiBaeT TeM CaMBIM JBa pe-
3y/bTaTa.

1. Ecnu epynna moHoOpomuu Oug@epeHyuanbHo20 YPAsHeHUs muna
Pyxca paspewuma (k-paspewuma, noumu paspewiuma), mo 3mo ypasHe-
Hue pewaemcs 8 keadpamypax (8 k-keadpamypax, 8 0606ueHHbIX K8AO-
pamypax).

2. Ecnu epynna moHodpomuu OuggdepeHyuanbHo20 ypasHeHUss muna
Pyxca Hepazpewuma (He k-paspewiuma, He nOUMU paspeuLuma), mo mo
ypasHeHuUe He pewaemcs 8 kgadpamypax (8 k-keadpamypax u 8 0606uieH-
HbIX K8adpamypax).

[lepBbIii U3 3TUX Pe3y/IbTATOB He TPe6GYeT OCHOBHOM TEOPEMBI TEOPUHU
Tanmya W, MO CYIECTBY, OTHOCUTCS K JIMHEHHOH anrebpe. /leio B TOM,
4ro rpymny aBroMopdusMoB AuddepeHnnaTBHOTO MOt R(yi, ..., Yn),
OCTaBJIAIOIMINX Ha MeCTe TOJBKO Iojie paI[MOHANbHBIX GYHKIWM, He
HYXHO CIIelIMaJIbHO KOHCTPYUPOBAaTh. TaKOW IPYNIIOHN SIBJAETCA TPy
MOHOZpoMUH. [103TOMY [ [OKa3aTeNbCTBA Pa3pelIMMOCTH B KBaJ-
paTypax U 0600IIeHHBIX KBaJpaTypax ypaBHeHuit tuma Pykca ¢ pas-
peurMMoil Wih C TOYTH paspelMMOUd TI'PYNIoN MOHOAPOMHHU JOCTa-
TOYHO BOCIOJIb30BAThHCA JUHEHHO-aNre6paudyecKUMU PacCyKAeHUAMUI
u3 § 7 mnasul 3. [l 0Ka3aTeNbCTBA PA3peNIMMOCTH B k-KBaZipaTypax
ypaBHeHUe Tuna Pykca ¢ k-paspeminMoi T'PYIIONH MOHOAPOMUU 3TUX
JIMHEWHO-aIrebpandecKux pacCy)XAeHUN HeZO0CTaTOYHO. HyKHO elre
BOCIIO/Ib30BaThCsA Teopuel amya anre6panvecKux pacliupeHuid Mo
pauroHaNbHBIX GYHKIIUN. BripoueM, Teopusa 'asya Takux pacuimpeHui
BecbMa HamIAgHa U reoMeTpruyHa (CM. I7IaBy 4).
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Hama Teopusi mo3BosseT yCWIUTh BTOPOH (OTpULIATENbHBIN) Pe3yib-
taT. O6 aToM — B IyHKTe 2.4. A ceifuac mepefizieM K J0Ka3aTeIbCTBY TEO-
pembl Ppobenuyca.

1.2. [Joxka3arenbcTBO TeopeMbl ®pobeHnyca. Mbl MOKaXKeM, YTO
ofiHO3HAYHas GYHKIUA U3 ArddepeHHanbHOro moast Z(Yyy, ..., Y,) Me-
pomopdHa Ha chepe PumaHa u, ciefoBaTeNbHO, panyoHanbHa. IlycTh
p € C —ocobaa Toyka ypaBHeHua Tuma ®ykca U X — TOKaTbHEIH Tapa-
MEeTp OKOJIO 3TOM To4YkH, Takoi uTo x(p) = 0. CoracHo Teopuu Pykca
OKOJIO TOYKHM D KaXKJoe pellleHHe y Ipe/CTaBJeHO B BHUe KOHEYHOU
CyMMBI y = Y. foux® In* x, rae f, —MepoMOpdHbIE GYHKIHU OKOIO
TOUKM p. SICHO, 4TO QYHKIMH, TIPEACTABUMBIE B BUAE Y. fX* In* x,
rae GyHKIUU f,;, MepoMOpPOHBEI OKOJIO TOYKU p, 06pasyioT aubdepeH-
I[HaJIbHOE KOJIBIIO, cofiep:Kaliee rose GpyHKIUN, MepOMOPOHBIX OKOJIO
Touku p. HaM Hy)XHO IOKa3aTb, YTO YACTHOE /BYX QYHKIIUN U3 STOTO
nruddepeHINATBHOTO KOJbLIA ABIAETCA OZHO3HAUYHON QyHKIIMEH OKOJIOo
TOYKH P, €CIM U TOJNBKO eciau 3Ta ¢QyHKUuA MepomopdHa. Jokasa-
TEJBCTBO 3TOro ¢daKTa OCHOBAaHO Ha (GOPMYIMPYyeMOM HUXKe YTBEp-
xkaenuu 1.5. Ham moHazobsaTcsa cieayromue obosHauenus: U(O, €) —
£-OKPECTHOCTh TOYKM 0 Ha KOMIUIEKCHOM IIJIOCKOCTHU; U(O, €) — Ipo-
KOJIOTasi €-OKPeCTHOCTb TO4Yku O, U(O, ) =U(0,¢) \ {0}; M(0,¢) u
M (0, &) — monst MepomopdHbIX GpyHKIHIL B obmactax U (0, €) u U(0, €).

JlBa MepoMOp}HBIX POCTKA f, U g, Ha3BIBAIOTCS DKBUBAJIEHTHBIMU
Hag obnacteio U, a, b€ U, eciu pOCTOK g), TIONydaeTcss U3 POCTKA f, TIpU
TIPO/IOJDKEHUU BIOJIb HEKOTOPOU KPUBOH, Jiexkamield B obmactu U.

Omnpegenum Teneps konblio K, (0, €). MepomopdHbIii pocTok f,, 3a-
naHHBI B Touke a € U(0, ¢), npuHagnexut konblly K, (0, ), eciu

1) pocTok f, MepoMOpdHO MPOAOIKAETCA BAONb BCEX KPUBBIX, JIEXKa-
IIUX B ﬁ(O, ),

2) KOMIUIEKCHOE BEKTOPHOE IIPOCTPAHCTBO, HATSIHYTOE HAa BCe MEPO-
MOpHEIe POCTKU B TOUKe d, 5KBUBAJEHTHEIE HaJl okpecTHoCThIo U (0, €)
POCTKY f,, KOHEYHOMEPHO.

Koms1io K, (0, €) comepKuT mosne M (0, €) u aBnAeTcAa BEKTOPHBIM IIPO-
CTPAHCTBOM HaJl HUM.

YTBEPXKAEHUE 1.5 (0 BA3UCE). [Ipu sitobom 8blbope gemaell PyHK-
yuil In x u x%, [Re a] =0, pocmku x(‘fAan x,k=0,1, ..., o6pazyrom 6asuc
npocmpancmea K, (0, €) Had nonem M (0, ).

CHauaza JjoKaxeM JIeMMy.
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JIEMMA 1.6. Pocmxu 1,In, x, ..., lnﬁ X, ... JIUHEUHO He3a8UCUMBbL HAO
noJsiem M(O, €).

JlOKA3ATEJIbCTBO. JleHCTBUTENBHO, CylleCTBOBaHNE HeTPUBUAJIb-
HOI'O0 COOTHOIIIEHUS Z a ln’a‘ x=0, a, € M (0, €), BieueT 3a cobOM KO-
HEYHO3HAYHOCTb QYHKIIUU 1N X B OKPECTHOCTU HYJIA. O

JlokazaTenbCTBO YTBEP)K/A€HUA OCHOBBIBAETCA HAa PAaCCMOTPEHUH OIle-
patopa MoHozpomuu A: K (0, e) — K, (0, €), KOTOPBEI CONOCTABIAELT
KQKZIOMY POCTKY ero IpOJOIKeHre BAOJIb 3aMKHYTON KPUBOMH, 00X0zs-
et Touky 0.

JIEMMaA 1.7. Pocmku x; ln’; x, [Rea]=0, k=0, ...,n—1, obpasyrom
6asuc 8 npocmparcmae ker(A— AE)", 2de A u a c8513aHbL COOMHOUEHUEM
A= ezm'a'

JIOKABATEJIBCTBO. 3aMeTuM, 4TO mpocTpaHcTBO ker(A — AE) He
6osee ueM OHOMEPHO. J[eHiCTBUTENbHO, eciu Af, = Af, u Ag, = Ag,, TO
A(f /8 =fa/8q- CitefioBaTeIBHO, POCTOK Y, = f, /&4 SABISETCSA POCTKOM
HekoTopoi ¢yHkumu 1) u3 nonsa M (0, €) u f, =1 g,. [loaTromy npocTpaH-
ctBO ker(A — AE)™ uMeeT pa3aMepHOCTD He Bhille 4eM n. C Apyrow cTopo-
HBI, JIETKO IPOBEPUTb, YTO B 3TOM ITPOCTPAHCTBE JIEKAT POCTKU X/ lnﬁ X,
[Re a]=0, k=0, ...,n— 1. CorsacHo sieMMe 1.6 3TH POCTKH JTUHEWHO He-
3aBUCHMBI U TIO3TOMY 006pa3yroT 6asuc npocrpaHcTBa ker(A—AE)". O

[TpocTtpaHcTBa ker(A — AE)"™ mpu pa3HbIX A UMEIOT HYJEBOE Tiepece-
JeHue. [103ToMy Bce POCTKHU X ln’a‘ X JIUHEWHO He3aBUCHUMBI. [ToKaxeM,
YTO BCAKUI POCTOK f, m3 npoctpaHcTBa K, (0, £) MOKHO Pa3ioKUTh IO
atuM ¢yHKIUAM. [lo ompezeseHUIO POCTOK f, JIEXKUT B HEKOTOPOM KO-
HEYHOMEPHOM IIPOCTPAHCTBe V, MHBAPHAHTHOM OTHOCHUTEJIBHO OIlepa-
TOpa MOHOAPOMUHL. IIycTh A — orpaHIYeHHe olepaTopa A Ha IPOCTpPaH-
ctBo V. CormacHo JMHEHHOH anrebpe mpoCTpaHCTBO V packiagbiBaeTCs
B IPAMYIO CyMMYy IIoATpocTpaHcTB ker(A — AE)™, rie A — co6CcTBeHHOe
3HaQ4YeHUe olleparopa Awm n, — ero KpaTHOCTb. /I3 seMMebl 1.7 BBITEKa-
€T, 9TO BCAKUH 2JIeMeHT IIPOCTPAHCTBa V packiabBaeTcs 0 BEKTOpaM
xg ln’a‘ X.

3AMEYAHUE. Bei6op pasHbIX BeTBel PyHKIM In x ¥ X* MPUBOAUT K
pasHbIM 6asucam npoctpanctBa K, (0, €). KoaddurmeHTs! pasiokeHus
BEKTOPOB U3 TaKUX 6a3UCOB IO APYroMy 6a3ucy sIBJSIOTCA KOMIUIEKCHBI-
MU YHUCJIAMU.

ONPEAENEHUE. 1. MepoMopdHEIii pocTok f,, a€U(0, £), uMeeT Haz
okpectHocTbIo U (0, €) yenyro gykcosy ocoberrocmu, ecnu f,€K,(0, &) u
K03QUIIMEHTHI PasIOKeHHsl POCTKA f, Mo 6asucy xg lnﬁ X Mepomopd-

210



8 1. Teopus l'anya ypaBHeHmi Tuma Dykca

HBI, T. €. €CJIU
k
fo= E faxIng x-x7, rtae fur € M(O,€).

2. MepoMopdHEIii pocTok f,, a € U(0, £), UMeeT Haji OKPECTHOCTHIO
U(0, £) dyrcosy ocobenrocmnb, ecTi OH MPEeACTaBAM B BUJE JaCTHOTO
ZIByX POCTKOB %), &,, UMEIOMUX HaZ U(0, ¢) nenyio dykcoBy ocobeH-
HOCTB, f, =1, /8a-

CneactBUE 1.8. Pocmoxk f, € K, (0, &) umeem ¢yxcogy ocobeHHOCMb
Had okpecmuocmuio U (0, €), eciu u moabko ecau oH umeem uenyio gyk-
€08y 0c0beHHOCMb HA0 3MOTl OKPECMHOCMbHO.

,Z[OKABATEJII)CTBO PocTok fa npuHazgnexut K, (0, ), ciegoBaresnb-
HO, f,=D.T, T kXg ln X, THer, keM (0, €) — k03 duIMEeHTH pa3IoXKeHUA
pocTKa f, 1o 6a314cy. PocTOK f, UMeeT TakKe PyKCOBY OCOOEHHOCTD, IO~
STOMY CIIPaBeJJIBO PAaBEHCTBO

x% Ink x
TA€ Dy k> qak—HeKOTopme aneMeHTHl oA M (0, €). YMHOXKUM paBeH-
CTBO Ha ), (g X% ln X, pacxpoeM CKOOKY U TIpHUBeZeM, €CIM Hajlo,
POCTKHU xﬁ In, x BI/I,Z[y x" e xy ln X, rae n—uenoe u [Re a] =0. Tax
KaK pPOCTKU x ln X JIMHEMHO He3aBHCHMBI HaJ IIOJIEM M (0, ¢€), TO
PaBEeHCTBO 3KBUBAJIEHTHO CHCTEMe ypaBHEHUM, MTOJIy4eHHOH IpHUpaB-
HUBaHUEM K HYTIO KO3QOUIIMEHTOB MpU 3TUX QYHKIMAX. [TomydyeHHas
cUCTeMa TIpeACTaBIsgeT cob0i CUCTEMY JIMHEWHBIX YpaBHEHUN OTHOCHU-
TeNbHO QYHKUUH 1, ¢ Koabduuuentamu us nons M (0, ). Cucrema
UMeeT eJMHCTBEHHOE DeIlleHWe, TaK KaK QYHKIWU T, ONpe/eIeHbI
oxHo3Ha4HO. CrieZIoBaTeNbHO, QYHKIWH T, i JTexaT B mone M (0, e). O

CaeacTtBUE 19. Ecnu pocmox f, mepomopdHoil 8 okpecmHocmu
U(0, ) dynxyuu f umeem Had amoii OKpecmHOCMbIO HyKCO8Y 0COBeH-
Hocmb, Mo dyHkuus f mepomopdra 8 okpecmrocmu U (0, €).

JOKA3ATE/NBCTBO. Poctok f, mpunaznexur K, (0, €), u ero pasio-
’KeHUe 1o 6a3ucy umeert Bu/ f, = f - 1. ComtacHo ciefcTBUIO 1 pOCTOK f,
HMeeT 1eyi0 GyKCOBY 0COGEHHOCTB, U oaTomy f € M (0, ). O

CrnexctBue 1.9 3aBepIaeT AoKa3aTenbCcTBO TeopeMbl DpobeHuyca.

1.3. Tpynma MOHOAPOMMHU CHUCTeM JIMHEHHBIX AuddepeHIaID-
HBIX ypaBHeHUI, ee CcBA3b c rpynmoid l'amya. Pesynbrarsl us m. 1.1
aBTOMAaTHYECKU IePeHOCATCA Ha CUCTEMBI IMHEUHBIX AuddepeHIrans-
HBIX YPABHEHUH C PEryIAPHBIMU OCOOBIMU TOYKAMHU.
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PaccMmoTpuM JuHelHOe auddepeHInaibHOe YpaBHEHUE

¥y =AWy, 19)
rae y =y, ..., ¥, (), A(x) =q; j(x), 1 <1, j <n,—maTpuia paruo-
HaJIbHBIX QYHKIMI U X — KOMIUIEKCHAs mepeMeHHast. ITycTb ay, ..., 4 —

mosTrockl MaTpuibl A(x). B okpecTHOCTH HeEOCO6OH TOUKH X, Xy 7 oo,
Xg#a;, i=1,..., k, pellleHus ypaBHeHUs 00pa3yioT n-MepHOe MPOCTPaH-
ctBO V. Bo3bMeM Teneph MPOU3BOIbHYIO KPUBYIO ¥ (t) Ha KOMIIEKCHOM
IUTOCKOCTH, BEAYUIYIO U3 TOUKH X; B TOUKY X; U He IMPOXOAAILIYIO Yepe3
ocobble TOUKH q;, ¥ (0) =X, Y (1) =Xy, v(t) #a;. Pemmenus ypaBHeHus Oy-
AyT aHAIUTUYECKU MPOAODKATHCS BAONIb KPUBOM, OCTaBasACh IIPU 3TOM
pelileHUsAMU ypaBHeHU:A. [109TOMy KaK/I0M KPUBOU y OTBeYaeT JMHEeH-
Hoe oToOpakeHWe M, MPOCTPAHCTBA PeIIeHUH Vi, B TOYKE X, B IPO-
CTPaHCTBO peleHu# Vy! B TOUKe X;.

Eciy momeBennTh KPUBYIO Y, He 3a/ieBast IIPU 3TOM OCOOBIX TOYeK
¥ OCTAaBJIAA 3aKPEIUIEHHBIMU KOHI[bI, TO OTOOpaskeHne M, MEHATbCA He
OyZeT. 3aMKHYTBIM KPUBBIM OyZIeT OTBeUaTh JMHEHHOe Tpeobpa3oBaHue
mpoctpaHcTBa V" B cebs1. COBOKYITHOCTh BCEX TAaKUX JIMHEUHBIX TTPe00-
pa3zoBaHMi mpocTpaHcTBa V"' obpasyeT rpymily, KOTOpas U Ha3bIBaeT-
¢ epynnoti moHoopomuu ypasHenus (19). ViTak, rpymmna MOHOAPOMUH
YpaBHEHUS — 3TO T'PYIINa JUHEHHBIX MPeoOpa30BaHUN pelleHuH, KOTO-
pble BO3HUKAIOT IIPU 00X07ie 0COOBIX TOUYEK. I'pyTiia MOHOPOMUH YpaB-
HEHUs XapaKTepU3yeT MHOTO3HAYHOCTD €T0 PElIeHUH.

JIEMMA 1.10. 1. Ipynna moHoOpomMuu noumu kaxc0oz2o peweHus Cu-
cmembt (19) cosnadaem c epynnoii monoopomuu cucmemst (19).

2. MoHoOpomHas napa kaxcootll KOMNOHeHMbl KaAxnc0020 peuleHUs Cu-
cmemst (19) noumu HopmanvHa.

3. Ecau epynna monodpomuu cucmemst (19) He siescum 8 HeKOmMopom
NOJIHOM Kadcce nap epynn M, mo MOHOOPOMHASL NApa 00HOIL U3 KOMNo-
HeHmM noumu Kaxcdo20 peuleHus amotil cucmembul He aexwcum 8 M.

JIOKA3ATEJNbCTBO. [lepBhle Ba YTBEPXKAEHUA JIEMMBI JJOKA3BIBAIOT-
s TaK Ke, Kak jemmMa 1.1. TpeTbe yTBepKeHHe BEITEKAET U3 [IEPBOTO U
13 JIeMMEHI 6.5 r1aBsl 5. O

B okpecTHOCTH HEOCOO0 TOYKH X CYLIECTBYIOT BCE PEIIEHUA Y, ...
..., ¥, ypaBHeHuA (19). B 3TOH OKPeCTHOCTH MOKHO pPacCMOTpPeTb Jud-
dbepennnanbHoe mone GyHKIME R(Y,, ..., ¥,), TOTyIeHHOE IPUCOEITHE-
HHEM K TOJII0 PalMOHaNbHBIX QYHKIUH R BCEX KOMIIOHEHT Y; 1, ..., Yin
eBceX PeIIeHHH y; U BeeX UX MPOM3BOAHBIX Y P,
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8 1. Teopus l'anya ypaBHeHmi Tuma Dykca

Kaxzioe mpeo6pasoBanue M, TPOCTPAHCTBA PEIIEHHUH U3 TPYIITBI MO-
HOJ[POMHH MOKHO TPOJIO/DKUTD IO aBTOMOPQU3Ma Bcero AuddepeHITu-

anbHOro ot Z(Yy, ..., ¥,) Haf noneM R. JleficTBUTEIHHO, BMECTE C BEK-
TOP-GYHKIUAMH Y1, ..., ¥, BAOJIb KPUBOU ¥ GyZeT MepOMOPQHO IIpoAoII-
’KaThCA KOKABIA 21eMeHT nonst Z(Yq, ..., ¥,). OTO IPOAOIKEHUE U Ja-

eT TpebyeMbIii aBTOMOPU3M, TaK KaK IIPU IPOJODKEHUN COXPAHAIOTCS
apudmeTmdeckue onepanuu u guddepeHINpoBaHNe, a palllOHAIbHBIE
GYHKIIMY BO3BPAIAIOTCA K CBOEMY IMPEXHEMY 3HAaYeHHWIO M3-3a OHO-
3HAYHOCTH.

Ocobast Touka ypaBHeHUs (19) Ha3bIBaeTCs pe2yisapHOLl, €Ci B JITO-
6OM CEKTOpE C BEPITMHOUN B 0COO0U TOUKe BCe PEIIeHUS MPU MOAX0JE K
ATOU TOYKe paCTyT He OBICTpee YeM CTeneHHbIM obpaszom (cMm. [13], [1]).
VI3BeCTHO, UTO OKOJIO PETYIAPHOM 0CO60H TOUKM KakJas KOMIIOHEHTa
KaXKJOTO pelleHus MMeeT IIenylo GpyKCOBy OCOOGEHHOCTH (CM. ompeje-
sneHue u3 II. 1.2). YpaBHeHue (19) HasplBaeTcA peryaapHBIM, ecld Bce
€ro ocobble TOUKH (BKJIIOYAS o) PETYJSAPHBI. [ peryasipHOro ypaBHe-
Husa (19) Bce ogHo3HauHble GYHKUUU U3 ONA Z(Y1, ..., V,) ABIIOTCI
PalMOHATBHBIMU QYHKITAIMHU.

TEOPEMA 1.11. /[na pezynspHoll cucmemsl JuHelHbX OuddepeHyu-
anvhbix ypasHerutl (19) duddepenyuansvroe none &y, ..., ¥,) A6asem-
cs pacwuperuem Iukapa—Beccuo nonst R. I'pynna I'atya amozo pacuwiupe-
HUSL S18/15leMCsl Aleebpauueckum 3amblKaHueM 2pynnbl MOHOOpOMUU CU-
cmembt ypasHeruil (19).

JlOKABATENBCTBO. Ha auddepennnansuom mone Z(Yi, ..., ¥,)
I'pyIa MOHOJPOMHH JEWCTBYET KaK rpylna U30MOPPHU3MOB C TOJIEM
unBapuaHToB R. ITone Z(y;, ..., ¥,) TOPOXKAEHO HaJZl R KOHEYHOMEPHBIM
% -TUHEUHBIM TIPOCTPAHCTBOM, WHBApPUAHTHBIM OTHOCHUTEJNBHO [ei-
CTBUSI MOHOZIDOMUHM, 2 UMEHHO JTMHEWHBIM ITPOCTPAHCTBOM, HATSHYTHIM
Ha BCe KOMIIOHEHTHI BcexX pellleHUY ypaBHeHus (19). Temepp Teopema
BBITEKAET U3 caeACTBUA 3.2 IJIaBhI 3. |

TEOPEMA 1.12. Kancdas KoMnoHeHmMa kaxc0020 peuleHUsl pe2yssipHoll
cucmembl JAUHEHbIX Ou@PPepeHyUANbHbIX YPasHeHUll 8blpaicaemcs 6
keadpamypax, 8 k-keadpamypax u 8 0606uleHHbIX K8adpamypax, ecau
U MONbKO ecau 2pynna MOHOOPOMULL CUCMEMbL, COOMBeMmCcmaeeHHo, pas-
pewuma, k-paspewuma wau noumu paspeuwumd.

JlokasaTenbCTBO BBEITEKaeT U3 TeopeMbl [Tnkapa—Beccuo (cM. Teope-
My 5.1 mnaBel 3) U U3 IIpeAblAyIleli TeopeMbl. Kak 1 B ciiydae ypaBHeHUS
tuma Pykca, «IOTOKUTENbHAS» YaCTh TEOPEMBI, OTHOCAIIASACA K pa3pe-
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IIUIMOCTH CHUCTEMBI, IOKA3bIBAETCSA, B OCHOBHOM, IIPY IIOMOIIY JIMHEN-
HOM anre6psl (cM. § 7 miaBel 3 U 1. 1.1). A oTpHIIaTeNbHYIO YacTh Teope-
MBI 3HAYUTENBHO YCUINBAET TOIoNIorudeckasd Teopus l'anya (cm. 1. 2.4).

§2. TEOPUSA TAJIVA CUCTEM JUHEWUHBIX IU®PEPEHIIMATBHBIX
YPABHEHHWM TUTIA ®YKCA C MAJIBIMHU KOD®OUILIUEHTAMMU

B sToM maparpade mpuUBOAATCA ABHbIE KPUTEPHUU /JJIs Pa3JIUYHBIX BH-
JIOB Pa3peuIiMOCTH CUCTeM JUHENHBIX AU depeHIMaNbHbIX ypaBHEHUN
tuma dykca ¢ 0CTaTOYHO MaseHbKUMH Koadduimentamu [18]. Joka-
3aTeNbCTBO UCIONb3yeT KpuTepuit Komunna (cMm. § 8 raBhl 5) u Teopuio
Jlanmo-/laHuieBcKoro.

2.1. Cucrems! ypaBHeHUi Tuna ®@ykca. Cpeau cucTeM peryssipHbIX
nvHeUHBIX AuddepeHINaTbHBIX YPaBHEHUH BBIIEIAIOTCA CUCTEMBI JIU-
HeUHBIX AuddepeHIaNbHbIX ypaBHeHU Trma Pykca. OTo ypaBHEHUA
Buzga y' = A(x)y, rae matpuna A(x) He UMEET KPaTHBIX MOIIOCOB U 06-
paraercs B Hy/Ib Ha 6€CKOHEYHOCTH. JIpyTHMU CJIOBaMU, 3TO YPaBHEHUs

BUJA
k
/I __ AP
.y _Zl (x_ap)}”
p:

rze Ap — KoMIUTIekcHasa (n X n)-martpuua, a ¥y = (yy, ..., ) — BEKTOp B
C". Touku a, HA3BIBAIOTCSA MOJMIOCAMH, & MATPULBI A, — MaTPUL[AMH-BbI-
YeTaMU CUCTeMbI ypaBHeHUH Tumna dykca.

Jnsa cucmem ypasnenuil muna ®@ykca, KaK U Ajd IPYTUX PETYIAPHBIX
cucteMm auddepeHIUaTbHBIX YpaBHEHUH, anzebpauueckoe 3amblKaHuUe
2pynnsl MOHOOpOMUU cognadaem ¢ epynnol I'anya nopoxcOeHHO20 Cu-
cmemotl ypagHeHuil pacuiuperust ITuxapa—Beccuo nosst payluoOHAIbHbIX
¢ynxyuii (cm. m. 1.3).

W. A. Jlanimo-/laHUIEBCKUH Pa3BUJI TEOPUIO aHATUTHYECKUX QYHKITUIM
OT MaTpUIl U IPUMEHII ee K AubdepeHINaNTbHbIM YpaBHeHUAM [23].
Hawm noHao6sTest pe3yabrarh Jlammo-/[aHIeBCKOTO OTHOCUTENBHO CH-
cTeM ypaBHeHuit tumna ®ykca, KOTOpBIE MBI OyZIeEM UCIIONb30BaTh B BUE
CJIeZICTBUSA, IPUBEAEHHOTO B KOHIIE 3TOT'O IIYHKTA.

BosbMeM HEOCOOYI0 TOUKY X 7 a,. 3apuKcupyeM k KPUBBIX Y1, ..., Tk
TaK, 4TOOBI KpUBas Y, HaYMHANACh B TOYKE X,, TIOAXOAUIA K IOTOCY
a,, obxozuIa ero ¥ BO3Bpalaiach Ha3a/ B TOUKY Xo. KPUBBIM 11, ..., Tk
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§ 2. Teopus l'asya cucreM ypaBHeHui tuna Pykca

OTBEYaIOT MaTPUIIBI MOHOAPOMUU My, ..., M. O4eBUIHO, 9YTO MAaTPHUIIEI
M, ..., M} TIOPOXZAAIOT TPYIITy MOHOAPOMUU. IIpu PUKCAIUN KPUBBIX
MaTpUIBl MOHOAPOMUH 3aBUCAT JIUIIb OT MATPUII-BBIYETOB. JDTa 3aBU-
CHMOCTD M3ydasach Jlanmo-/[aHuIeBCKUM.

Bo-nepBbIX, OH MOKa3al, YTO MaTPHUL(bl MOHOApOMUM M, — nenbie
¢ynkiuu Matpul-BeraeToB A;. TouHee, cywecmeyrom cneyuanbHole
PA0bL ¢ KOMNJLEKCHBIMU KO PuyueHmamu

M, =E+2mid,+ Y ¢ ;AA+ ... (20)
1<i,j<k
om mampuy Ay, ..., Ay, 8blpaicaiowjie Mampubt Moroopomuu M, u cxo-
dawuecst npu Jir0bblx mampuyax Ay, ..., Ag.

XoTs MaTpulia MOHOAPOMUM M), 3aBUCUT OT BCEX MATDPHI[-BBIYETOB
Aj, ee COOCTBEHHBIE YHCIA OTIPE/ETAKTCA TONBKO MO COOCTBEHHBIM HC-
JlaM MaTpHUIIbI-BbIYETa A,

TeEoPEMA 2.1 [13], [1]. ITycms {u,,} —Habop cobcmaeHHbIX Ulcen Ma-
mpuyst A,. Tozda {e?™m} — nabop cobcmeeHHbIX ulicess mampuysl M b

3HaMmenuTasn npobirema Pumana—I'uibbepTa —3TO BOIPOC O paspe-
IMIMMOCTH OOpaTHOM 3alau, T. €. O CYIIeCTBOBAaHWM YpaBHEHUI THIa
dykca ¢ 3aJaHHBIM HAOOPOM MaTPUI] MOHOAPOMHUU. JIJisl OYTU BCIKOTO
Habopa MaTpUll MOHOAPOMUHU 3ajiaua PuMmaHa—I'nib6epTa paspermma.
TpaguIIMOHHO CYUTAJIOCh, YTO 3TOT KJIACCUYECKUM DPEe3yJabTaT IepeHo-
cuTCS Ha JI00ble HabOPBI MaTpull MOHOZApoMuU. OfHAKO, Kak OOHAapy-
sk A. A. Bormubpyx [12], [13], aTo He Tak. OH mpeAbsIBUI TpUMep Habo-
pa MaTpHIl MOHOAPOMUH, JJIsT KOTOPHIX MpobaeMa Pumana—I'uibbepra
HepaspelrmMa.

Jasnee, Jlanmo-/[aHWIeBCKUM MTOKa3as, YTO B MPEATIONOXKEHUU MaJjo-
CTH MAaTPHI|-BBIYETOB A; MATPHULBI-BBIYETHI A; —OAHO3HAYHBIE aHAJIU-
ThYecKre GYHKIUU MaTPUI] MOHOAPOMUU M,,. A UMeHHO, OH IIOKas3al,
YTO €CJIM OTPAHUYUTLCA ypaBHeHHAMH Thma Pykca ¢ JOCTaTOYHO Ma-
TBIMU MaTpullaMu-BeraeTamu ||A;l| <e, e =€(n, ay, ..., a;), TO AnA Jo-
cTaTouHO 6/msKkux K E Matpun MoHogpomuu M, ||[M, — E[| <&, 3anada
PumaHa—T'wib6epTa UMeeT eIUHCTBEHHOE pellleHre. Bosee Toro, cyue-
cmeyrm cneyuanbHsle psdbl ¢ KOMIIEKCHbIMU KO3PduyueHmamu

Apy=—3-E+5-M,+ > b ;MM+.. (21)
1<i,j<k
om mampuy My, ..., M}, ebpadcarowjue mampuybl-ebiuemsl A, u cxo0s-
wuecs npu ||M, — E|| <e.
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Pazgpl (21) nmomyyatorcs obpaiieHreM pszoB (20). DTOT pe3yabTaT SB-
JiieTcs cBoeoOpa3Hol TeopeMOl O HesIBHOW GYHKIIUM (IS aHATUTHYe-
CKUX OTOOpaKeHUM C HEKOMMYTATUBHBIMU TIEpEMEHHBIMU).

Teopwuto Jlammo-/laHUIeBCKOTO MbI OyZIeM HCIIONb30BaTh B GpopMe Ta-
KOT'O CJIE/ICTBUSA.

CIEACTBUE 2.2. Mampuubst MoHoOpomuu Jexcam 8 anzebpe ¢ eOuHU-
yetl, HaMaAHymoil Ha Mampuybl-ebtuemsl. OOPAMHO, ecau MAMPUYbL-Bbl-
yemst 00CMAMOYHO MAlbl U MAMPUYbL MOHOOPOMUU 00CMAMOUHO OU3-
ku k E, mo mampuybl-ebiuemsl Jiexcam 8 anzebpe ¢ eduHuuell, HAMAHY-
motl Ha Mampuybl MOHOOPOMULU.

2.2. T'pynmbl, IOpPOXKAEHHbIE MaTpUIlaMU, OJIU3KUMHU K eJUHUY-
HOM. B 3TOM NIyHKTe JOKa3bIBaeTCA aHAJIOT TeopeMbl JIu /i MaTpuy-
HBIX TPYIII, TOPOXKAEHHBIX MaTPULlaM¥, OJU3KUMU K eJUHUYIHBIM. Ha-
IOMHUM QOPMYyJIHNPOBKY TeopeMs! YKopzaHa.

TeorPEMA JXoraaHA. KoHeunas epynna G JauHeliHblx npeobpaszosa-
HuUll n-MepHO20 Npocmpaxcmeada 0b61adaem OUA2OHANIbHLIM HOPMAIbHBIM
denumenem G4 oepaHuuenHozo undekca, ind(G, G4) < J(n).

Vi3BecTHBI pa3nuvHble SABHbIE OIleHKU cBepxy umcen J(n). (Hampu-
mep, IlTyp mokasau, uto J(n) < (vV8n+1)2" — (v/8n — 1)*™, em. [33].)

YTBEPKAEHUE 2.3. Cywecmasyem uenoe uucno T(n), maxoe umo
nodezpynna G 8 GL(n) obnadaem paspeitumbim HOPMAbHbIM Oeaumenem
KOHEUH020 UHOeKCd, ecau U MOJIbKO ecau OHA 0061a0dem mpeyeosibHbIM
HOpManbHbIM denumeniem uHoekca He 6onviue T (n).

JOKA3BATEALCTBO. Teopema Jlu rapanTupyeT CylleCcTBOBaHUE Y
rpynnsl G TPeyroJbHOTO HOPMAaJIBHOTO JeTuTend G; KOHEUHOT'O WH/IEeK-
ca. JleiCcTBUTELHO, IOCTATOYHO HONOXKUTh G; =G N Gy, Tae G, — KOMIIO-
HEHTa CBA3HOCTH eIMHUIbI aNre6pandecKoro 3aMelkaHua G rpymmsl G.
OnHako WHAEKC HOPMaTbHOTO JenuTtens G; MOXeT OBITh KaK YTOZHO
Besuk. Tak, Hampumep, A TPYIIIL Z; KOpHeU cTelneHu k M3 eUHUITEI
9TOT UHJEKC paBeH k npu n=1. Mul 6yZieM yBeTHYUBATh HOPMaIbHBIN
genurtenb G;, OCTaBIAA ero TPeyroabHeIM. OTMETHM, YTO HaM JOCTa-
TOYHO /IOKa3aTh CYIIeCTBOBaHUE TPEYTOJbHON MOATPYIIE OrpaHUYeH-
HOTO MHJIEKCa, TaK Kak IOATpyIIa WHJeKca k cofep:XKUT HOpMaJbHBIN
JeNTeNb WHAeKca He Gosbine k!. /lokazaTenbCcTBO OyzZeM BECTH WH-
JyKIIMeli 1o paaMepHocTy n. Eciu rpynna G obnagaeT UHBapUaHTHBIM
npocTpancTBoM VK pasmeprocTH k, 0 < k < n, MBI CMOXeM CZeIaTh
WHAYKIMOHHBIN mar. /leficTBuTenbHO, rpymnmna G B 3TOM CIydae 1eiCcTBy-
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eT u Ha npoctpaHcTBe VK pasmepnocty k, M Ha $paKTOPIPOCTpaHCTBe
V" /Vk pasmeprocTy n — k. T1o MHAYKIIMH MOKHO CYMTATh, 4TO Ipymna G
obsaziaeT HOpMaIbHBIM JeIuTesneM uHaekca He 6ombine T (k)T (n — k),
KOTOpEIi TpeyroneH Kak B VX, tak u B V" /VK, T.e. Tpeyronen B V.

HopwmanbHbll genuTens G; IPUBOAUTCS K TPEYTOIBHOMY BUZy U 06J1a-
JIaeT MO3TOMY HEHYJIEBBIM MaKCUMalIbHBIM COOCTBEHHBIM MOATIPOCTPAH-
crBoM VX, BosHuKaIoT /iBa ciy4das: vkcvruvk=vn, PaccmoTpum nep-
BRI caydait: VK C V. O6osHaunm uepes G, nozu"pynny rpynnsl G, co-
CTOALIYIO U3 BCeX Mpeo6pasoBaHuii, /1A KOoTopsix VK mHBapuanTHO (B
3TOM MeCTe U IPOUCXOAUT yBeIndeHre HopMaibHoro Aenurend G;). Jlo-
KakeMm, 4yTo ind (G, 51) <n. [leiicTBUTeNbHO, IpylIa IepecTaHOBOK I'PyIl-
bl G TepecTaBIsieT MaKCHMalbHbIE COOCTBEHHBIE TTPOCTPAHCTBA BCIKO-
ro CBOEr0 HOPMAaJbHOTO JEeNUTeNd U, B YacTHOCTU, G;. OJHAKO MaKCH-
MaJIbHBIX COOCTBEHHBIX IIPOCTPAHCTB HE MOXKET OBITh 60sbIile 1. OTCIoza
Y BBITEKAET Hy»KHOe cooTHormeHue ind (G, CN;I) <n. /g OKOHYAHUSA JOKa-
3aTeNbCTBA JAOCTATOYHO IPUMEHUTH K TPYIIIe 51 WHAYKIIMOHHBIN IIar.
PaccmoTpum BTOpOI ciydai: VE=v" 1. e. G; coctouT U3 Marpur AE.
MOoXHO cUMTaTh, YTO rpymma G COCTOUT U3 MATPUI] C eAUHUYHBIM JleTep-
MUHAHTOM. /[efiCTBUTENbHO, B TPOTUBHOM CJIydyae MOXXHO PacCMOTPEThb
TpyTiLy, cocTaBaeHHyto u3 Marpul (det A)~'A. HopMaibHbIi JenTuTeNb
D; TIpu 3TOM NPEATONOXeHNN KoHeveH (Tak kak A" =1). I'pynma G To-
’Ke KOHeYHa, Tak Kak ind(G, G;) < c. [ OKOHYAHUSA [I0KA3aTeTbCTBA
ZIOCTaTOYHO BOCIIONb30BaThCA TeopeMoii XKopzana. O

VTBEPKAEHUE 2.3’. Cywecmagyem uenoe uucno D(n), makoe umo
nodzpynna G e GL(n) obnadaem O0ua2OHANbHbIM HOPMAAbHBIM Oesume-
JleM KOHeUH020 UHOeKCa, ecll U MObKO ecall OHA obiadaem OUA2OHAL-
HbIM HOPMAIbHLIM Oesiumesiem uHOekca He 6oabute D (n).

Yreepxgenue 2.3' J0Ka3bIBaeTCA TOYHO TaK Ke, KaK YTBEPKAECHHUE
2.3, ¥ MBI He OyZleM OCTaHaBJIMBAThCS HAa €ro A0KasaTeabcTBe. Yucia
T (n) u D(n) Takxke AOIyCKAIOT sIBHYIO OIleHKY cBepXxy (cp. [33]).

JIEMMA 2.4. YpasHenue XN =A, |A—E| <e, | X —E|| <&, 6 komo-
pom X u A—komnaekcHsle (n X n)-mampuust, 61uskue k E, umeem eOuH-
cmaeeHHoe peutetile, ecau € =¢g(n, N) docmamouro mano. I[Ipu smom xaxic-
doe UHBApUAHmMHoe npocmparcmeo V. mampuyst A 6ydem uH8apuaHmMHo
u ons mampuyst X.

JOKA3ATEALCTBO. [lonoxkum B=A—E u
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Ilpu ||B|| < 1 paa cxoautca u XN = A. Bribepem Teneph ¢ = £(n, N)
CTOJIb MaJIbIM, YTOOBI TeopeMa O HeABHOW (YHKIUM TrapaHTHpOBaIa
eZIMHCTBEHHOCTH pelenus. [IpocTpaHcTBo V OyzeT MHBApUAHTHO OTHO-
cutebHO B=A — E U, cjiefoBaTeJbHO, OTHOCUTEIbHO X. O

JIEMMA 2.5. IIycmb N-e cmenenu gcex mampuy u3 2pynnst G siexncam
8 Hekomopoll anzebpauueckoil epynne L, moeda epynna G N L umeem &
epynne G KOHeuHblll uHOeKc.

JIOKABATE/NLCTBO. PaccMOTpuM anre6Gpandeckoe 3aMblkaHue G
rpynnsl G. Jlerko BUETh, 9To X € I npu X € G. O603HauuM depes G,
1 L, KOMIIOHEHTHI CBA3HOCTU eAMHUILI Ipynn G u L. Eciu A JeXuT B
rpymme Ly, A=exp(M), To ypaBHeHHe X = A uMeeT pelleHue B 3TOM
’Ke TpyIre. JleficTBUTENbHO, I0OCTATOYHO MOIoXuTh X =exp(M/N). Ho
ypaBHeHre XV = A uMeeT eJMHCTBEHHOe pellleHMe NPH MaTpulax A
u X, omuskux Kk E. OTciofia clefyeT, uTo (_}O CLyC L. JlemMma Temnepb
BHITEKaeT U3 Toro, 4o ind(G, G,) < . O

3AMEYAHUE. [Ipu L =e sjeMMa 2.5 npespaiaerca B TeopeMy beps-
caiizia: mampuunas 2pynna ¢ moxcdecmeom X~ = e koreuna.

YTBEPXKAEHUE 2.6. Cywecmeyem uenoe uucno N(n), maxoe umo
nodzpynna G e GL(n) obnadaem paspeitumbim HOPMAbHbIM Oeaumenem
KOHeuH020 uHOeKkcda, ecau U MOJIbKO ecal 8ce Mampuubl AN (”), A €QG,
00HOBPEMEHHO NPUBOOSMCSL K MPEY20IbHOMY 8UDY.

JIOKA3ATEJIBCTBO. B ofHy cTOpOHy yTBepxkzeHue 2.6 BbITeKaeT U3
yTBepxkAeHu: 2.3, ecau nonoxuth N (n) =T (n)!. [lng gfokasaTenbCcTBa B
ZIPYTYIO CTOPOHY HYKHO ITPUMEHUTH JIeMMYy 2.5 71 rpynnsl G U TPYIIIEL
TPEYTOJbHBIX MaTpull L. O

AHaIOTUYHO I0Ka3bIBaeTCA CIefylolee yTBepKAeHHe.

VTBEPXKAEHUE 2.6’. Cywecmayem uenoe uucao N(n), makoe umo
nodzpynna G e GL(n) obnadaem O0uazOHANbHbIM HOPMAAbHBIM Oesume-
JleM KOHeuH020 UHOeKcd, eciu U moJibko ecau ece mampuust AN A€G,
00HOBpPeMEeHHO NPUBOOSIMCS K OUAZOHANLHOMY 8UJY.

TEOPEMA 2.7. Cyuwecmayem nosnoxcumesnsHoe uucno €(n) >0, makoe
umo nodepynna G 8 GL(n), noposxcdenHass mampuuyamu A,, bauskumu
K eduruunol, ||E — A,ll < e(n), obradaem paspewsumvim HOPMANbHBIM
denumesieM KOHEUHO20 UHOeKca, eciu U MOJIbKO ecu 8ce Mampuusl A,
00HOBPEMEHHO NPUBOOSMCSL K MPEY20IbHOMY 8UDY.

JIOKABATEJIbCTBO. BribepeMm £(n) > 0 cTOMb MajbIM, YTO JJI YpaB-
Herna XN = A ||E — X|| < e(n), BHIIOTHEHH YCIOBUA JEMMHl 2.4.
[To yrBepxkaeHuto 2.6 Bce MaTpPUIIbI Af;’ () 1OmKHEL NIPUBOAUTBECA K
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TpeyronbHOMYy Buay. Ho mo j1emme 2.4 WHBapHaHTHBIE IIPOCTPAHCTBA
MaTpul| Ag ™y A, coBrnazaroT. [ToosToMy MaTpuLbl A, ToKe IPUBOJATCA
K TPeyroJbHOMY BUZY. O

AHaIOTMYHO I0Ka3bIBaeTCA CIefylollee yTBepKAeHHe.

YTBEPKAEHUE 2.8. Cywecmayem nosoxcumensvHoe uucao €(n) >0,
maxoe umo nodepynna G 8 GL(n), nopoxcdenHas mampuyamu A,, 6au3s-
kumu k eduHuuroll, ||E — A,ll < e(n), obradaem O0uazoHanbHbIM HOP-
MANbHbIM OesiumesieM KOHEUHO20 UHOeKcd, ecall U MOJIbKO ecau 8ce
mampuyst A, 00HOBPeMEHHO NPUBOOAMCS K 0UAZOHANILHOMY 8UQY.

3AMEYAHUE. B TeopeMe 2.7 U B yTBepKAeHUH 2.8 MOXXHO 0CIabUTh
TpeboBaHUe GIU30CTH MATPUIl A, K €IUHUYHOH. /IOCTaTOYHO Or'paHU-
YUTBHCSA OJIM30CTHIO B TOTIOJIOTHHU 3apuccKoro. CKaXKeM, YTo MaTpuiia A
k-pesonHaHcHa, eciu y Hee HaMAyTCcA pa3Hble COOCTBEHHBIE YUCAA A, U
Aq, CBSI3aHHBIE COOTHOIIEHHEM A = &, A, s,’j =1, & # 1. Bce k-pe3so-
HaHCHBIE MaTPUILBI 00pasyloT anrebpandeckoe MHOXECTBO, He cozep-
JKallee eIMHULIBL. JJOCTaTOYHO TpeboBaTh, YTOOBI MaTPULILI A, He ObLTH
N (n)-pe3oHaHCHBIMU.

2.3. fBHBIe KpUTepHuU paspenIuMocTu. [lepeiizeM k ABHBIM KpU-
TepusaM paspelinMocTi. HauHeM ¢ BYX MPOCTHIX JIEMM.
JIEMMA 2.9. Cucmema muna Pykca n-z20 nopsidka

k
. A
y - ; X —a; y
¢ docmamouHo manvimu kKoadduuyuenmamu ||A;l| <e=e(n, ay, ..., a;) pe-
waemcs 8 0600ueHHbLX K8AOPAMYPAX, eC/U U MOJLKO eCalU ee MAMpulybl
MoHoOpomuu M; mpeyzonbHbl.

JIOKABATE/ILCTBO. ['pyIlia MOHOAPOMHUY CUCTEMBI ITOPOKAEHa MaT-
putiamMu MoHoApomuu M;. Eciiu MaTpuibl-BeIUeTh A; Mabl, ||A;]| < ¢, TO
Marpuisl M; 6yayt 6iusku K E. Beibepem € =¢(n, aq, ..., ;) CTOIb Ma-
JIBIM, 9TOOBI /I MaTPHUI[ MOHOAPOMUM My, ..., M} BBIIOJHSIUCH YCIIO-
BUsI TeopeMbl 2.7. B cuily 3TO TeopeMbl y IPYIIIbI MOHOJAPOMHU CyIIle-
CTBYeT pa3pelirMblii HOpMaJIbHBIN AeTUTeTh KOHEYHOTO UH/EKC A, eCIU
Y TOJIBKO €CJIU MaTpUIsl My, ..., M} TpeyrombHeL. Termephb 0CcTasoch BOC-
MoJIb30BaThCs Teopemoit 1.12. O

JIEMMA 2.10. /lnsa cucmemst muna @yxca mpeyzonsHocms u 0uazo-
HabHOCMb 2pynnbl [anya sKeUBAIEHMHbL MOMY Jice YCA08UI0 HA MAMPU-
ubl MoHoOpomuu My, ..., M.
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JIOKA3ATEJILCTBO. I'pymnma MOHOAPOMHUU TOPOXKJIEHA MaTpPULIAMHU
MOHOJIPOMHU My, ..., M) ¥ TpeyrojbHa WIN JUaroHajibHa BMECTE C HU-
mu. Terepb jieMMa BBITEKAET M3 TOTO, YTO I ypaBHeHus Ttumna Pykca
rpymnma lanya coBmazaer ¢ anrebpandeckuM 3aMbIKaHUEM TPYIIITBI MO-
HozpoMuu (cMm. 1.1.3). O

KPUTEPUU PA3PEIIUMOCTU. [lo Habopy noarcos di, ..., d; U no-
PAOKY N MOXCHO yKazams uucao €(n, ay, ..., i), makoe umo ycao8us pas-
pewumocmu 0 cucmem n-20 nopsioka muna Pyxca

k
- A
Y= ; X —aq Y
¢ mansmu koagduyuenmamu, ||A;l| < e(n, ay, ..., a), npuHumarom sie-
Hblll 8u0. IMeHHO, cucmema pewaemcsi

1) 6 keadpamypax wiu 0606weHHbLX kK6adpamypax’, ecau u moabko
ecau mampuyst A; (8 Hekomopom 6asuce) mpeyzonbHbl;

2) 8 uHmezpanax u aneebpauueckux GyHKUUSLX UL UHMezpanax u pa-
duxanax', ecau u moabko ecau mampuybt A; mpeyeonbHbl U UX cO6CMEeH-
Hble YUCNA PAYUOHANbHDL;

3) 8 uHMezpanax, ecau U MoaAbKO ecaU MAMPUUbl A; mpey2oibHblL U UX
cobcmeeHHble UUCIA PABHBL HYJIO;

4) 8 IKCNOHEHMAX UHMe2PALo8 U 8 aneedpauueckux GyHKYUX Wil 8
9KCNOHeHMAx UMMe2panos’, eciu u Moabko eciu mampuuybl A; 0udazo-
HAIbHbL;

5) 6 anzebpauueckux GyHKUUAX WU 8 padukanax’, ecau u monvko ec-
AU mampuysl A; OUA2OHANTBHBL U UX COOCTMBEHHble UUCA PAYUOHAILHDL;

6) 8 PAUUOHANBHBIX PYHKUUSAX, eCAU U MOJILKO ecU 8ce MaAMpPUublL A;
DPABHbBL HYHO.

JIOKA3ATE/NBCTBO. Beibepem e(n, dy, ..., a;) CTONIb MajbIM, YTOOBI
BBITTOJTHSJINCh YCIOBUA JIEMMBI 2.4 ¥ 9YTOOBI MaTPHIIBI-BIYETH BEIPAKa-
JIUCh Yepe3 MaTpPULIBI MOHOApoMUH (cM. 1. 2.1).

Kakaplil U3 BUZIOB Pa3pelnMOCTU BIeYeT 3a COO0H pa3peuruMocThb B
006001IEHHBIX KBaZpaTypax. Pa3pemrnMocTb B 0600IIEHHBIX KBapaTy-
pax B HalIMX IIPeJNONIOKEHUAX BIeYeT TPEeyroJbHOCTb MaTPHUI] MOHO-
Zpomuu (iemMMa 2.9) u, ciefoBaTeNbHO, TPEYTOJIbHOCTD TPYIIHI ['amya
(1temMma 2.10). [ToaToMy MBI HAXOAWMCS B PaMKax IMPUMEHUMOCTU KpU-
Tepus, IPUBEAEHHOro B KoHIe § 8 miaBel 3. Ham HYXHO NpeBpaTUTh

15ty Buzpl Pa3pennMOCTH pa3aNdyaloTcsa, eCJIM He OTPaHUYMBATh BeJMYUHBI K03ddu-
IIUEHTOB.
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§ 2. Teopus l'asya cucreM ypaBHeHui tuna Pykca

yCIOBHUA Ha IpynIly 'ajmya M3 3TOro KpUTepUsa B YCIOBUA HA MaTPHUILIbI-
BBIYETHL A;.

YcnoBus Ha rpynmy [amya U3 xkpuTepua § 8 miaBbl 3 5KBUBaJIEHTHBI
TeM Ke YCIOBUAM Ha MaTpUllsl MOHoApoMuu My, ..., M. HacTUYHO MBI
aTo poBepwau B seMMe 2.10. OcTanbHaa NpoBepKa CTOMb XKe HeCJI0XKHa.

B npeamnonoxeHnaX Halllel TeopeMbl yCI0BHe IIPUHAAIE)KHOCTH MaT-
puIl MoHOApOMUU M;, ..., M, HEKOTOpOI anrebpe ¢ efuHUIIEN, HATIPU-
Mep anrebpe TPeyroMbHBIX WK AUAaTrOHATbHBIX MATPHI], SKBUBAJIEHTHO
TOMY K€ YCJIOBHIO Ha MaTPUIIBI-BBIUETHI A1, ..., A, (cieacTBue u3 1. 2.1).

Cob6cTBEeHHBIE YKCIa MaTpULlbl M; GyAyT KOPHAMU U3 €UHUIIBI WIN
€ZIMHUIIAMH, €CJTU U TOJBKO €CJIM COOCTBEHHBIE YHCIa MAaTPHUIIbI A; — pa-
IIMOHAaJIbHbIE WU Liejble uncaa (cm. 1. 2.1).

Teneps HaIll KPUTEPHUH BBITEKAaeT U3 KpUTepUs § 8 miaBsl 3. O

3AMEYAHUE. Hesagonro g0 cMepty AHApel AHAapeeBud Bonubpyx
CKa3aJl MHe, 4TO, [10 €0 MHEHUIO, B YCIOBUAX KPUTEPUA pa3pelliuMOCTH
TpebGOBaHUE MAJIOCTH MAaTPUILL A; MOXKHO OCJIaOUTh. JJocmamouHo auisb
mpebosams, umobbl cOOCMBeHHblE UUCA FIMUX MAMPULY, 6bLIU MATbL.

2.4. CusipHasA HEpa3pelINMOCTh YpaBHeHUH. Tononoruyeckas Teo-
pus laya TIO3BOMIAET YCWINTD KJIACCUYEeCKHe Pe3y/IbTaThl O Hepa3peln-
MOCTHU YpaBHEHU!I B ABHOM BU/IE.

['pymma MOHOZApPOMUHU airebpandecKol QYHKIMHU COBIAZAET C T'PYII-
ot ['ajlya COOTBETCTBYIOLIETO pacIIupeHus ['asya mos paruoHaIbHBIX
¢bynkiuii. [Toatomy cormacHo Teopuu lamya 1) aneebpauueckas @yHk-
yusi npedcmasuma 8 paoukanax, ecau U MmoJjabko ecall ee 2pynnd MOHO-
opomuu paspewuma; 2) aneebpauueckas GyHKUUS 8blpANCAEMCS Uepe3
PAyUOHANBHBlE GYHKUUL NPU NOMOUWU pAOUKANO08 U peuleHUs anzebpa-
uueckux ypasHeHuil cmeneHu k, eciu u moavko ecau ee epynna mMoHoOpo-
Mmuu k-paspewuma.

VI3 Hamux pesynbTaToB (CM. M. 7.2 TJIaBHL 5) BBITEKAeT TaKoe Clef-
CTBHE.

CaeactBuiE 211. 1. Eciu epynna MoHoOpoMuu anzedpauueckozo
YpasHeHUsl HAO NoneM PAYUOHANBHLIX PYHKUUI Hepaspewumd, mo ez2o
peuleHile He NpUHAdencum kaaccy GyHkyuil, npedcmagumsblx npu NOMo-
WU 00HO3HAUHBIX F-PyHKUUL U K8adpamyp.

2. Ecnu epynna moHoOpomuu aneebpauueckozo ypagHeHus He k-paspe-
wuma, mo ezo peuleHue He NpuHaodnexcum kadccy gyHkyuil, npedcmagu-
MblX NPU NOMOWU 00HO3HAUHBIX F-PyHKyull u k-keadpamyp.
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I'maBa 6. Paspeurnmocts ypaBHeHuUl Trma Pykca

AHaJIOTUYHBIM 06pa30M YCHIMBAIOTCS PE3YJbTaThl O HEpPa3pelnMO-
CTU B IBHOM Buzle u3 1. 1.1, 1.3 u 2.3.

CaeacTBUE 2.12. Ecau epynna MOHOOPOMUU JUHETIHO20 dudpgepeH-
UUANIbHO20 YpABHeHUs HAO0 NoJieM DPAUUOHANbHbIX (YHKUULL Hepaspe-
wuma (He k-paspewuma, He noumu paspewiuma), mo obujee pewieHue
YPAasHeHUsl He NpuHaodiexcum kaaccy @yHkyuil, npedcmasumvlx npu
nomowt 00HO3HAUHbIX F-PyHkyull u keadpamyp (k-keadpamyp, 0606-
UWeHHbLX K8adpamyp).

CaeacTBUE 2.13. Ecau epynna MOHOOpOMUU cUCMeMbl JUHEUHbIX
OudPepeHyUANbHBIX YPABHEHUTL HAO NoJieM PAUUOHANBHBIX GYHKUYUIL
Hepaspewuma (He k-paspewiuma, He noumu paspewuma), mo no kpat-
Hell mepe 00HA U3 KOMNOHEHM NOUMU KAXC0020 pelleHUsl He Jiencum 8
knacce PyHkyuil, npedcmasuMblx ¢ NOMOULBIO 00HO3HAUHBIX F-PyHKUULL
u keadpamyp (k-kgadpamyp, 0606uleHHbLX K8AOpamyp).

CneacTBUE 2.14. Ecau cucmema OouddepeHyuanbHulx ypagHeHuil
muna Dykca ¢ maneHbKUMU KOIPPUUUEHMAMU He SA8JLAeMCSL MPeY20Jib-
HOll, mo no kpatiHetl Mepe 00HA U3 KOMNOHEHM NOUMU KANCO020 PelleHUs.
He Jlewcum 8 kaacce GyHKUUil, npedcmagumblx ¢ NOMOWbI0 00HO3HAUHBLX
F-pynkyuii u keadpamyp (k-keadpamyp, obobujeHHbLX K8adpamyp).

§ 3. OTOBPAXEHME ITIOJIVIIZIOCKOCTHW HA MHOTOVI'OJIbHUK,
OTPAHUYEHHBIN AYTAMU OKPYKHOCTEM

B aTom maparpade K1accUPUIMPYIOTCI MHOTOYTONbHUKU G, OTpaHU-
YeHHBIE AyTaMH OKPYKHOCTeH, I KOTOPBIX QYHKIUA f,, 3ajarolnas
oTobpakeHre PuMaHa BepxXHel MOTYIIOCKOCTH HAa MHOTOYTONBHUK G,
MpeCcTaBUMa B ABHOM BuZe. MBI MOTb3yeMCsI MPUHIIUIIOM CUMMETPUU
Pumana—IlIBapiia ¥ omucaHWeM KOHEYHBIX IOATPYIII I'PYIIbI APOGHO-
JIMHEWHBIX MPeobpa3oBaHUH.

3.1. I[IpuMeHeHUEe NPUHLINIA CUMMETPHUH. PacCMOTPUM Ha KOMII-
JIEKCHO¥ IUIOCKOCTH MHOTOYTONBbHUK G, OTPaHUYEHHBIH [yTaMu OKPYXK-
Hocreli. CorsacHO TeopeMe PuMaHna cyinecTByeT GYHKIUA f;, oTOOpa-
JKarolas BEPXHIOIO MOMYIUIOCKOCTh Ha MHOTOYTONBHUK G. DTO 0TOoOpa-
JKeHUe uayvasoch Pumanowm, IlIBapiiem, Kpucroddenem, KieiitHom u
ApyruMu. HamoMHUM HY)XHbIEe HaM KJIaCCUYEeCKUe Pe3y/bTaThl.

O6o3HaunM 4yepe3 B = {b;} mpoo6pas MHO)KeCTBa BEPIIUH MHOTO-
yroiapHUKA G Ipy oTobpaskeHUN f;, depe3 H (G) — rpymmy KOHGOPMHBIX
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§ 3. OTobpaskeHue MOMYIUIOCKOCTA Ha MHOTOYTOJBHUK

mpeobpa3oBaHuil chephl, TOPOXKJEHHYI0 WHBEPCUSMH OTHOCHUTEIBHO
CTOPOH MHOTOYTOJIbHUKA, U Uepe3 L(G) — NOATPYIIIy UHAEKCA 2 TPYIIIIBI
H(G), cocTosIyto U3 ApoO6HO-THHEHHBIX Tpeobpa3oBaHuil. 3 mpUHIU-
na cuMMeTpuu Pumana—IlIBapiia BEITEKaeT cleAyrollee

YTBEPKAEHUE. 1. Dynkuyus f; mepomopdro npodonxcaemcst 80016
8cex Kpusblx, He nepecekaroiyux MHodxcecmeo B.

2. Bce pocmku MHO203HauHOU dyHKyUU f; 8 Heocoboil mouke a ¢ B no-
Jyuaomest npumeHeHUeM K GUKCUPOBAHHOMY POCMKY f, epynnst Opo6HO-
JuHeliHblx npeobpasosanull L(G).

3. Ipynna moHodpomuu ¢yHkyuu f; usomopgdra epynne L(G).

4. Oxono mouek b; Pyrkyua fg umeem ocobenHocmu credyouiezo 6u-
da. Ecnu 6 eepwune a; mHozoyzonbHuKa G, coomeemcmeytoweil mouke
b;, yeon a; e pasen 0, mo dynkyua fg OpobHO-nUHElHbLM NPe0bpaso-
gaHuem npusooumcsi K sudy fq(z) = (z — bj)ﬁinp(z), 20e B;=a;/2m, a
dynryus ¢ (2z) 2onomopdra oxono mouxu b;. Ecnu e yeon a; pasen 0,
mo gyHkuus fgz OpobHO-TUHeliHbIM NPe0bpa3osaHuem NpUBOOUMCS K 8U-
9y fo(2) =In(z) + ¢ (2), 20e ¢ (2) 20n0MOppHa okono b;.

VI3 Haummx pe3y/bTaTOB BBITEKAET, YTO eCau QYHKIUA f; MPeACTaBU-
Ma B 060011IeHHBIX KBaZipaTypax, To rpymna L(G) u BMecTe ¢ Hel rpymmna
H(G) nexar B knacce A{(C, ).

3.2. I'pynmbl ApOOHO-TMHEHHBIX U KOHGOPMHBIX Ipeospa3oBa-
Huii kinacca A (C, ). Ilyctb m — sanumopduam rpymiist SL(2) maTpuil
2-T0 TopsAAKaA C onpezenuTeneM 1 B rpyniry Apo6HO-THHEHRHBIX ITpeobpa-

30BaHUi L,
o (@ b _, e+ b
*\c d cz+d’

Tak kak ker 7 =Z,, rpymna L C L u rpymma nn~ (L) = € SL(2) nexar
B kiacce #{(C, #') ogHOBpeMeHHoO. ['pymmia [ — MaTpuyHas Tpymmna, mo-
3TOMY OHa JIeXXUT B kiacce ./ (C, '), ecu v TONTbKO eciv OHa obazaeT
HOPMaJIbHBIM ZiesiuTenieM [ KOHeYHOr o MHAEKCa, IPUBOAAILIMMCA K Tpe-
YTOJIbHOMY BUZY. (OTOT BapuaHT TeopeMbl JI1 BepeH U B MHOI'OMEPHOM
MIPOCTPAHCTBE U UTpaeT BAXKHYIO PoJib B AUPpPepeHINaNbHON TeOpun
Tanya; cM. § 6 maser 3.) ['pymma Iy cocTOUT U3 MaTpull BTOPOTO MOPAZA-
Ka, I03TOMy rpymmna [y IpuBOAUTCA K TPEYTOJIbHOMY BUZY B OZHOM U3
C/IeyIOLIUX TPeX CIy4aeB:

1) rpymmna I’y ©MeeT eJUHCTBEHHOE COOCTBEHHOE OJHOMEDPHOE MOJ-
IIPOCTPaHCTBO;

223



I'maBa 6. Paspeurnmocts ypaBHeHuUl Trma Pykca

2) rpymnna Iy uMeeT iBa COOCTBEHHBIX OZHOMEPHBIX MOANPOCTPAH-
CTBa;

3) rpynmna Iy UMeeT AByMepHOe COOCTBEHHOE MTPOCTPAHCTBO.

IlepeiizieM Temeps K TpyIIe Apo6GHO-THHEHHBIX Tpeobpa3oBaHuii L=
= n(I"). Ipynna L npusaznesxut knaccy #(C, ), ecu ¥ TOMbKO ey
OHa o6JyaZiaeT HOpMabHLIM AenuteneM Ly = 1([;) KOHeYHOTrO UHAEKCa,
MHOKECTBO HETOABIDKHBIX TOYEK KOTOPOTO COCTOUT M3 OJHOM TOYKH,
WU U3 [IBYX, WIU U3 Bcell cdhepbl Pumana.

I'pyma KoHGOPMHBIX mpeobpazoBanuit H ob1azaeT moArpymmnoit L
nHAeKkca 2 (WM uHzAekca 1), cocTosie u3 ApobHO-TUHEWHBIX TTpeobpa-
3oBaHwMit. [103TOMY /151 TPYIIIbl KOHGOPMHEIX peobpasoBaHmii H kiac-
ca #(C, X') cnpaBeAJUBO aHAJIOTUYHOE YTBEPKAEHUE.

JIEMMA O KOH®OPMHBIX ITPEOBPA3OBAHUAX KJIACCA A (C, ).
Ipynna xoHgopMmHbIX npeobpazosaHull cdepbl npuHadielcum Kiaccy
M(C, A), ecau u MONLKO eciuU 8blNOJHEHO 00HO U3 MpeX YCA08UlL:

1) epynna umeem HenooBUNCHYO MOUKY;

2) epynna umeem UHBAPUAHMHOE MHONCECMBO, COCMOsLee U3 08YX MO-
Yek;

3) epynna koHeuHd.

JleMMa BBITEKAEeT U3 MPEJBIAYIIEro, TaK KaK MHO)XXECTBO HETIOJBHIK-
HBIX TOYEK HOPMAaJIbHOTO JIENUTENSI WHBAPUAHTHO OTHOCUTEIBHO JIEH-
CTBHA TPYHIBL. XOPOIIO M3BECTHO, YTO KOHeUHds 2pynnad L Opo6Ho-nu-
HeliHblX npeobpazosanuil cdhepbl OpoOHO-NUHElIHOU 3ameHOl KOOpOUHa-
mbl NPUBOOUMCS K 2pynne 8pawjeHull.

HeciokHO MOKa3aTh, YTO €CIM MPOU3BENEHUI0 WHBEPCHH OTHOCH-
TeJIbHO /IByX Pa3HBIX OKPYKHOCTeH Ipu cTepeorpadpuuecKoii MpoeKIuu
COOTBETCTBYET BpallleHre chephl, TO 3TUM OKPY>KHOCTSAM COOTBETCTBY-
10T GOsIbIIMe KpyrH. IT09TOMY Kaxas KoHeuHds 2pynna H koH@opmHbIX
npeobpazosaHull, NOpoNICOeHHAST UHBEPCUAMU OMHOCUMENbHO OKPYHCHO-
cmetl, OpoOHO-TUHeLHOU 3ameHOl KOOPOUHAMbL NPUBOOUMCS K 2pynne
dsudceHULl chepbl, NOPONCOEHHOL OMpPaXceHUAMU.

XopoIIIo M3BECTHBI BCe KOHEYHBIE TPYIIITBI ABM)KEHUH, TTOPOXKIEHHbBIE
oTpakeHUsaMU. Kaxiasa Takas rpyma ecTb IpyIina ABMKEHUH OHOTO U3
CJIeIIONINX Te:

1) mpaBUIBHOM N-yTOJbHOU MUPAMUZBL;

2) n-yroJpHOTO AU3ApA, WIK Tesla, 06pa3oBaHHOTO ABYMs PaBHBIMH
MPaBWIBHBIMHU N-YTOJBHBIMU MUPaMUJAMU, CKI€EHHBIMH TIO OOIIeMy
OCHOBaHUIO;
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§ 3. OTobpaskeHue MOMYIUIOCKOCTA Ha MHOTOYTOJBHUK

3) TeTpasapa;

4) xyba WM OKTaszpa;

5) nozekaszApa Wi UKocasapa.

Bce 3TU TpymIIBl ABWXKEHUM, 38 WCKIOUEHUEM TPYIIIB AoAeKasApa-
WKocasZpa, paspemuMsl. Ha cdepe, IIeHTp KOTOpPOH COBIAZAeT C IieH-
TPOM TSKECTH TeJla, IUIOCKOCTH CUMMETPHH Tejla BLICEKAIOT HEKOTOPYIO
CeTKy 60JbIInX KpyroB. CeTKH, COOTBETCTBYIOIINE TIEPEYUCIEHHBIM Te-
saM, OyzZeM Ha3BIBaTh KOHEYHBIMHU CETKaMU OONbIINX KpyroB. CTepeo-
rpaduyecKkue IPOeKIINY KOHEYHBIX CEeTOK N300paKeHkl Ha puc. 3.

3.3. HHTerpupyemsle ciy4au. BepHeMmcsa K BOIIPOCY O NpeACTaBU-
MocTu QYHKIINU f; B 0000IIEeHHBIX KBaZpaTypax.

PaccMOTpHM BO3HUKAIOIIME CIy4au M TOKAKEM, YTO HaliZileHHbIE
YCJIOBUS Ha TPYIITy MOHOAPOMUU HE TOJTHKO HEOOXOAMMEBI, HO U JOCTa-
TOYHBI JIS IPEJICTABUMOCTY QYHKIINH f; B 0O0OIEHHEIX KBAaPATypax.

ITepBBIil ciaydail mHTerpupyemocTtu. I'pynna H(G) uMmeeT Helo-
JBIDKHYIO TOYKY. DTO O3HA4YaeT, YTO MIPOAOIKEHUA CTOPOH MHOTOYTOJIb-
HUKa G TIlepeceKaloTcsi B OJHOM Touke. IlepeBoAs 3Ty TOYKY ApPOOHO-
JIMHEHRHBIM NTpeoOpa3oBaHUeM B 6€CKOHEYHOCTD, MOTYYUM MHOTOYTOJIb-
HUK G, OrpaHMYeHHbIH OTPe3KaMU MPSAMBIX.

Bce npeo6pasoBanuA rpymmsl L(G) uMeroT BUz z — az +b. Bce pocTku
dyakmy f = fz B He0Co60Il TOUKe ¢ IONYYAIOTCA TPUMEHEHHUEM K GHK-
CHPOBaHHOMY pOCTKy f. rpymmsl L(G), fc_—> af. +b. Poctok R, = fc” / fc’
WHBapUaHTeH NIpHu JelicTBuu rpynnsl L(G). 3Ha4uT, pocToK R, ecTh po-
CTOK 0ziHO3HA4YHOM GyHKIMU. Ocobble TouKM b; GyHKIMM R, MOTYT GBITH
JIUIIb TTOMIocaMu (CM. yTBepkJeHue u3 1. 3.1). IToatomy ¢yHkIuA R, pa-
IHOHATbHA. YpaBHeHue [/ f' =R uHTerpupyeTcs B KBapaTypax. JTOT
Clydail MHTerpHpyeMOCTH XOPOIIOo U3BecTeH. OYHKIHA f B 3TOM ciIydae
HasbIBaeTcs uHTerpasom Kpucropdens—IllBapiia.

Puc. 1. [lepBbIHi cIy4ail UHTETPUPYEMOCTU
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Bropoii ciyuait uHTerpupyemoctu. I'pynmna H(G) uMeeT UHBapH-
AHTHOe MHOXKECTBO, COCTOsAIIEee U3 ABYX ToYeK. DTO O3HAYAET CYIECTBO-
BaHUe TAaKUX /JIBYX TOYEK, YTO JJIA KaKJOU CTOPOHBI MHOT'OYT'OJTbHUKA
G TOYKU WIM WHBEPCUOHHBI OTHOCUTENBHO CTOPOHBI, WIH JIeXKaT Ha ee
MIPOAIODKEHUHU. [lepeBeieM 3TH TOYKU JPOOHO-TMHEHHBIM IIpeo6paso-
BaHHEM B HyJlb U B 6€CKOHEYHOCTb. MBI MOMYyYMM MHOTOYTOMBHUK G,
OTpaHWYEeHHBIN AyraMu OKPYKHOCTeH c LeHTpaMmu B Touke 0 U OTpes-
KaMH Jiyded, BeIxoaamux u3 Touku 0 (cm. puc. 2). Bee npeo6pasoBaHHH
rpymme L(G) UMeroT BUZ z — az, 2 — b/z. Bee pocTku dyHKIMH f = f5 B
He0cob0# TOUKe ¢ MOMy4aroTCsa IpUMeHeHreM K GUKCUPOBAHHOMY POCT-
Ky f. mpeo6pasoBanuii rpymms! L(G):

fe—=af,  fo—b/f.
Poctox R, = ( f_c’ / f_c)2 WHBapUaHTeH IIpU JelicTBuu rpynnsl L(G) u AB-
JIIeTCST POCTKOM OfHO3HAuHOM ¢GyHKIMU R. OcobeHHOCTH GyHKIMU R
MOTYT OBITH JIMIIb MOMIOCaMU (CM. yTBepXkzeHne u3 I. 3.1), mosTomy

dyHKuMA R parmonansHa. YpaBHenue R = (f'/f)? unrerpupyercs B
KBaJpaTypax.

Puc. 2. Bropoii ciyyail MHTerpUpyeMOCTH!

Tpetuii ciyyail uHTerpupyemMoctu (cMm. puc. 3). I'pynma H(G)
KOHeYHa. JTO O3Ha4yaeT, YTO MHOTOYTOJIbHUK G JpOOGHO-TMHEHHBIM
npeo6pa3oBaHueM IIepeBOAUTCA B MHOTOYTOMTBHUK G, CTOPOHBI KOTO-
POTO JIeXXaT Ha HEKOTOPOW KOHEYHOU ceTKe GOMbIIMX KpyroB. I'pyrma
L(G) xoHeuHa, U, clejoBaTelbHO, GYHKIIUA f; KOHeYHO3HayHa. Tak Kak
BCe 0COOEHHOCTH QYHKIIUU f; CTEMEHHOTO TUMA (CM. YTBEpXKAEHUE U3
. 3.1), To dyHKIMA f; ecTh anrebpandeckas QyHKIUS.

OcTaHOBUMCA Ha cjly4ae KOHeuHoU paspemmMoii rpymnmsl H(G). Ta-
KOH cyiy4all BO3MOXKEH, €CJIU U TOJMBKO €CJIM MHOTOYTONBHUK G APOOHO-

JIUHEeHHBIM TIpeo6pa3oBaHKeM TepeBOJUTCA B MHOTOYTONbHUK G, CTO-
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CeTka n-yroapHOM nupaMuzel (n=~06) CeTka n-yroiapHoro gudzapa (n==06)

CeTKa ZiofieKaspa-uKocasapa

Puc. 3.
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POHBI KOTOPOI'O JIEKaT HAa KOHEYHO! CeTKe, OTIMYHOM OT CEeTKU Jo7e-
Kaszipa-ukocaszpa. B arom ciaydae rpynna L(G) paspemuma. [IpumeHss
Teopuio ['ajnya, Jierko mokasaTh, YTO B 3TOM ciay4dae QYHKUUA f; Mpea-
cTaBiseTcsA Yepe3 palroHalbHble GPyHKIIUY IIPU ITOMOIIU apudMeTHye-
CKUX OIeparuii U paZiuiKajoB.

V13 Hamux pe3ynbTraToB (CM. II. 7.2 IJIaBbl 5) BBITEKaeT

TEOPEMA O MHOTOYTOJIbHUKAX, OTPAHUYEHHBIX IVTAMU OKPY-
)KHOCTEHN. /na nt06020 MHOoz20yeonbHUKA G, He OMHOCAWE20Cst HU K
00HOMY U3 NepeulCc/eHHbIX 6bllle Mmpex Cayuded UHMezpupyemMocmu,
dyHKkyua f; He Mosbko He npedcmaguma 8 0606UeHHBIX K8adpamypax,
HO U He 8blpajcaemcsi uepe3 00HO3HAUHble F-PYHKUUU NpU NOMOUU
0606uWeHHbIX K8adpamyp, cynepnosuyuil u MepomopgPHbsix onepayuil.
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I'maBa 7

MHOTOMEPHAA TOIIOJIOTHUYECKAA TEOPUA TAJIYA

§1. BBEJIEHUE

B Tomonoruyeckoi Teopum lamya A1 GYHKIMN OZHOW IepeMeHHOM
(cm. m1aBy 5) 0KA3bIBAETCH, YTO XapaKTep PacCIOIOKEeHUs PUMaHOBOM
MOBEPXHOCTH GYHKIIMY HaZ KOMIUIEKCHOHN IPSMON MOXKET IIPENATCTBO-
BaTh IPEACTAaBUMOCTH 3TON GYHKIMM B KBaJpaTypax. DTO He TOIbKO
00BsCHSET, MOYeMy MHOTHe AuddepeHITMaTbHble YpaBHEHUS HE pe-
marmTcs B KBaZparypax, HO U JaeT Haubosee CWIbHBIE H3BECTHBIE
pe3ynbTaThl 00 UX HEPa3peUIMMOCTH.

MHe Bcerzia Ka3auaoch, 4YTO ITOJHOIEHHOTO MHOTOMEPHOTO BapyaHTa
TOTIOJIOTUYECKOH Teopuu ['ayya He cyiiecTByeT. Jlesio B TOM, 4TO JJIs O-
CTPOEHUA TAKOTO BapUaHTa B CJlydae MHOTUX MEPEMEHHBIX HY)KHO OBI-
J0 6B UMeTh UHGOPMALIUIO O TPOJOKAEMOCTHA POCTKOB (GYHKIIMI He
TOJIBKO BHE X MHOXKECTB BETBJIEHUSA, HO U BZIOJIb TAKUX MHOXKeCTB. A Ta-
Ky1o nHGOPMAIIUIO B3ATh Bpo/ie ObI HEOTKYZA. TolMbKO BecHOU 1999 roga
s HEOXKUJAHHO 3aMETWI, YTO POCTKU GYHKUIMI BpeMeHaMU aBTOMAaTH-
YeCKH IIPOZOIKAIOTCS BJOIb MHOXKECTBA BeTBJIeHHUA. VIMEHHO TIO3TOMY
MHOTOMepHas TOIoJIorndeckas Teopus [anya Bce-TaKu CyIecTByeT. JTa
Teopus 06CyKZaeTcsl B HaCTOsAMIEH I1aBe. B § 2 omuchiBaeTcss CBOMCTBO
MPOAODKaeMOCTH GYHKITUH BJOJb UX MHOXKECTB BETBJIEHUs, KOTOPOE,
KaK MHe KQXKeTCs, IPE/ICTABIAET U CAMOCTOATENbHBIN HHTEPEC.

[Tycts f —MHOTO3HaYHaAsA aHanuTHYeckas ¢yHkiua Ha C", 111 Ko-
TOpOU ompezeneHa rpymnmna MoHoapomud. Ilyers : (Y, y,) — (C*, a) —
aHaTUTUYeCKoe OTOoOpakeHHe MHoroobpasus Y B C". Poctok 7*(f),,
MOXKET OBITh POCTKOM MHOTO3HAYHOW (QYHKIMM Ha MHOroobpasuu Y,
JUIsl KOTOPOU oIlpeZiesieHa I'pyIia MOHOAPOMMH. Takas cuTyalusa BO3-
MOJKHA, JJa’Ke eCJIU TOYKA d JIEKUT B MHO)KECTBE OCOOBIX TOUEK GYHKIIUHI
f (HeKoTOpBIE U3 POCTKOB MHOT'O3HAYHOU QYHKIIUM f MOTYT OKa3aThCsA
HEOCOOBIMU B 0COOBIX TOUKaX 3TON QYHKIIMM) U MHOTOOOpasue Y oTob-
pakaeTcs B 9TO MHOXKECTBO. MOXKHO JIM OL[EHUTD T'PYIIIEl MOHOAPOMUH
WHIYIUPOBAHHOW TaKUM CIIOCOO0M MHOTO3HAaYHOU (YHKIIMU dYepe3
T'PYIIIY MOHOAPOMUY UCXOAHOU GyHKIMM f (BEPHO JH, HAIPUMED, UTO
ecv Tpymnna MoHoApoMuM GYHKIMU f paspelinMa, TO pa3peuruMma u
I'pyIia MOHOJPOMUY KaXKJ0W WHAYIIMPOBAaHHOU U3 f GyHKIMM)? B § 3
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3TOT BOMpPOC GOpMyaUpyeTcs OGolee TOYHO M HA HETO JAeTcs IOJIOXKU-
TeJabHBIN oTBeT (cM. 1. 3.4, 3.5).

OmnmcaHue CBA3U TPYIIIBI MOHOAPOMHUU UCXOAHOUW QYHKIUU C I'PyTI-
maMyd MOHOZAPOMHM WHAYIMPOBAHHBIX TAKUM CIIOCOOOM GYHKIUI ITO-
Tpe6oBaIO BBEAEHUs ONEPAIMH HMHAYIIMPOBAHHOI'O 3aMBIKAHUS I'PYII
(cMm. m. 3.2). B cBoio ouepeb, UCMONb30BAHUE 3TOM Omepariiu BBHIHYXK-
JlaeT IepecMOTpPETh OIpeZie/ieHUs Pa3IMYHBIX KJIaccoB IMap Ipyni (cM.
m. 3.5), BCTpevyamIIuxXcsi B OJHOMEPHOM BapHaHTE TOIOJOTHUYECKOMN
Teopum lamya (cM. miaBy 5). B § 3 cTposaTcsa ompezeneHus, Mmo3Bo-
naomue paborath ¢ GYHKIMAMH MHOTHUX TepPeMEHHBIX, MUMEIOIINMU
BCIOZly IUIOTHBIE MHO)KECTBA OCOOBIX TOYEK M KOHTHHYaJbHbIE I'PYIIIIBI
MOHOZPOMMUHU.

B rmaBe 5 omucaH OOUIMPHBIN KTace 6eCKOHEYHO3HAUHBIX (QYHKIIHI
OJHOM TIepeMeHHOM, /i1 KOTOPHIX OIpeesieHa TPyIa MOHOAPOMUHU.
CymiecTByeT JIM OCTAaTOYHO IMMPOKHUH KJIACC POCTKOB OeCKOHEeYHO3HAY-
HbIX QYHKUMM MHOTHX NepeMeHHBIX (cofepkauuii pocTKU (QYHKIUH,
MIPeCTaBUMBIX B 0000IIEHHBIX KBaIpaTypax, U POCTKU LENbIX GYHKIUH
MHOI'MX [IepEMEHHBIX U 3aMKHYTBIII OTHOCUTENIbHO €CTeCTBEHHBIX OIle-
palui, TaKUX Kak omeparus Cylnepro3uliu), 06aafaonux aHaJIoruy-
HBIM cBoMcTBOM? [losiroe BpeMs sl CYUTAJI, YTO OTBET Ha ITOCTaBIEHHbIN
BoIpoc otpuriaresnieH. B § 4 onpezensercs knace & 6-poCTKOB, JAIOIINH
IIOJIOXKUTEIBbHBIY OTBET Ha 3TOT BoIlpoc. /loka3aTelbCTBO HCIIONb3YyeT
pe3y/IbTaThl O MPOAOIKAEMOCTH MHOT'O3HAYHBIX aHAIUTUYECKUX (QYHK-
UM BAOJIb UX MHOXKECTB BeTBIeHus (cM. § 2).

OcHoBHas TeopeMa (cM. II. 4.5) onuchiBaeT U3MeHeHUs I'PyIIl MOHO-
ZIpOMUI & 6-POCTKOB, KOTOPHIE IIPOUCXO/AT B pe3y/bTare MpUMeHeHUA
K POCTKaM eCTeCTBEHHBIX omepaluii. OHa oueHb 6JIM3Ka K COOTBETCTBY-
folei! ogHOMepHOU TeopeMe (cM. § 6 TIaBBl 5), HO MCIOMB3YET TaAKXKe
HOBBIE Pe3yJIbTaThl aHATUTHYECKOTO (CM. § 2) U TEOPETHUKO-T'PYIIIOBO-
ro (cm. § 3) xapakrepa. Kak ciezcTBUe MOIy4aroTCA TOIOJIOTHMYECKUE
Pe3y/bTaThl O Hepa3pelIMMOCTH YpaBHEHUH B IBHOM Buze, 6oyiee CUIb-
Hble, YeM aHaJIoTM4yHble KlacCuyecKye TeOpPeMBl.

B 1. 1.1 onpezienAtoTcA onepanyuy HaJi MHOTO3HAYHBIMU QYHKIUAMU
MHOTHUX TepeMeHHBIX (KOTOphle MOHUMAIOTCS B HEMHOTO Gojyee orpa-
HUYeHHOM CMBICTIe, YeM OIlepaluy HaJ MHOTO3HAYHBIMU (QYHKIMSIMU
oZfiHOM mepeMeHHoOI). B 1. 1.2-1.4 onpezensaioTca IUyBUIIEeBCKUE Kac-
cel GyHKUME U pacupeHud JInyBwina auddepeHIaIbHBIX GYHKINO-
HaJIBHBIX MOJeH i crydas GYHKIIUHA MHOTUX [TepeMEHHBIX.
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§ 1. BBegeHue

1.1. Omepanuu HajJ, MHOTO3HAYHBIMU GYHKIHUAMU MHOTHX Iepe-
MeHHBIX. Omepanuy HajJ MHOTO3HAYHBIMM GYHKIIUAMU B HACTOSIIEN
IIaBe TIOHUMAIOTCS KaK OIepaluy HaJZ UX OFZHO3HAYHBIMU POCTKAMU
(cp. m. 2.2 BBefleHUa K 3To¥ KHUre). IlycTh QUKCHpPOBaH Kjacc oc-
HOBHBIX (QYHKIIMI M 3amac JOMyCTHUMBIX Ollepaluii. BelpaxaeTcs u
3azlanHasg QYHKIUA (ABIAIOUIASACA, CKaXKEM, pelleHWEM JaHHOTO ajl-
rebpandeckoro wiu AuddepeHIINaTbHOTO YPaBHEHNS WINM BO3HUKIIAA
U3 KaKUX-TUOO JPYyrUx cOooOpakeHWi) uepe3 OCHOBHBIE (YHKIIUU C
MIOMOITBIO JOIYCTUMEBIX olepanuii? Hac MHTepecyloT pa3indHble 00HO-
3HAUHble 8emeU MHOTO3HAYHBIX GYHKIMI Ha/l pa3TMYHBIMU OOIACTIMU.
Kaxzayro QyHKIIUIO, ZIaKe eCTU OHA SBJISIETCI MHOTO3HAYHOU QYHKIIMEH,
MbI OyzZleM paccMaTpuBaTh KaK COBOKYITHOCTb BCEX €€ OZHO3HAYHBIX
BeTBeil. MBI OyZeM TpPUMEHATH JOMYCTUMBIE Ollepaiuu (Takue Kak
apudMeTHUIEeCKUe OIepally WIN OINEpaIUi0 B3ATUS CYIEPIIO3UIIUN)
JIUIIb K OZHO3HAYHBIM BeTBAM GYHKIIWN HaJ Pa3INIHBIMU OOJIACTAMU.
Tak KaKk Mbl UMEEM [IeJI0 C aHATUTUYECKUMU (GYHKIUAMHU, TO B Kaue-
CTBe 06JIacTell OCTATOYHO pacCMaTPUBATh JIUIIL Majble OKPECTHOCTU
TOYEK.

Bompoc Tenepb BUZOU3MEHSETCA CIEAYIONUM 00pa3oM: 8blpajcaen-
€Sl U 3a0aHHbLIL pocmoK PyHKYUU 8 3a0aHHOLL mouKe Uepe3 POCMKU OC-
HOBHBIX PyHKUULl npu nomowu donycmumsix onepayuil? KoHedHo, OT-
BeT 3aBHUCUT OT BbIOOpA TOYKHM U OT BHIOOPA OZHO3HAYHOI'O POCTKA B
3TOU TOYKe 33/[aHHOM MHOro3HayHOU ¢yHKunMu. OJHAKO OKa3bIBAETCH,
9TO (4J11 MHTEPECYIONUINX HAC KJIaccoB GYHKINI) MO0 UCKOMOTO BhIpa-
’KEHHS He CyLIeCTByeT HU JJI1 KaKOr'0 POCTKA 3aJaHHOM MHOTO3HAYHOU
GYHKIIMY HU B KaKOU TOYKe, TN60, HA060POT, «OZHO U TO XKe» IPe/CTaB-
JieHue O6CIy’KUBaEeT BCe POCTKU 33/JaHHOM MHOTO3HAYHOU QYHKIIUU I10-
YTU B JIIOOOM TOYKe IPOCTPAHCTBA. B mepBOM ciiyyae MbI OyZieM TOBO-
PUTB, YTO HUKAKASL 8eM8b 3a0aHHOU MHO203HAUHOU PyHKUUU He 8blpa-
Jcaemcst uepe3 8emeu 0CHOBHBIX PYHKUUTL NPU noMowU 00NYCMUMbLX One-
payuii. Bo BTopoM cirydae MbI 6yzieM TOBOPUTD, YTO TaKOe BBIPAKEHHE
cywecmsayem. B aToH mIaBe omepanyy HaJ MHOTO3HAYHBIMHU YHKIUA-
MU MHOTHUX TIepEMEHHBIX OyAyT MOHUMAThCSA B TOJIBKO UTO OMUCAHHOM
CMBICJTIE.

Jlia QyHKITUM OZTHOM TIeEpEMEHHOW MBI IMOb30BAJIUCH APYTUM, Oosee
pacIIMpeHHBIM OIpe/le/IeHHeM Ollepallii HajZi MHOTO3HAYHBIMU (yHK-
I[UAMH, B KOTOPOM MHOTO3Ha4YHash QYHKIIMs BOCIPUHUMAETCS KaK eZIu-
HBbIM 00BeKT (cM. 1. 2.1 BBefleHUS K HacTosIel kHure). OHO, B CyIII-
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HOCTH, 9KBUBAJIEHTHO Z006aBIEHUIO OTlepariiy aHATUTHIECKOT'O IIPOJOI-
’KEHUA K YMCIy JIONyCTUMBIX OoIlepaluii HaJl aHaIUTU4YeCKUMH pOCTKa-
Mu. 1 GyHKIUNM MHOTUX IIepEMEeHHBIX IIPUXOAUTCA MPUHATH OIMCAH-
HOe BhIllle 60jlee OrpaHUYUTETbHOE TIOHUMAaHUe Ollepalyii Hajl MHOTO-
3HAYHBIMU QYHKIIHUAMH, KOTOPOE, BIIpoYeM, He MeHee (2 MOXKET OBITb,
Jake Ooree) eCTeCTBEHHO.

1.2. JImyBwuieBCKHe Kaacchl GYyHKIIUII MHOTHUX IlepeMeHHbIX. B
. 1.2-1.4 onpezensioTcsa TUYBULIEBCKYE KJIACCHI GYHKITMH U pacuIupe-
HuA JInyBWwuiA QyHKIIMOHAIBHBIX AUPPepeHITUaNbHbIX ToNel A cty-
4as GYHKIIMH MHOTUX IIepeMeHHBIX. DT KJIACChl ¥ PACUIMPEeHUs OIpe-
JIeJIAI0TCA TaK XKe, KaK COOTBETCTBYIOIINE KIacChl ¥ paclIupeHus rnonen
YHKIIMHM OfHOM TepeMeHHOM (CM. I1. 2.2 BBeIeHUA K HACTOSIIEeH KHUTe
u §1 miaBel 1). PasHuila Iuib B JeTalAgX.

Mzl cuuTaeM, 4To GUKCUpPOBAHA I[eMTOYKA CTAHAAPTHBIX KOOPAWHAT-
HBIX TPOCTPAHCTB BO3paCTAIOMIMX pasMepHocTeit 0CClc...cC'C ...
C KOOPAWHATHBIMHU QYHKIIUAMU X1, ..., Xp, ... (A1 Kaxza0oro k >0 QyHK-
U X;, ..., X — KoopAuHAaTHEIe dyHKIuK B CX). Hiske MBI ompegensem
JINYBUIEBCKYE KJIAacChl GYHKIMH /1A KaKJOro CTAaHZAPTHOT'O KOODAU-
HaTHOTO npocTpaHcrpa CK.

DYHKIIUM OT n IepeMeHHBIX, [IpeicTaBUMbIe B paJuKaaax

CIMCOK OCHOBHBIX (YHKIMI: BCe KOMIUIEKCHBIE KOHCTAHTHI, BCE
KOOpAMHATHbIE GYHKINKU KaKJOT'O CTAaHAAPTHOTO KOOPAWHATHOTO IIPO-
CTpaHCTBa.

CHnMCOK JOMYCTUMBIX OIepanuii: apudMeTHIecKre orepanuy u ome-
panuu usBaeYeHus kopusa i/ f cremenu m, m =2, 3, ..., U3 3aJaHHOMH
byHKkIMY f.

PyHKYUA OM N NepemeHHblX, Npedcmasumdas 8 paduxkaiax, — 3To Jio-
6as QyHKUUSA OT TIepEMEHHBIX X1, ..., X,;, KOTOPYIO MOXXKHO TIOJYIUTb U3
MIEPEeYNC/IeHHBIX BBIIIE OCHOBHBIX QYHKIMH IpU ITOMOIIU IIepedrCcIeH-
HBIX BBIIIIE JOMYCTUMBIX Ollepaluii.

DyHKITUAA

g(xq, Xg, X3) = 3{/5x1 +22/x,+ ng +3

JIOCTaBJIAET pUMep QYHKIIUU TpeX ITepeMeHHBIX, IPeCTaBUMOU B pa-
JVIKaJax.

s oTIpeZiesieHUsT OCTAMbHBIX KIAaCCOB HAM MTOHAZOOUTCSA CIIMCOK OC-
HOBHBIX JJIEMEHTAPHBIX QYHKITUH.
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§ 1. BBegeHue

CIMCOK OCHOBHBIX 3JIeMEHTAPHBIX QYHKITHH:

1. Bce KOMIUIEKCHBIE KOHCTAHTBI M BCe KOODAMHATHBIE OGYHKIIUU
X1, ++., X, KOKIOTO CTAaHAAPTHOTO KOOPAMHATHOTO MpocTpaHcTBa C".

2. DKCIIOHEHTa, jorapudM U crerreHHas GyHKIUU x%, rae a — mobas
KOMIUIEKCHASI KOHCTAHTA.

3. TpuroHoMmeTpuveckrie GpyHKIMU: CUHYC, KOCUHYC, TAHT'€HC, KOTaH-
TeHC.

4. ObpaTHble TpUTOHOMeTpUYeckre (GYHKINM: apKCUHYC, apKKOCU-
HYC, apKTaHT'eHC, apKKOTaHT'eHC.

[lepetizieM Temepb K CIUCKY KJIACCUYECKUX OIeparuil Hal GyHKITUI-
MHU. 37ieCh PUBOAUTCS Havaslo criucka. OH OyzeT MpoJo/bKeH B 1. 1.3.

CIMCOK KJIACCUYEeCKUX OIeparfuii:

1. Onepayus cynepnosuyuu, cornoctasisatomias GyHKIMU f oT k mepe-
MEeHHBIX M QYHKIIUAM g1, ..., g OT N lepeMeHHBIX PyHKIUIO f (g1, ..., k)
OT N IepeMeHHBIX.

2. Apudpmemuueckue onepayuu, comnoctapiasaolyie GyHKIUAM f U g
dynxumn f+g, f—g, fgu f/g.

3. Onepayuu JdugpgdepeHyuposaHUs NO HE3ABUCUMBIM NepeMeHHbLM,
g GYHKIUM OT n ITepeMeHHBIX UMeeTCsS N TaKUX ONepalyii: i-A ome-
pamus comocTaBisieT GyHKIUU f OT IepeMeHHBIX X, ..., X, QYHKIIUIO
af
a_Xi.

4. Onepayus UHMe2pPUPOBAHUS, COTIOCTABIAONIAA k GYHKIUAM f, ...
..o, fr OT IEPEMEHHBIX X1, ..., Xj, A KOTOpbIX dopma a = f; dx; + ...
... + fi dx; 3aMKHYyTa, HeOIpeeleHHbIN UHTeTpaa y GOpMH a (T. €. JIfo-
6yro GyHKIMIO Y, TaKyto uTo dy = ). [Io GyHKIUAM fi, ..., fi GYHKIUI
Yy ompezessaeTcsa ¢ TOUHOCTBIO A0 aAAUTUBHOM MTOCTOSAHHOM).

5. Onepayus peuleHus aneedpauueckozo ypagHeHuUs, COTIOCTABIAIONAA
GyHKIMAM f, ..., f, GyHKIHIO Y, Takyio uto y" + fiy" 1 +...+ f, =0.
[To dyuKUUAM f, ..., f, OYHKIMA Yy ompezesieHa He BIOJTHE OZHO3HAYHO,
Tak Kak anrebpanyeckoe ypaBHEHHUE CTeIIEHU N MOXET UMETh N pellle-
HUM.

6. Onepayus 83amusl IKCNOHEHMblL UHMe2pand, CONOCTaBAoman k
byHKIUAM fi, ..., fi OT IepeMeHHBIX X1, ..., X, AJIA KOTOPBIX popMa a =
= f; dx; + ...+ fi. dx; 3aMKHyTa, SKCIIOHEHTY Z OT HEOIPeJeIeHHOTO MH-
Terpasna y ¢opMmel a (T. e. 106yi0 GYHKIUIO Z, TaKyio 4To dz = az). I1o
byHKIUAM f, ..., fi. YHKIIUA 2 ONpeZiesseTcs ¢ TOYHOCTBIO 10 MYJIbTH-
IUIMKaTUBHOM IIOCTOSHHOM.
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BepHeMcs Teneps K ONpesieIeHHI0 INYBUUIEBCKIX KJIACCOB QYHKIIHI
OT N MepeMeHHBIX.

dneMeHTapHble QYHKINU OT N IepeMeHHbIX.

CHImcoK OCHOBHBIX QYHKIINM: OCHOBHBIE 3/IeMeHTapHble QYHKITIU.

CIMCOK [OIYCTUMBIX ONEPALM: CyNepHo3ulNH, apudMeTUdecKue
omepanuy, AuppepeHIpOBaHUE.

OnemeHmapHas PyHKUYUS OM N NepemMeHHbIX — ITO JTr0basd QYHKIHA OT
HepeMEeHHBIX X1, ..., X;, KOTOPYIO MOXXHO IIONTYyYUTh U3 IEPEeUNCTeHHBIX
BbIIIIE OCHOBHBIX (GYHKIMH IMPU IOMOIIY ITepPEYUCIeHHBIX BhIIIE JOIy-
CTUMBIX Ollepanuii. DjeMeHTapHble QYyHKIIUU 3aMHChIBAIOTCA popMyIia-
MM, HallpuMep CJeAyIolIen:

f(xq, x,) = arctg(exp(sin x;) + cos x,).

AHAJIOTUYHO OIIPeZeISIIOTCA U OCTaJbHbIE JIMYBIWIIEBCKUE KJIACCHI
¢bynkiuii. [Ipu ompegeseHUM 3TUX KJIACCOB OTPAHUYMMCS CIHCKaAMU
OCHOBHBIX QYHKIIUI U AOMYCTUMBIX OIl€paIUii.

DyHKIWYU OT n MepeMeHHBIX, IpeACcTaBUMbIe B KBaJpaTypax.

CIiCcOK OCHOBHBIX QYHKIIUIA: OCHOBHBIE dIeMeHTapHble GYHKIUH.

CIMCOK [OTYCTUMBIX OIEpAlMii: CyNepHo3ulny, apudmMeTudecKue
omnepanuu, AuGpPpepeHITNPOBaHUS, HHTETPUPOBAHUE.

OO6oO61IeHHBIE 3/IeMeHTapHble GYHKINHU OT N MepeMeHHBIX. DTOT
Kkacc QyHKIIUN OmpefenseTcss B TOYHOCTH TaK »Ke, KaK KJacc dleMeH-
TapHBIX GYHKINI. Hy>KHO JIMIIb K CIUCKY JOMYCTUMBIX OTlepalluii 1o6a-
BUTH OMEPAIUIO PEIIEHUS anrebpandecKx ypaBHEHUIA.

OYHKIWK OT N IIepeMEHHBIX, IpeJCcTaBUMble B 00OOIIEHHBIX
KBaZipaTypax. JTOT K1acc QYHKIUI ONpeAeseTcss B TOYHOCTH TakK JKe,
Kak kiacc QyHKIUH, MpeACTaBUMBIX B KBajparypax. Hy:KHO JHIIb K
CIIHCKY ZIOMYCTUMBIX OIlepaluii 00aBUTh OIEpaIfio pelleHus anred-
pauvecKux ypaBHEHUH.

OyHKIMU OT N NepeMeHHBIX, NpeACTaBUMble B k-pasnKaiax.
Orort ki1acc GyHKIUI ONpesieNseTcs B TOYHOCTH TaK Ke, KaK Kiacc GyHK-
I[UH, IPeJICTABUMBIX B paZuKaaaxX. Hy»KHO JIMIIb K CIUCKY JOITyCTUMBIX
oTepanuii 106aBUTh ONEpaIUIO pelleHUs aarebpanvyecKux ypaBHEHUN
CTeIleH! He BhIIIE k.

OYHKIWK OT N NepeMeHHBIX, MpeAcTaBUMble B k-KBajApaTypax.
OToT KiIacc GYHKIMI ONpeZessieTcs B TOYHOCTU TaK JKe, KaK KJacc
byHKUIMIMA, TIpeACTaBUMBIX B KBaZipaTypax. Hy»KHO JIMIIb K CIIUCKY ZO0-
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§ 1. BBegeHue

IMYCTUMBIX OIEepalyii Z0OABUTH OIlepalHio pelleHUs aarebpandecKux
YpaBHEHUH CTelleHU He BBIIIe K.

1.3. HosBble omnpejiejieHNs JUYBIWIUIEBCKUX KjIaccoB GYHKIMN
MHOTHX IlepeMeHHBIX. Bce OCHOBHBIE dleMeHTapHble QYHKIUU CBO-
JATcA K jorapudmy U K akcrmoHeHTe (cM. iemmy 2.1 u3 riasel 1). Cymep-
MO3UIMHU ¥y =eXp f U 2=In f MOXXHO paccMaTPUBATh KaK pelleHus ypaB-
venntt dy =y df u dz=df/f. Takum o6pa3om, BHYTPU JTUYBULIEBCKUX
KJIaccoB GYHKIIMM BMECTO abCOMOTHO Healre6pandeckou onepaiyu Cy-
MIEPIIO3ULIUU JOCTATOYHO PACCMaTPUBATh OIEPALUU PEIIEHUs TIPOCTIX
muddepeHIMaTbHBIX YpaBHeHUH. TTociie 3TOro 3a1a49a O pa3penmMoCTy
B JINYBWUIEBCKUX KjaccaXx OGYHKIME cTaHOBUTCS AubdepeHIInaibHO-
anrebpanvecKoi U MepeHOCUTCs Ha abcTpakTHble AuddepeHInantbHbIe
HOJA.

[TpomomxuM HavaThIA B II. 1.2 CIIUCOK KJIACCUYECKUX Olepalruii.

7. Onepayus 83amusi 3KCNOHeHMbl, CONOCTaBIAONIAA QYyHKIMU f
¢byHkImIO exp f.

8. Onepayus e3simus soeapugma, conocTassitonias GyHkuuu f ¢yH-
kruio In f.

[IpuBeseM Telepbh HOBBIE OIpeJeeHUs TPAHCIEHAEHTHBIX JINYBUI-
JIEBCKUX KJIACCOB QYHKIUH OT N IepeMeHHbIX.

dyieMeHTapHble GPYHKIIUYU OT N IIepeMeHHbIX.

CIMCOK OCHOBHBIX (YHKIIMI: BCe KOMIUIEKCHBIE KOHCTAHTHI, BCE
KOOpAVHATHbIe QYHKINU KaXKJOTO CTAHAAPTHOT'O KOOPAWHATHOTO IIPO-
CTpaHCTBA.

CIUCOK AOMYCTUMBIX ONEpPAIMii: B3sATHE JKCIOHEHTHI, B3ATHE JIOTa-
pudma, apudmerrdeckre onepaunu, AuddepeHINPOBAHUA.

OYHKINY OT N IepeMeHHbIX, IpeACcTaBUMble B KBaZpaTypax.

CIMCOK OCHOBHBIX QYHKITUI: BCe KOMIUIEKCHBIE KOHCTAHTHI.

CIUCOK JOTYCTUMBIX OIEpAIUii: B3STHE DKCIIOHEHTHI, apudpMeTHye-
cKue ornepanuu, nuddepeHIIMPOBaHUA, UHTETPUPOBAHHUE.

OO6o001eHHbIEe 3jIeMeHTapHble (YHKIUU OT N IMepeMeHHBIX U
JyHKIIUM OT N epeMeHHbIX, IpeACTaBUMbIe B 0000IIeHHBIX KBa/-
parypax, k-kBaaparypax u k-pasiukaiax, OnpeAedioTcsa TaK XKe, KaK
COOTBETCTBYIOIIIE HEOOOOIEeHHBIE KIAcChl QYHKIMH, HYKHO JIUIIb K
CIMCKY AOMYCTUMBIX OTlepaluii 06aBUTh, COOTBETCTBEHHO, OTIEPALIUIO
peleHus anre6panvecKux ypaBHEHUH WIK ONepaIyio pelleHus anre6-
panvecKux ypaBHEHUH CTEIIeHU He BhIIIe K.
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CripaBeZ/IUBO Cllefiytolliee yTBepKAeHNe.

Jnst kaxnc0o2o U3 MPAHCUEHOEHMHbBIX JILYBULIEBCKUX KAACCO8 (PYHK-
yuil Hosoe u cmapoe onpedesieHusi (CM. HacTOAIMMY maparpad u . 1.2)
9KBUBANEHMHDL.

Mz He 6yzZieM OKa3bIBaTh 3TO YTBEPXKAEHME: OHO OKA3bIBAETCS TaK
’Ke, Kak Teopema 1.2 13 rassl 1.

ITosne K Ha3pIBaeTCs MOJIEM ¢ N1 KoMMymupyrowumu ougpdeperyuposa-
HUAMU, €CJTY 33/IaHO N aJAUTUBHBIX oToOpaxkenuii 6;: K—K,i=1,...,n,
VZOBJIETBOPSIONINX COOTHOIIeHMU!o Jleti6HmIa 6;(ab) = (6;a)b+a(d;b) n
KOMMYTHUPYIOIIUX MeX/y coboii: 6,6;=5;6;. Hmke none, cHabxeHHOE
n KoMMyTUpylomumMu auddepeHIMpOBaHUAMY, MBI OyZeM Ha3bIBaTh
muddepeHIIaTbHBIM TT0IeM (eCTU TOJ0OHOE COKpallleHUe He TPUBOAUT
K HeJIopasyMeHUAM).

OnemeHT y audbdepeHInaNbHOTO Mot K Ha3bIBae€TCSI KOHCMAHMOL,
ecmn O;y =0 ana i =1,...,n. Bce KOHCTaHTH 06pa3yloT IOAIONE, KO-
TOpOe HAa3bIBAeTCS IMOJeM KOHCmaHm. Bo BceX MHTepecymoluX Hac
CITyJasiX T0JIeM KOHCTaHT SBJISETCS TI0JIe KOMIUIEKCHBIX yuces. [loaToMmy
B JlaJIbHENIIIeM MBI IIpeAIoaraeM, 4Tto oud@epeHyuansHoe noJe umeem
8 Kauecmae noJisi KOHCMAaHm noJie KOMMJIeKCHbIX Uuces. DIeMeHT y Aud-
dbepeHIMaNTbHOTO TOJA Ha3bIBAETCA: IKCNOHEHMOUl dleMeHTa d, eCiu
0, y=yo0;annai=1,...,n; akcnoHeHmol urHmezpana Habopa 1eMeHTOB
a,...,ay, €I 6,y =a;y Anai=1, ..., n; 102apugmom d1eMeHTa d, ecIu
6;y=0;a/a pnai=1,...,n; unmezpanom Habopa JEMEHTOB Ay, ..., d,,
e O,y =a; Anai=1,...,n.

[yctb guddepennnanbHoe mone K 1 MHOXKeCTBO M JiesKaT B HEKOTO-
pom auddepennnanbHoM nose F. [IpucoedureHuem K auddepeHIamb-
HoMy moio K MHO)KecTBa M HasbIBaeTcs: MUHUMAaIbHOe AubdepeHIn-
anbHoe 1osie K (M), copepkariee mone K v MHO)KeCTBO M.

JIunddepeniuansHoe none F, comepxkaiiee auddepeHnraapbHoe Mo-
sne K u UMerolliee TO e TI0Jle KOHCTAHT, HAa3bIBAETCSA A/1eMEHMAPHLIM
pacutuperuem mons K, eciy cyliecTByeT Iernouka AuddepeHInaabHbIX
nosiet K=F, C ... CFy=F, B KOTOpO} 1pu KaxaoMm i =1, ..., N — 1 mo-
ne F; , =F,(x;) mony4aeTrcs mpucoefNHEHHEM K IOM0 F; ameMeHTa X;,
MpUYEM X; — SKCIIOHEHTA WU JorapudM HEKOTOPOTO dleMeHTa a; IO
F;. ODnemeHT a € F HasbIBaeTca anemeHmapHsim Hag K, K C F, eciu oH
COZIEPXKUTCS B KAKOM-TUOO 37IeMEeHTapHOM paciiupeHuu mons K.

Ob6ob6iyeHHOe aNieMeHMApHoe pacliupeHue, pacuwiuperue JIuysunns,
0bobujeHHoe pacwuperue Jluysunnsa u k-pacuuperue Juysunnsa monsa K
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§ 1. BBegeHue

OTIpeZIeJIIIOTCA aHAJOTMYHO. [Ipy MOCTpoeHUM OOOOIIEeHHBIX 3IeMeH-
TapHBIX PACIINPEHUN JOIYCKAIOTCA IPUCOeANHEHUs SKCIOHEHT, JIoTa-
pudMOB U anrebpandeckue pacmupeHusa. [Ipu MOCTPOEHUN paciIupe-
HUl JINyBWIJIS JOMYCKAIOTCS MPUCOeANHEHNS MHTETPAIOB U OKCIIOHEHT
WHTErpajioB HAabOPOB 37eMeHTOB AuddepeHInaTbHOTO MO, MOCTPOEH-
HOTO Ha IpeJbIAyIeM Iare. B 06061IeHHBIX paciiupeHusIxX JINyBUWLIA U
k-pacmupenusx JInyBWLIS KPOME 3TOTO JOIYCKAIOTCS COOTBETCTBEHHO
anrebpanyvecKue paclIUpeHUs W MPUCOeIUHEHUS pelleHui anrebpa-
WYeCKUX YpaBHEHUH CTelleHHW He BHINe k. DneMeHT a € F Ha3piBaercs
0606ueHHOo-aieMenmapHbiM Hax K, K C F (npedcmasumbim 8 keaopa-
mypax, 8 0606weHHbIX kKeadpamypax, 8 k-kgadpamypax Haz K), ecau
a COAIEPXKUTCS B KaKOM-THOO OOOOIIEHHOM 3JeMEeHTapHOM paciIvpe-
Huu (pacmupeHuu JIMyBWLIsA, 000OIIEHHOM paciiupeHuu JINyBULIA,
k-pacmiupenvn Jinysusid) nons K.

1.4. Pacumpenus Jinyswuid auddepeHINaNBHBIX MT0JIEH, COCTO-
amux u3 GyHKIWHA MHOTHX HepeMeHHBbIX. IlepeiizeM k yHKIMO-
HaJbHBIM AuddepeHInaTbHEIM TOIAM, dl1eMeHTaMU KOTOPBIX SBJISAIOT-
cs1 QYHKIMM OT n ImepeMeHHBIX. VIMEHHO ¢ TaKUMU MOIAMU MBI OyzeM
MMETh JeJI0 B HacTosAIIeH IIaBe.

Bcsikoe mogmone K mossa Bcex MepoMOpOHBIX GYHKITUI B CBA3HOH 00-
nactu U mpoctpancTBa C", cogeprkaliee Bce KOMILIEKCHbIE KOHCTAHTBI 1
3aMKHYTOe OTHOCUTeNbHO AuddepeHINPOBaHUA IO KAXKAOW IepeMeH-

s—i €K agnai=1,...,n), foCcTaBaAeT IpUMep
byHKIIMOHANBHOTO ANddepeHIINaTIbHOTO Mo, CHabXeHHOTO N KOMMY-
TUPYIOIUMU AN depeHIUPOBAHUIMU.

Jlagum Temephb oOiee ompezeneHue. Ilycts V, v —mapa, COCTOS-
Imas U3 CBSI3HOTO N-MEpPHOTO aHaJUTHYEeCKOro MHOroobpasusa V u u3
N KOMMYTHUPYIOIIUX MepOMOPQHBIX BEKTOPHBIX MOJEH U =1y, ..., U, Ha
HeM. [IpousBoanas Jlu L, BAOIb BEKTOPHOTO MOJA U; [JEUCTBYET Ha
mosie F Bcex MepoMopdHBIX PYHKIUM Ha MHoOroobpasuu V U 3aZiaeT
Auddepenuuposanve 0, f =L, f B aToM 1071, PyHKYUOHANBHOE JuPpe-
peHyuanbHoe noJie —3To moboe auddepeHuanbHoe nozgnone mond F,
cozieprkalee Bce KOMIUIEKCHBIE KOHCTAHTEHI.

Jns pacwuperust GyHKUUOHANbHBIX NoJell TIoNe3Ha CleAyolas KOH-
crpykuus. [Iyctb K — HEKOTOpOe MOATONE TN MEPOMOPGHBIX (HYHK-
U Ha CBI3HOM MHOT000Opa3uu V, cHaGXKEHHOM 1 KOMMYTHPYIOITUMH

HoM (T. e. ecmu f €K, TO
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MepOMOP(PHBIMU BEKTOPHBIMHU TOJSAMU U = Uy, ..., U,, AdddepeHIIHpo-
BaHMe BJONHh KOTOPBIX He BHIBOAUT u3 1o K (T. e. ecmm f € K, TO
L, f € K). PaccmoTpum Jmoboe cBA3HOe MHOroo6pasme W BMecTe ¢
aAHAJIUTUYECKUM OTOOpakeHueM 71: W — V, SBJAIOMUMCSA JTOKaJIbHBIM
romeomopouzmom. Pukcupyem Ha W mMepoMopdHbIe BEKTOPHBIE OIS
w=uwy,..., W, Takue 4to U; = d(m)w;. [Auddepennuansuoe mone F
Bcex MepoMopHbIX GyHKuMit Ha W ¢ guddepenHumpoBanuamu 6; =L,
cozepkut auddepeHmanpioe moamnonae 1K, cocrosiiee U3 GyHKIUN
Buga 1t f, te f € K. ludpdepennuanpuoe nome n'K usomopdHo Avid-
dbepennmanbHOMY OO K, ¥ OHO JIEXKUT BHYTPU AubdepeHIInaTbHOTO
nmonsg F. Eciu ymadHo mogobpaTh MHOroo6pasue W, To paciiupeHue
monst 7w*K, usomopdHoro momo K, MOXHO IPOM3BECTH BHYTPHU IIO-
g F.

[Tycthb TpebyeTcs: pacmuputh mnone K, cKakeM, UHTETPaJIOM Y HEKO-
Toporo Habopa GyHKUU fi, ..., f,, €K. DTO MOXKHO cZeaTh CJIEAYIOUIIM
o6pasoM. [I0CKOJIBKY BEKTOPHBIE TIONA Wy, ..., W, MEPOMOPOHBI U KOM-
MYTHUPYIOT, Ha W cylecTByoT MepoMopdHbie 1-GopMEL Ay, ..., A,,, OIpe-
JeJIeHHbIe COOTHOILIEHUSIMUA ai(wj) =0mnpu i #j u a;(w;) =1. Popma
a=fia;+...+ f,a, ZomwKHa ObITh 3aMKHYTOU (MHa4Ye NHTErPas y He MO-
JKET CYILIECTBOBATh), U Y SABJAETCSI HEOIPeAeJeHHBIM UHTerpasoM Gop-
MBI .

Haz mHOrOO6pasreM V MOXXHO pacCMOTPeTh PUMaHOBY IIOBEPXHOCTh
W HeompezeneHHoro uHTerpana y ¢opmsl fa. [lo camomy ompegerne-
HUIO0 PUMAaHOBOM MOBepXHOCTU W CyIIeCTByeT eCTeCTBEHHAs POEKIIUs
m: W —V u QyHKIUA y ABISAETCI OJHO3HAYHOU MepOMOpPOHON yHK-
1ueii Ha moBepxHoctu W. [luddepennuanbioe none F MepoMOopdHBIX
bynkiuit Ha W ¢ onepanuamu guddepeHINPOBaHUs BAOIb BEKTOPHBIX
noneit w; =d1(7m)v; comepKUT Kak 3MeMeHT y, Tak u moje 'K, uso-
mopdHoe moto K. TToatomy pacimpenue 71°K (y) ompegeneHo U sBiseT-
csa moanoneM auddepeHimaabHOro mossa F. IMEHHO 3Ty KOHCTPYKIIUIO
pacuIMpeHus Mbl UMeeM B BUJY, KOTZa TOBOPUM O PaCIIMpeHUIX QpyHK-
ITMOHAJIBHBIX AU PepeHITUATbHbIX TOTEH.

OTa jke KOHCTPYKIIUS MO3BOJIIET MIPUCOEAUHUTD K QYHKIIMOHATBHOMY
mubdepennranrbHoMy Moo K yiorapudM WM SKCIOHEHTY OT JI000it
byukuy f u3 mons K v MHTerpas Wik SKCIIOHEHTY MHTerpaja oT JF60-
ro Habopa GyHKIUH fi, ..., f,, A KoTOporo dopMa a=fia; + ... + f,a,
3amMKHyTa. [I71s1 TI00BIX GYHKIUH f, ..., f, € K MOXHO TakuM croco6oM
mpucoefVHUTh K K penreHue y anrebpandeckoro ypaBHeHus y" +
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+ fiy" ' +...4+ f, =0 win Bce pemeHus yi,...,y, 5TOT0 ypaBHEHHUs
(mpucoezuHeHNe Bcex pelleHuit y, ..., Y, MOXHO OCYLIEeCTBUTb Ha pU-
MaHOBOM IOBEPXHOCTH BeKTOP-QYHKIUU Y = (Y1, ..., V,)). TakuM xKe
CIIOCO60M MOXXHO TIPUCOEAVHUTh K K KOHEUHOMEPHOE MPOCTPAHCTBO
Hag C Bcex pelreHui 10601 TOIOHOMHOM CHCTEMBI INHEWHBIX Audde-
PeHIMAIbHBIX YpaBHeHUH ¢ koaddunrentamu B none K. (HamomumMm,
YTO POCTOK JIFOOOTO pellleHNs CUCTEMBI TOTOHOMHBIX JTMHEHHBIX Audde-
PEHIIMATbHBIX YPABHEHUM aHAJTUTUYECKU TTPOJO/KAETCS BAOIb KPUBOH
Ha MHOroo6pasuu V, He MPOXOAAIIEH Yepe3 HEKOTOPOE aHATUTUYECKOE
moAMHOroo6pasre KopasMepHOCTH OAUH B MHOTOOOpasuu V.)

WTak, 8ce ynomsiHymole eblule pAcluupeHUs PYHKUUOHANbHLIX Oup-
epeHUUANbHBIX NoJell MOXCHO OCYyuleCmeums, He 8blx00s U3 Kaaccd
PYHKUUOHANBHBIX JuddepeHyuanbHbx nosell. [oBOpA 0 paciIpeHuax
byHKIIMOHANBHBIX AUubdepeHIaNbHbIX MOel, MBI BCerza UMeeM B
BU/Ty UMEHHO 3Ty MPOIEAYDY.

JuddepenrmanpHoe TONE, COCTOsAIIEE M3 BCEX KOMIUIEKCHBIX KOH-
cTaHT, U AuddepeHIIIaIbHOE MoJIe, COCTOSIIEE U3 BCEX PAITMOHATBHBIX
GYHKIIME OT N MepeMeHHBIX, MOXXHO pacCMaTpUBaTh Kak AuddepeH-
IUaNbHblEe TOS QYHKIMH, OmpeeleHHbIXx Ha mpoctpaHcTtBe C". Tak
JKe, KaK U B OAHOMEPHOM CJIy4yae, MIPOBEPSIOTCA CIEAYIONNE YTBEPIKIE-
HUS.

DYHKUUA N KOMNIEKCHBIX NepeMeHHbIX (803MONCHO, MHO203HAUHAS)
npuHadexcum

1) knaccy anemeHmapHsix GyHKUULL, ecau U MOAbKO ecall OHA NPUHAO-
Jlescum HeKomopoMy 3NeMeHMAPHOMY PACUUPEHUI0 NOJSL 8CeX payuo-
HAbHBIX PYHKUULL N nepeMeHHbLX;

2) knaccy 0600UeHHbIX 3eMeHMAPHbIX GYHKUULL, ecaU U MONbKO ecau
OHA NPUHAONEHCUM HEKOMOPOMY 0000UeHHOMY dIeMeHMAPHOMY pacuiu-
DPEHUIO NONSL PAUUOHANBHBIX PYHKUUL N NepeMeHHbLX;

3) knaccy PyHkuyuil, npedcmasumsvlx 8 K8a0pamypax, ecau U moJibko
ecaU OHA NPUHAONENCUM HEKOMOPOMY pacluupeHuro JIUysuiis noas ecex
KOMNJIEKCHbIX KOHCMAHM;

4) xnaccy pyHkyuil, npedcmasumslx 8 k-keadpamypax, ecau u moJib-
KO ec/il OHA npuHadnexcum Hekomopomy k-pacwiuperuro JIuysunns nois
8CeX KOMNIEKCHbIX KOHCMAHM,

5) knaccy dyHnkyuil, npedcmagumbvix 8 0600UleHHbLX K8adpamypax, ec-
JIUL U MOJILKO eciu OHA npuHadnexcum o606ujeHHoMY pacuuuperuro Jluy-
BUWLLA NOJISL 8CEX KOMMIIEKCHbIX KOHCMAHM.
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§2. O MPOAOTXKAEMOCTHM MHOTO3HAYHBIX AHAJIUTUYECKHNX
®YHKIIUU HA AHAJIMTUYECKOE MOJAMHOXECTBO

[lyctb M — aHaIUTUYECKOE MHOTOOOpasue W X — aHaJUTHUYECKOE TOJ-
MHOXECTBO B HeM. IIycTh B Touke b € M 3azaH POCTOK f, aHaIUTHYe-
CKOM GYHKIINHU, KOTOPBIN aHAJIUTUYECKU TPOAOIKAETCS BAOMb JIOOOM
kpuBo# y: [0,1] — M, y(0) = b, nmepecekaromieli MHOKXECTBO . JIUIIIb,
MOXeT OBITh, B HAUYaJbHBI MOMEHT. UTO MOXXHO CKa3aTh O IIPOZOJIKA-
€MOCTH POCTKA f, BAOJb KPUBBIX, KOTOPBIE, HAYWHAA C HEKOTOPOT'O MO-
MEHTa, JIeXKaT B 2.? DTUM BOIIPOCOM MbI U 6yZieM 3aHUMAaThCs. B 11. 2.1 MbI
paccMOTPUM KJIacCUYeCKU ciydail, B KOTOPOM ZOIIOJHUTEIbHO U3BeCT-
HO, YTO ITPOJIO/DKEHUA POCTKA f;, 3a/]al0T OHO3HAYHYIO aHATUTUYECKYIO
¢byHkuMo B MHO)KecTBe M \ 3. B 9TOM Cilyyae eZIMHCTBEHHBIM IPETIAT-
CTBUEM K IIPOJIOKAEMOCTH POCTKA f, BBICTYIIAIOT HENIPUBOAVMbIE KOM-
IIOHEHTHI MHOXKeCTBA X, KOTOPble MMEeIOT KOPa3MepHOCThb OZUH B MHOT'O-
obpasuu M U 3aMBIKaHUs KOTOPBIX HE COZEPKAT 3aZlaHHOM TOUKH b (CM.
yTBep:KJeHue 2.3, AaBidrolleeca BapuaHToM TeopeM Pumana u ['apTorca
0 TIPOJOKAEMOCTH aHATUTHYeCKUX GYHKIMIH). PocTok f;, mpozomkaer-
¢S B ZIOTIOTTHEHHE K 00'beZIMHEHUIO TAKUX KOMIIOHEHT U, BOOOIIe TOBOPH,
He NpozorKaeTca Aanbiie. OAHAaKO, KaK MTOKa3bIBaeT CIeAYIONINI MIpo-
CcTeHInii puMep, STOT pe3y/bTaT He IepeHOCUTCA HeloCpeCTBEHHO
Ha CcIy49ai MHOTO3HAYHBIX QYHKITUH.
[TpuMEP. PaccmoTpuM obiiiee KybHuuecKkoe ypaBHEHHE

¥y +py+q=0

¢ Hy/eBBIM K02 PUIMEHTOM IIpH WwieHe y2. DTo ypaBHeHMe B JOTOIHe-
HUM K JUCKPUMHWHAHTHON KPUBOM ¥ ollpefiesifAeT TPeX3HAUHYIO aHaJH-
ThYecKyro GyHKIUI y(p, q). JJMCKpUMHUHAHTHAsS KpUBasi 3TOTO ypaBHe-
HUS SIBJISIETCS TOMYKyOWMYecKoW Mmapaboysoil — HeMpUBOJUMON KPUBOH,
VMelolIel eIMHCTBEHHYIO 0COOYI0 TOUKY B Hauasie KOOpAWHAT. B Havate
KOOpZVHAT BCe TPU KOPHA KyOUYECKOrO YpaBHEHUS COBIAZAIOT, U TO
eZIVHCTBEHHAs TOYKA IUIOCKOCTU P, g, 0bJazaroumias 3TUM CBOHCTBOM.
Hag muoxkectBoMm X\ {0} ciaMBaroTcs POBHO [Ba KOPHSA YpaBHEHWUS.
[Tycts b — m0bas TOUKa IUIOCKOCTH, JieXKal[as B AOTIOMTHEHUU K JVUCKPHU-
MWHaHTHOM KPUBOW, a — IF06ast TOYKa, Jie)Kallas Ha JUCKPUMUHAHTHOMN
KPUBOU M OTIMYHasg OT Hadaia KoopAuHat, y: [0,1] — C? — mobas
KpUBas, HAYMHAKONAsACA B TOYKe b, 3aKaHYMBAIOIIAACA B TOUKe d U Ile-
pecekarolmas X JIUiib B mocaeguuit MomeHt, v(0) =b, y(1) =a, y(t) ¢
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§ 2. O mpozoMKaeMOCTH Ha TIOAMHOXKECTBO

mpu t # 1. Beibepem TOT U3 pocTKoB GyHKIMHU Y (p,q) HaJ TOYKOH b,
KOTOPBIN TPU MPOJODKEHUM BAOIb KPUBOW Y TIPHU TOAXOZAE K TOYKE
a He CJIMBAaeTCcsd HU C KaKUM /JPyTUM POCTKOM. Takodl POCTOK POBHO
oauH. O603HAaYUM €ero f,. POCTOK f;, BO-TIEPBBIX, aHAJTUTUYECKHU IIPO-
JIOJDKaeTcs BAOIb JTII0O0UW KPUBOM, He TepeceKaroliel . Bo-BTOpBIX, OH
MIPOZIOJKAETCA 0 TOUKU a € X B/IOIb KPUBOH ¥. B-TpeThUX, POCTOK f,,
TTOJTyYeHHBIM TP TaKOM IMPOZAOKEHUHN, aHATUTUYECKU TTPOAOIKAETCS
B/ZIOJIb JIIOOOW KDUBOM, JieXKallell B MHOXKECTBE XL U He MPOXOAAIIeH
yepe3 HayajJo KOOpAWHAT. B Hauase KOOpAWHAT HET HU OFHOTO aHaJIU-
THYeCKOTO pocTka GyHKIMH y(p, q). B aTOM mpuMepe MpensTCTBUEM K
TIPOJIOIKAEMOCTH POCTKA BJIOJIb KpUBOU X sABisieTcs Touka 0. B aToit
TOYKE K KPHUBOM Y. He TMOAXOAUT HUKaKas JApyras BETBb JAUCKPUMU-
HaHTa, HO MEHSETCS JIOKa/JbHas TOIOJOTHA KPUBOH X (B HysIe IIOJY-
KyOuueckas mapabosa Y. iMeeT 0COOGEHHOCTh, B OCTaJIbHBIX TOUKaX OHa
magKas).

[TpuBesieHHBIN NpUMeEp TIO/ACKA3bIBAET CJEAYIOIEe €CTECTBEHHOE
npeamnonokeHue. [IycTb B — HEKOTOPBIM cTpar (aHaIUTUYECKOe TOJ-
MHOT000pasue), JeXKalluii B MHOXKECTBE X U COJIepXKalluil TOYKY d.
[TycTh POCTOK aHAMUTHUYECKON QYHKIIUU f, aHAIUTUIECKU ITPOAOLDKAET-
cs1 BZIOJIb JIF0OOM KPUBOH, IepeceKaroleii MHOXXECTBO Y. JIUIIh, MOXKET
OBITh, B HAYaJbHBI MOMEHT. Torza ecju Tomosorus napel (X, B) mpu
JBIDKEHUH BJOJb KpUBOH ¥ (t) €B, y(0) =a, He MeHsIETCA, TO POCTOK f,
aHaAJIUTUYECKU TTPOAOIKAETCS BOTb TAKOW KPUBOU.

DTO TpeAIoNoXKeHNEe AeHCTBUTENbHO OKashIBaeTcsl BepHBIM. CHa-
yaja B M. 2.3 MbI JOKa3blBaeM ero s GYHKIMH f, OMHO3HAYHBIX B
JoronHeHud M \ ¥ K MHOXeCTBY Y. B MHoOroo6pasuu M. CorsacHo
pe3ysnbraty I. 2.1 HaM JOCTAaTOYHO IOKa3aTh, YTO INPU IEepeceYeHUH
cTpara B c 3aMblKaHMEM HEMPUBOAVMOM KOMIIOHEHTHI Y. KOopa3Mep-
HocTtu 1 usMeHseTcs Tomosorus mapsel (X, B). B goka3arenbcTBe MBI
CYIIIECTBEHHO HCITO/Nb3YeM PE3Y/IbTaThl YUTHU O CYIIECTBOBAHUM aHAJIH-
TUYECKUX CTpaTUPUKAIMN aHATUTUIECKUX MHOXKECTB, KOTODhIE XOPO-
IO COMIACYIOTCS C TOMOJOTHEN. DTH pe3y/abTaThl YUTHU HAIlOMUHAIOT-
ca B 1. 2.2. Ciaydaii MHOTO3HA4HOH B M \ ¥ QYHKIMU f HECTOKHOM
TOITOJIOTUYECKON KOHCTPYKIIMEH CBOAUTCA K CiIydaro, korga GyHKuus f
ofHO3HayHa (cM. m. 2.6). DTa TOMOMOTUYECKAsT KOHCTPYKIHMSA 00061a-
€T KJIaCCUYeCKYI0 KOHCTPYKIMIO JIOKAJbHO TPUBUAJBHOTO HAKPBITHSA
(cM. 1. 2.4) ¥ TOXe CYIIEeCTBEHHO MCIIONb3YeT CTPATUPUKAINIO YUTHU
(cm. m. 2.5)
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2.1. TIpomomKxaeMOCTh OJHO3HAYHOI aHATIUTUIECKOH (PYyHKIIUH
Ha aHAJIUTUYeCcKoe IOJMHOXKecTBO. I[IpeacTaBuM npocTpaHcTBO C"
B BU/Ie TIpAMOTO IpousBeseHus (n — 1)-MepHoro mpocTpanctsa C ! u
KOMILTeKCcHOH mpsaMoit Cl. ByzeM oToZecTB/IATh mpocTpaHcTBo C !
C TUIEPIUIOCKOCTRIO 2 = 0, TZle 2 — ofHA U3 KOOPAWHATHBEIX QYHKIUN B
npoctpanctse C".

JIEMMA 2.1. TIycms okpecmtocms U Hauana koopouHam 8 NpocmpaH-
cmee C" sgnsiemest npsimbiM npousgedeHuem cesizHoll okpecmHocmu U, 8
npocmparcmee C"1 na cessmyio oxpecmnocms U, 8 komniekcHotl nps-
moii CY, U=U; x U,. Tozda nobas gymrxyusa f, aHanumuueckas 6 0o-
nosiHeHUU K eunepniockocmu g =0 8 okpecmrocmu U u oeparHuueHHas 8
HeKkomopoll 0KpecmHOoCMU HAUAna KoopouHam, AHAAUMUYecKU npoooJ-
Jcaemcs HA 8Cl0 okpecmHocms U.

JOKA3ATEJILCTBO. JleMMa BHITeKaeT W3 UHTETrpaJbHON GpOpPMYyIIBI
Koum. JleficTBUTENbHO, ompezenuM (yHKIMI0 f Ha obmactd U mpu
oMoy nHTerpasna Komu

~ _ 1 f(x,u) du
flx,2) = 2mi u—z

y(x,2)

3

TZe X U 2—TOYKU B obnactax U; u U,, f(x,u)—3agaHHas GyHKIUA
U v (x, 2) —KOHTYp WHTETPUPOBaHUsA, JeXalui B obmactu U Ha KOM-
IJIEKCHOUW TpaMon {x} X (Cl, oxBaThIBalOIUNA ToYku (x,2z) u (x,0)
U HeMpPEepPBHIBHO 3aBUCAIIUMN OT TOYKU (X, z). OYHKUIUA f (x, z) 3amaer
JICKOMOE aHaJIUTHYeCKoe TPOOIKeHre. JlefiCTBUTeNbHO, GyHKIMA f
aHAJIUTHYHA BO Bcel obmactu U. B OKpeCcTHOCTH Havajaa KOOpPAMHAT
OHa, CcOIJIacHO TeopeMe Pumana 06 ycTpaHMMOI OCOOEHHOCTHU, COBIIA-
JlaeT c 3a[aHHON QyHKIUeH f. O

YTBEPXKAEHUE 2.2. [Iycmb M — n-mepHoe KOMMNIEKCHOE aHAAUMU-
yeckoe MH02006pasue, Y. — aHaiumuueckoe noomHosxcecmso 8 M, a€ X —
makas mouka 8 3MmMoM NOOMHOYNcecmae, UMO BCSAKASL Henpugooumds
KOMNOHeHMa MHONcecmaa %, umerwas pasmepHocms n — 1, codepucum
mouky a. Tozda ntobas gyrkuyusa f, ananumuueckas 8 donoaHeHuu M\ 2
K MHOJ)cecmgy Y. 8 MH02000pasuu M u 02paHuueHHast 8 HeKomopoll
OKpeCcmHoCmu mouku d, AHAAUMuuecku npoodonxcaemcss HA 6ce MHO-
2006pasue M.

JOKA3ATE/JBCTBO. YTBepxKJeHUe 2.2 cBoauTcA K jemMme 2.1. [leii-
CTBUTENBHO, 0003HAYUM Yepe3 Y.y MOAMHOXKECTBO MHOXKECTBA X, OIpe-
JleJleHHOe CJIeflyIoIIMM YCJIOBHEM: B OKPECTHOCTH KaKZOW TOYKU MHO-
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JKECTBA Xy aHAJIUTUYECKOE MHOXXECTBO Y. BJAeTCS Heocoboit (n — 1)-
MEpHOH aHaJUTUYECKOUN TUITepIIOBEPXHOCTHIO B MHOT0OOpasuu M. Ile-
pecedeHne BCAKOW HeENPUBOAMMOU (n — 1)-MepHON KOMIIOHEHTHI D;
MHO)XeCTBa X ¢ MHOXXECTBOM X fABJAETCA CBA3HBIM (n — 1)-MepHBIM
MHOTroob6pasueM. JlokaskeM, 4To GyHKIUA f aHAJIUTHYECKH ITPOAOIKA-
eTcd Ha MHOXeCTBO D; N Xy.

O6o3HaunM yepe3 A; MOAMHOXKeCTBO B D; N Xy, Ha KOTOpoe aHa-
JuTHYecKu mpozgomkaercs GyHkuua f. OueBHAHO, YTO A; OTKPHITO B
TOIIOJIOTUY MHOecTBa D; N Xy . MHOXecTBO A; HEIyCTO, TaK Kak I10 TeO-
peme PuMaHa o mpozomkeHuu roaomopdHoi ¢yHkmuu (cm. [36]) oHO
COZIEPKUT BCe HeoCOOble TOYKY KOMIIOHEHTEI D;, OCTATOYHO OIM3KHe K
Touke da. [TokaxkeM, 4TO A; 3aMKHYTO B TOIIOJIOTUM MHOXecTBa D; N Xy.
JelicTBUTENBbHO, IIycTh b —IpeziesibHAasA TOYKA 3TOrO MHOXecTBa. IIo
oTIpeZieJIeHUI0 MHOXKecTBa D; N ¥y okoymo Touku b B MHOTOOGpasuu M
MOXXHO BBIOpaTh TaKylO JIOKATbHYIO CUCTEMY KOOPAWHAT, YTO MHOXKe-
cTBO D; N Xy B 9TOM OKPECTHOCTH OyZeT COBIAZATh C KOOPAMHATHOMN
TUIEPIVIOCKOCThI0. HyXHBIM (akT Ternepb BBEITEKaeT U3 JeMMbI 2.1.
Jlanee, B cHIy CBA3HOCTH MHOXeCTBA D; N 2y MOIy4YaeM, YTO MHOXKECTBO
A, coBmaziaeT ¢ MHOXeCTBOM D; N Xy, T.e. YTO GYHKUUA [ aHATUTUIECKH
MIPOZIOJDKAeTCsA Ha BCe 3TO MHOXKeCTBO. IloaToMy yHKUMA f mpozmosKa-
eTcs Ha BCe MHOXXECTBO L = U (D;NXy). Ho MHOXeCTBO X\ Ty UMeeT
B MHOroo6pasuu M Kopa3MepHOCTh He MeHee AByX. COIIacHO TeopeMe
lFapTorca (cM. [36]) yTBep:kaeHMe 2.2 AOKA3aHO. O

YTBEPKAEHUE 2.3. [[ycms f — anHanumuueckas @yHkuyus 8 0ono.i-
HEeHUU K AHANUMUUYECKOMY MHONCECMEY % 8 N-MePHOM AHAIUMUUECKOM
MHozoobpasuu M. Eciu gyukyus f oepanuueHa 8 HeKOmopoi 0KpecmHo-
CMu mouku a € ¥, mo OHA AHAAUMUUecKU NPOO0AACALNMCA HA MHONCECTIBO
M\ D,, 20e D, — 06sedunenue gcex (n — 1)-mepHbixX HENPUBOOUMbBLX KOM-
NOHeHM MHONCecm8eda X, He co0epHcalyux mouxy d.

JJOKABATEJ/JIbCTBO. YTBepxXZeHUe 2.3 BBITEKAeT U3 YTBepXKAeHu:d 2.2,
[IPUMEHEHHOT0 K MHOT006pasuio M \ D,, aHaTUTHIECKOMY ITOJMHOXe-
ctBy 2\ D, 1 dyHKUUU f. O

2.2. JlomyctuMmble cTpaTudukanuu. [IycTh ¥ — cOOCTBEHHOE aHa-
JIUTHUYECKOe MOAMHOXXECTBO B KOMIUIEKCHO-aHAJUTHUYECKOM MHOTO006-
pasuu M. Cmpamudguxayueil MHOXXeCTBa ¥. Ha3bIBaeTCsA ero pa3bueHue
Ha HelepeceKamolyecs NOAMHOrooOpasusa, HasbIBAEMBIE cMpAmMami
(umeromye, BooOIe roBops, pasjINYHble pa3MepHOCTH), obJazaroiee
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CJIelyIOIUMU CBOWMCTBaMU:

1) KaXXZABIHA cTpaT X; ABIAETCA CBA3HBIM aHAJIUTUYECKHIM MHOT000pa-
3ueM;

2) 3aMbIKaHHe Y,; KaX/I0r0 CTpaTa X; ABNAeTCA aHAIUTUYEeCKUM TIOf-
MHO€eCTBOM B M, IpUYeM rpaHula %; \ ¥; IpeJcTaB/IsAeTCs B BU/E 00b-
e/IJMHeH!s HeKOTOPBIX CTPATOB MeHbIllell pa3MepPHOCTH.

[Mapa, cocTosmas U3 aHAIUTUIECKOTO MHOT00Opasus M u ero aHa-
JIUTUYECKOTO MTOJAMHOKECTBA L., UMEET NOCMOSAHHYI0 MONO0A02UK 800Jb
cmpama B C %, ecyiu BBITIOTHEHHI CJIeIYIOIINE 1BA YCIOBUSA.

YcnoBuE 1. [lig BCAKOW TOYKM a € B U BCAKOTO aHaJIMTUYECKOTO
moAMHOT006pasusa L MHoroobpasus M, TpaHCBepCaJIbHOTO K CTpary B
B TOYKE d, CyIIeCTBYET MaJsiasi OKPECTHOCTh V, TOUYKU a B MHOT0obOpasnuu
L, ana xoropon Tonosnorua napel (V,, F,), rae F, =V, N %, He 3aBUCUT
HU OT BBIOOpA TOUKU d, HU OT BhIOOpa ceueHus L, a OnpeeseTcs JTUIlb
CTpaToM B U IIOJMHOXXECTBOM 2..

YcnoBUE 2. Y cTpaTa B CylIecTBYIOT OKpPeCTHOCTh U B MHOT006-
pasuu M BMecTe c mpoeknueil m: U — B, orpaHudyeHre KOTOpPOM Ha
MHO)XeCTBO B C U ABJISETCS TOXIECTBEHHBIM OTOOpaKEHUEM, TaKHe
9TO /71 KaXKZA0H Touky a € B mapa (1! (a), 7! (a) N ) romeomopdHa
nape (V,, F,). Bonee Toro, Ay KaXA0H TOYKU a € B CyIecTByeT OKpecT-
HOCTh K, B MHOTOO6pasuu B, Takaa uto mapa (n~(K,), 71 (K,) N X)
romeomopoHa nape (V, X K, F, X K,), mpudaeM romeoMopdu3sm, CBA3bI-
BaIOILIWU 3TH /iBe Taphl, IEPEBOJUT IIPOEKIIUIO 7T B IIPOEKIIUIO IIPAMOTO
npoussBefienua V, X K, Ha cOMHOXxuTenb K,, a OorpaHu4YeHUe 3TOTO
romeomopousMa Ha MHOXecTBO K, C n‘l(Ka) ABJIAETCS TOXKIECTBEH-
HBIM oTOOpa)keHUeM (TOoYHee, EPEBOAUT TOUKY b € K, B TOUKYy a X b B
npAMoOM IpousBefeHuu V, X K,).

CkaxkeM, 4TO cTpaTU(UKAIIUA aHATUTUIECKOTO MHOXKeCTBa X C M siB-
nsetcst donycmumotl, eciv napa (M, ) UMeeT IOCTOSTHHYO TOIOJIOTHIO
B/IOJIb BCAKOT'O CTpaTa X; 3TON cTpaTUUKAIINUH.

Kak OTKpBbUT YUTHH, ZOMYCTUMbIE CTPATUPUKAIIUN CYIIECTBYIOT JJIs
J060r0 KOMIUIEKCHO-aHAIUTUYECKOTO MHOXXECTBA B JIFOOOM KOMILTEKC-
HO-aHaIUTUYEeCKOM MHOT006pasuu (cM. [14]). Mbl 6yzeM UCITOIb30BaTh
3TOT pe3y/bTaT.

2.3. HsmMeHeHue TONOJOTHMU aHAJIUTHUYECKOTrO MHOXECTBa IIPU
NoJX0/le K HeIIPUBOJUMOU KOMIIOHeHTe. COIVIacHO cilefylolel JeM-

Me 2.4 BeleCcTBEHHOE TOIOJIOTHYECKOe IMOAMHOroobpasue B M, je-
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’Kalllee B aHAJIWTHYECKOM T'MIIEPIIOBEPXHOCTH X U OTIMYarolieecsa OT
STOW TUIEpPIIOBEPXHOCTH MHOXXECTBOM Majoil pa3MepPHOCTH, HMEET
POBHO CTOJIBKO € KOMIIOHEHT CBA3HOCTH, CKOJBKO HEIPUBOAUMBIX
(n —1)-MepHBIX KOMIIOHEHT MMeeTC B TUIIePIIOBEPXHOCTH 2.

JIEMMA 2.4. ITycms noomHoxcecmgo T ananumuueckozo (n — 1)-mep-
HO020 MHOJKCeCMBA %, NexHcaulez0 8 N-MepHOM AHAIUMUUECKOM MHO02000-
pasuu M, obnadaem caedyrowumu cgotlicmaamul.

1. MHowcecmeo T sieasiemcsi 8eujeCmBeHHbIM MONOoL02UUecKUM NOO-
MHO2006pasuem 8 MHo2000pasuu M kopasmepHocmu 2, m. e. y kKaxcoou
mouku a € T cywecmgyem makxas okpecmHocms U, 8 MHoz000pasuu M,
umo mHoxcecmao U, N T si8/s5emcst monosioeuteckum nodmHozo06pasiem
8 obiacmu U, sewyecmeeHHoll pasmepHocmu 2n — 2.

2. MHoncecmso L\ T as/emcst 3aMKHYMbLM N0OMHONCECTIBOM 8 2. 8e-
wecmeeHHolL KopasmepHocmu He meHbule 2 (M. e. 8as1emcst 06seOUHeHU-
eM KOHeUH020 UlUCA 8eleCMBeHHbIX MONoa02UUecKUX N0OMHO020006pasuil
8 M pasmeprocmell He 8blie 2n —4).

Toz0a xaxcdasn u3 (n — 1)-mepHvix HeNPUBOOUMBIX KOMNOHEHIM MHOJICe-
cmea Y. nepecekaemcst pogHO ¢ 0OHOU KOMNOHeHMOIl c8sI3HOCMU MOono-
Jl02uueck020 mHozoobpasus T. IIpu amom kancoas KOMNoHeHmMa c8s3Ho-
cmu mHozoobpasus T 8ctody niomHa 8 coomgemcmeyrujell Henpugoou-
Mol (n — 1)-mepHoll KoMNoHeHMe aAHAIUMUUECK020 MHOdcecmaa L.

JlOKA3ATEJNBCTBO. JleMMa 2.4 BBHITEKAeT U3 CJIEAYIOIIUX (aKTOB:
a) MHOXX€CTBO KOPa3MepHOCTU 2 He MOXKET pas/esIATh TOMOIOTNIecKoe
MHOT006pa3ue, 6) ecv U3 HEMPUBOAUMOM KOMIIOHEHTHI aHATUTHYECKO-
IO MHOXKECTBA YZAJUTh BCE €ro 0COOble TOYKH, TO OCTAHETCsS CBA3HOE
MHOT0006pasue.

TTokakeM cHayasa, YTO BesAKas KOMIOHEHTa cBsisHocTH T MHOe-
ctBa T miepecekaeTcsi POBHO C OZHOM HENPUBOAUMOM KOMIIOHEHTOU
MHOXKeCTBa %.. JIeHiCTBUTENbHO, MHOMKECTBO 2. \ X MMeeT BellleCTBEH-
HYIO PasMepHOCTb He Bhbllle 2n — 4, cIe[0BaTeJIbHO, OHO HE MOXKeT
JEUTH CBsA3HOE (2n — 2)-MepHOe BelleCTBEHHOe MHOTroobpasue T° Ha
vacTu. [ToaTomy fononHeHne MHOkecTBa TC 710 ero mepeceyeHus ¢ MHO-
KecTBOM X \ ¥y TIOKpHIBA€TCsI POBHO OFHUM MHO)XeCTBOM D; N Xy Tak
KaK MHOXXeCTBO D; \ 2j; BCIOAY TUIOTHO B KOMIIOHEHTe D; 1 MHOKECTBO
D; 3aMKHyYTO, TO MHOXX€CTBO TO 1eTUKOM COZIepKUTCA B HEIPHBOAMMOM
KOMIIOHeHTe D; MHoxecTBa %. JloIycTUM, YTO HEKOTOpasi TOYKa d MHO-
xectBa T° TIpUHAZNEXKUT U Apyroi (n — 1)-MepHOH KOMIOHEHTe D;,
Dj #D;, MHO)XecTBa . Ho 10 ycioBuro MHOXeCTBO T, a CJIeZloBaTeIbHO,
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U ero xKomroHeHTa T® OTKDHITHI B TOMONOTMM MHOXecTBa X. Tak Kak
MHOXeCTBO D; N Xy BCIOAY IUIOTHO B D;, MHOXeCTBO T 6yzer cozep-
’KaTh TOYKM MHOKecTBa D; N Xy, 4To HeBO3MOXHO. [IpoTmBOpeyne
JIOKa3bIBaeT Hy:KHOe yTBepXXJeHHUe.

[TokaxxeM Telepb, YTO pa3JIUIHbIE KOMIIOHEHTE! CBSI3HOCTH MHOT'000-
pa3sua T He MOTYT JeXaTh B OZHOU U Toii ke (n — 1)-MepHON Hempu-
BOZMIMOU KOMIIOHEHTe MHOXecCTBa 2. [lefiCTBUTENbHO, ec/ii U3 Helpu-
BOAUMOM (n — 1)-MepHOU KOMIIOHEHTHI YAQJIUTh BCE €€ 0COObIe TOUKH
Y TOYKY, He IIpUHAJIeXanue MHoroobpasuio T, TO OCTaHEeTCs CBA3HOE
MHoOToO0b6pa3sue. CiefoBaTeNbHO, OHO TIOKPBIBAETCS POBHO OJHOM KOM-
MTOHEHTOU CBSI3HOCTH MHOT000pasus T. JleMMa /JoKa3aHa. O

YTBEPXKAEHUE 2.5. IIycmb napa, cocmoAwas u3 n-mepHo20 aMd-
JUMUYECK020 MHO20006pA3USL U €20 QHAIUMUUECKO20 NOOMHOdNceCMBa X,
umeem NOCMOSIHHYI0 MONOA02UI0 8001b C853H020 cmpama B C % (cM.
m. 2.2). Tozda kamcdoas (n — 1)-mepHas HenpugooumMasi KOMNOHeHMA
MHoxcecmea ¥ ubo He nepecekaemcst co cmpamom B, nubo codepicum
€20 UesIUKOM.

JJOKA3ATEJIbCTBO. PaccMOTpUM cHavasa JIOKaJbHbBIN ciy4dail. [Ipes-
MIOJIOXKUM, YTO MHOT0OOpasue B coBmagaer ¢ MHOXXecTBOM K, a MHOTO-
obpasue M coBIaZaeT C ero OKPeCTHOCTHIO n_l(Ka) (B 0b03HAYEHUAX
ycsoBus 2 u3 1. 2.2). TTokaxkeM, 94TO B 3TOM c/Iydae 3aMbIKaHUE KaXKJ0MN
HenpuBoAMMOU (n — 1)-MepHOM KOMIIOHEHThI MHOYKECTBA Y. COBIA/IaeT
C MHOXeCTBOM K.

Mz&! 6yzZieM UCIIOIBb30BaTh 0O03HAYEHUS U3 ITOrO MyHKTA. [IycTh Fg C
C F, — MHOXeCTBO, cOCTOALlee U3 TOYeK aHaJUTHYECKOro MHOXKEeCTBa
F,, B OKpeCTHOCTU KOTOPBIX MHOXXeCTBO F, ABIAeTCA aHAJIUTHIECKON
TUIIEPIIOBEPXHOCTHIO B MHOToobOpasuu V,. MHOXeCTBO Ff pacnazaercs
Ha KOMIIOHEHTH! cBssHocTd FO'. Jlononnenue F, \ FO uMeeT MeHbILyio
KOMILJIEKCHYIO pasMepHOCTb, YeM MHOXKeCTBO F,.

T'omeomop¢u3M, 0 KOTOPOM HZET pedb B YCIOBUM 2, TEPEBOAUT MHO-
KeCTBO F(? B MHOXXeCTBO 2. M3 jeMMBbI 2.4 BBITEKAET, YTO 3TOT I'OMEO-
MOpP}U3M ITEPEBOAUT MHOXKECTBA Fg’i x K, B pa3nuyHble HEIIPUBOAUMEIE
(n — 1)-MepHBIE KOMIIOHEHTHI MHOKECTBA X, IpUYeM 06pa3 KaXk[oro 13
MHO€CTB Fc(}i X K, BCIoZly IIJIOTEH B COOTBETCTBYIOLE HEIIPUBOAUMOM
KOMIIOHEHTe MHOXKeCTBa X, U B KaXkAyIo u3 (n — 1)-MepHBbIX KOMIIOHEHT
MHOECTBA % 0TOOPA3UTCSI HEKOTOPOE MHOXKECTBO F(?’i X K,.

Janee, 11 KaXJ0W KOMIIOHEHTBl CBS3HOCTH F(?’i TOYKA a ABJIAET-
¢ TpefielbHOM (KOMITOHEHTHI, 11 KOTOPhIX 3TO He TaK, He Iepece-
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KalOTCA C OCTAaTOYHO MaJIOMl OKPEeCTHOCTBIO TOYKM d U He BXOZAT B
MHOecTBO FC). TI0aTOMy 3aMbIKaHMe KaxOro U3 MHOXeCTB FO' x K,
coZiep>kUT MHOXKecTBO K,. CiezoBaTenbHO, KaxkAasa U3 HEelIpUBOAUMBIX
(n —1)-MepHBIX KOMIIOHEHT MHOKeCTBA X. COZIEPXKUT MHOXecTBo K, (ro-
MeoMOpdHU3M, 0 KOTOPOM HZET Peyb B YCIOBUM 2 U3 II. 2.2, TOXKAECTBEH
Ha 6asze K).

JlokaJbHBIN CiTydalt pa3obpaH. [IpeAnonoKuM Temepb, YTO MHOT0006-
pasuve M HaxXoAWTCA B MaJIol OKpPeCTHOCTU cTpaTa B. VimeHHO, MycTb
MHOTroob6pasve M cOBMaZlaeT ¢ OKpecTHOCTbIO U cTpaTa B, 0 KOTOpOM
UJEeT pevb B yCIOBUU 2. B 3TOM ciydae cTpaT B IOKpHIBaeTCs 001acTAMU
K,.B Ka)KIOM M3 TaKuxX obacTel ZeHCTBYyeT MpeabIayIlee pacCyk/ie-
Hue. [losTomy ecnm HenpuBogmMad (n — 1)-MepHas KOMIIOHeHTa D
MHOXeCTBa X IlepeceKaeT MHOXEeCTBO n_l(Kaj), TO ee 3aMbIKaHHe CO-
AAICPXKHUT BCIO OKPECTHOCTh K, . TaK, MHOXECTBO NpeZebHBIX TOYeK
KOMIIOHEHTHI D;, yexalux B cTpaTe B, ABIAeTCA OTKPBITBIM B TOIIO-
joruu ctpara B. Ho 3To MHOXXeCTBO, OUYe€BUHO, ABJIAETCA 3aMKHYThIM
B Tomosioruu crpara B. [TosToMy, Tak kKak cTpaT B cBfA3eH, OH [JOJDKEH
coZiepKaThCA B 3aMbIKaHUN KOMIIOHEHTHI D;.

[Tepefizem Tenepsb K 06IEMY CIIyJalo.

Ecnu HenpuBozumas (n — 1)-MepHasA KOMIIOHEHTa MHOXKeCTBa X He
nepecexaeT oKpecTHOCTb U cTpaTa B, 0 KOTOPOM HZeT peyb B YCJIOBUU 2,
TO CTpaT B He CcOZep:KUT Npe/ie/IbHBIX TOYeK 3TOM KOMIIOHEHTHI. Eciu
J)Ke OHa TepecekaeT obsactb U, TO [eHCTBYeT NpeAbIAyIIee PacCy-
JleHre, COIIaCHO KOTOPOMY 3aMbIKaHHe KOMIIOHEHTBI COZEepP>XUT Bech
crpar B.

YTBepxJeHue JoKa3aHo. O

TEOPEMA 2.6. [Iycmb napa, cocmoswdst u3 n-mepHoz20 MH02000pa-
3usi M u ez2o0 aHanumuueckoeo nNoOMHOJNceCmea L., umeem NOCMOSIHHYIO
monosiozuro 8002b c8513H020 cmpama B C X. Toz0a siobas gynkyus f,
aHanumuueckast 8 donosHenuu M \ ¥ k MHojcecmay ¥ 8 MH02006pasuul
M, komopas oepaHuueHa 8 HeKOMOPOLU OKpecmHOCMuU Mouku a € B, aua-
JUMudecku npoooJicaemcsi HA 0KpecmHocms cmpama B.

JOKA3ATEABCTBO. Kaxkzaa (n — 1)-MepHasa HellpuBoAMUMas KOMIIO-
HeHTa D; MHOXXeCTBa %, He coZiepsKalllas TOUKy d, He [lepeceKaeT cTpaTa
B (cm. yrBepxzenue 2.5). [ToaTomy obbeanHeHue D, HeNPUBOAUMBIX
(n—1)-MepHBIX KOMIIOHEHT MHOXXECTBa, He COZlepKallliX TOUYKY d, ABJA-
eTcsl 3aMKHYTBIM MHOXXECTBOM, He IlepecekaroluM crpara B. Teopema
Telepb BBHITEKAET U3 YTBEP:KAEeHUA 2.3. O
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2.4. HakpsIBarouiye HaJZi JONOJHEHHEM K IOJMHOXECTBY Xay-
caopdoBoii kKopasMepHOCTH, GOJIbIIEl eANHULIBI, B MHOrOOOpa3uu.
B Tomosmoruyeckoii Teopuu l'ajmya posib IHoled UTrpairOT PUMAaHOBHI IIO-
BEPXHOCTH, a POJb TPy ['anya UrparoT UxX I'PyNsl MOHoApoMuu. [Ipu
3TOM MPUXOJUTCS TPeOOBATh, YTOOBI PUMAHOBBI IIOBEPXHOCTH 00J1a1aIH
Pa3yMHBIMM TOIIOJIOTMYECKMMHU CBOMCTBaMU. PUMaHOBBI IIOBEPXHOCTH,
ABJIAIONINEC JIOKAJbHO TPUBHAJIBHBIMU HaKPBITUAMM, TaKUMU CBOU-
cTtBamMu obsazaroT. OHAKO KJIacC JIOKAJIbHO TPUBUAIBHBIX HAKPBITUHI
SIBJIAETCS CJIMIIKOM Y3KMM UM HEeJOCTaTOYHBIM /IS Hamux Iienei. B
3ToM maparpade OIMUCHIBAETCSI KJIacC HAKPHIBAIOIIMX MHOTroobpasuii
Hag M\ X, rome M — mHoroo6pasuie, B KOTOPOM OTMEUYEHO B HEKOTOPOM
CMBICJ/Ie Majioe TIOJMHOKECTBO Y. B olHOMEpHOM BapuaHTe TOIOJOTH-
yeckoi Teopuu l'anya (cM. m1aBy 5) uzeT pedb 0 GyHKUUAX, pPUMAHOBEI
ITOBEPXHOCTH KOTOPBIX ABJAIOTCA HAKPHIBAIOIIUMH HaJ, KOMIUIEKCHOM
MIpAMOM, Ha KOTOPOM OTMeuYeHO cYeTHOe (BO3MOXKHO, BCIOAY ILIOTHOE)
MHOXXeCTBO 2. B aToM naparpade KI04eByi0 pojb UTPai0T HAKPHIBAO-
e MHOT006pasus HaZl KOMIUIEKCHBIM MHOT00OpasueM M, B KOTOPOM
OTMEYEHO aHaIUTUYEeCKOoe MOAMHOXKecTBO . (cM. 1. 2.5).

[ycts (M, ¥) —mapa, cocTosIas U3 CBA3HOTO BelleCTBEHHOT'O MHO-
roobpasust M u ero nogMHoxecTBa ¥ C M, TaKuX 4TO ZomojaHeHre M \ &
JIOKQJIbHO JIMHEWHO CBS3HO W BCIOAY IUIOTHO B MHOTooOpaszuu M. B
KayecTBe MpUMepa TAaKOTO MOAMHOXXECTBA Y, MOXKHO B3SITh Ji0O0€e Moj-
MHOXKECTBO MHOT006pa3usa M, KopasMepHOCTh KOTOPOTo 1o Xaycaopdy
CTpOro 6osbllle eIUHUIIBL. OTMETUM TOYKY b, JIeXKallyio B AOTIOTHEHUU
K MHOXXECTBY 2.

OnPEAENEHUE 1. CBsA3HOe MHOT0OOpasue R BMeCTe ¢ OTMeUYeHHOM
TOYKOUM ¢ U C mpoekiuel 7: R — M Ha30BeM HAKPbIBAOWUM MHO20-
obpasuem Had M \ ¥ ¢ OTMedYeHHOU TOYKOU b, eciu, BO-IIEPBBIX, OTOO-
PaKEHUE 7T SABJIAETCS JIOKAJIbHBIM rOMeOMOP(U3MOM, BO-BTOPBIX, OHO
[IepeBOAUT OTMEUYEHHYI0 TOYKY ¢ B OTMeuYeHHyI0 Touky b, 7(c) =b, u,
B-TPEThUX, I BCIKOM KpUBOI Y B MHOXKecTBe M \ X, HauMHaromencs
B Touke b, v: [0,1] > M\ X, y(0) =b, cyIiiecTByeT IOAHATHE ¥ KPUBOM
Y, ¥: [0, 1] =R, mo¥ =1y, HauMHatomleecsa B Touke ¢, ¥ (0) =c.

st ynobcTBa U3MOXKEHUA MBI 6yIeM CUMTaTh, YTO MHOTOOOpasue M
Ha/leJleHO HEKOTOPOU PUMaHOBOUW METPUKOM.

OnpPeAEAEHUE 2. CkaxeM, 4To moArpynmna I' B dyHIaMEHTATbHON
rpymre 7w, (M \ X, b) ABIsieTCA 0mKpbimot, eciu s KaKA0W KPUBOM
y: [0,1] > M\ X, v(0) = y(1) = b, upunHagiexameii moarpymme I,
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CyILIECTBYeT YMCIO € > 0, Takoe 4TO Beskas KpuBasd 7: [0,1] > M \ X,
¥(0) =7 (1) =b, ans koTOpOU Npu JMt06oM t, 0 <t < 1, pacCTOAHUE MEKIY
Toukamu y(t) u y(t) He IPeBOCXOAUT €, TOXe JIOXKUT B moArpynme I,
yer.

C KaXJpIM HaKpHIBAIOIIUM MHOTOOOpasueM 7t: (R, c) — (M, b) Haz
MHOKecTBoM M \ ¥ cBsbKeM moArpymiy B ¢yHZaMeHTaJbHOMN rpyIiie
muoxectBa (M \ X, b). CkaxeM, uTto KpuBas y: [0,1] > M \ X, v(0) =
=7y(1) =b, aBasgeTcsa donycmumoil A1 HAaKPHIBAIOIIEr0 MHOT00OPa3Us
(R, c), ecnu niopusaATHE 7: [0, 1] — R 3TOM KpUBOU 7T 0 ¥ =Y C HaYaIoM
B Touke c, ¥(0) =c, ABngeTca 3aMKHYTOM KpUBOH, T. e. ecnu y(1) =c.
fAcHO, YTO BCe JOMYCTHMBIE I HAKPBIBAIOUIETO MHOT00Opasus Kpu-
Bble 00pasyioT MOArpymIy B gyHAaMeHTanbHOU Tpymme 7T;(M \ %, b).
Byzem roBopuTh, YTO 3Ta MOATPYIIIA cOOMaEemcmayem HaKphIBAIOIIEMY
MHoroo6pasuio (R, ¢).

OnPEAENEHUE 3. HakpsiBatoriee MHoroo6pasue 7 : (R, ¢) — (M, b)
HaJ, MHOKeCTBOM M \ ¥ HasbIBaeTCs MAKCUMAIbHbIM, €CIA €r0 HEJb-
351 BJIOXKUTh HU B KaKoe 0oJiblllee HaKphIBalolliee MHOT00Opasue, ApyTrH-
MU CJIOBaMHU, €CJIU U3 CyIIECTBOBAHUSA JPYTOro HAKPHIBAIONIETO MHOTO-
obpasus m': (R, c;) — (M, b) Hax MHOxecTBoM M \ & U U3 CyIecTBo-
BaHuA BaoxkeHUA i: (R, c) — (Ry, ¢;), KOMMYTHUPYIOILIETro C IPOEeKIUAMUI
7= ! oi, BHITEKaeT, 4TO BIOXKEHHUE | ABNAETCA TOMEOMOPPUIMOM.

TEOPEMA 2.7. 1. Ecau nodepynna I' 8 ¢yHOamenmanwHoil epynne
MmHoucecmea M \ 3 ¢ ommeuerHoll mouxoil b coomeemcmeyem HAKpbl-
garouwemy mHozoobpasuro 7: (R,c) — (M,b) nad M \ X ¢ ommeuerHoil
mouxoli ¢, (c) =b, mo nodepynna I' omkpuima 6 7w, (M \ , b).

2. /lnsa scaxoti omkpuimoti nodzpynnst I' 8 epynne 11 (M \ %, b) cy-
wecmayem eOUHCMBEHHOe MAKCUMAIbHOe HAKPblearolee MHO2006pasue
7t (I): (ﬁ(l“), ¢) — (M, b) nHad mHoxcecmgom M \ ¥, komopomy coomaem-
cmagyem nodepynna T'.

3. IIpouseonvHoe omkpuimoe mHoxcecmeo U e mHozoobpasuu R(I),
codepacauiee NosHbLL npoobpas mHoxcecmea M \ ¥ npu omobpaxceHuu
(") u HadeneHHoe ozparuueHuem npoexuyuu 7(I): U — M, sensemcs
HAaKpbIBAOWUM MHO2000pasuem Had M \ 3, coomeemcmayouum 2pynie
I'c (M \ X, b). O6pamho, kancdoe HAKpblEaroulee MHO2000pasue Haod
M \ ¥, coomgemcmsyrwuwee nodzpynne I, nosyuaemcsi makum Cnoco-
6om.

HameTtum zmokaszarenbcTBO TeopeMbl. JJokaskem cHavasa 1. 1. [TycTs
KpuBas Y B MHO)kecTBe M \ T mogiHMMaeTcs Ha R, HauMHasi U3 TOYKH C,
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KaK 3aMKHyTas KpuBasi. OTobpakeHue 7 : R — M ABIAETCS JTOKaJIbHBIM
romeomop¢usMoM. IToaToMy Bce JoCTaTOYHO OIM3KHMe K KPUBOH Y 3a-
MKHYTHIE KPUBBIE 7, JIeXKalllie B MHOT00Opa3uul M, To)ke TIOAHUMAIOTCS
Ha R, HaumHasA M3 TOYKU ¢, KaK 3aMKHYThle KpUBbIe. (OTO BEPHO, Jaxe
ecu GM3Kas KpUBas § IepecekaeT MHOXeCTBO X.) IToaToMy moArpyr-
ma I', COOTBETCTByIOIIAs HAaKPBIBAIOIIEMy MHOroo6pasuio Haj MHOXKe-
cTBoM M \ 3, AABJIsIeTCS OTKPBITOM moArpymoii B 01 (M \ X2, b).

A foKasaTesbCTBA YTBEP)KJEHUA IIYHKTa 2 IpeXZe BCero Hy>XHO
IpeIbABUTh KOHCTPYKITMIO MAaKCHMAaJIbHOTO HAaKpBIBAIOIIEr0 MHOT'000-
pasua f(l): (R(M),c) — (M, b) Hag M\ =, COOTBETCTBYIOLIETO OTKPHI-
To# moarpyme I' B rpymme 7w, (M \ 2, b).

OnPEAENEHUE 4. Ilyctb I’ —oTkphiTas moarpymnma B 7w, (M \ %, b).
3aMKHYTyI0 KPUBYIO Y Ha MHOroo6pasuu M, HauyMHAIOUIYIOCA U 3a-
KaH4YMBamIlyoocs B Touke b, y: [0,1] = M, y(0) = y(1) =b, HazoBeM
[-donycmumotii, eciv oHa obalaeT CIeAYIOMUM CBOMCTBOM. CyIIecTBy-
eT 9ucIio € >0, TaKoe YTO BCAKAst 3aMKHyTast KpuBasi B MHOXKecTBe M \ 2,
HAUYMHAIOMAACST YW 3aKaHYWBarommascsa B Touke b, ¥: [0,1] - M \ %,
¥(0) =7(1) =b, ansa KoTOPO¥ NpH Jt060M t, 0 <t < 1, pacCTOSTHUE MEXY
TouKamu v (t) u 7(t) He MPEBOCXOAUT €, IPUHA/JIEKUT Tpymiie [

C xaxzoii (BooOIe ToBOpsi, HE3aMKHYyTOI) Kpuoit y: [0, 1] — M,
y(0) =b, cBsi3aHa 3aMKHYTas JBaKAbl MPOHZeHHAsA KpPUBasi, SBJAONIA-
AcA KOMIIO3UIMeH KpUBOH Y U KpUBOH 1~ L.

OnPEJAENEHUE 5. CkakeM, YTO He3aMKHyTas kpuBad y: [0, 1] - M
saBisgeTcsa [-xopouwtetl, ecmu

1) xpuBas y HAYMHAETCA B OTMEYeHHOU Touke, ¥ (0) =b;

2) ABaX/BI IPOiileHHas KpuBad Yy~ ! ABageTca I'-A0MycTUMOIA.

MHOs%ecTBO Bcex [-XopoIux KpuBbix o6o3Haunm uepes I1(T, b). Bse-
nem Ha MHoxkecTBe II(I', b) cooTHoIIeHMe SKBUBaleHTHOCTU. JIBe I'-X0-
pollirie KpUBLIE Y, U ¥, Ha3oBeM [-akeusaieHmusLmMU, eciu

1) KpuBHIE ¥ U Yo UMEIOT OAMHAKOBBIE IIpaBble KOHIEL 11 (1) =y,(1);

2) KOMIO3UIINA Y KPUBBIX {1 U ygl apngeTca [-ZomycTuMO1.

OmnuiieM Terepb MHOXKECTBO R(D) u otobparkenue 7 (I): R(IH—»M
Ha TEOPeTHKO-MHOXKeCTBEHHOM ypoBHe. MuoxkecTBo R(I') —3To dax-
TOpMHOXecTBO MHOxecTBa II(I", b) Bcex I'-XOpomIMX KPUBBIX IIO OIHU-
CaHHOMY BBIIIIE COOTHOIIEHUIO SKBUBaJEHTHOCTH. OToOparkeHue 7 ()
corocTaBisieT KaxAol kpuBolt y € m(I',b) ee mpaBbiii koHen y(1).
OTMmeueHHass Touka ¢ B MHOxecTBe R(I") —KJIacC 3KBUBAJIE€HTHOCTH
MTOCTOSTHHOU KpUBOH Y (t) =b.
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OmpezielUM Telephb TOIOJNOTHIO B MHOectBe R(I'): Tomonorus B
R(T") — 9TO MUHUMAJIbHAS TOTIOIOT S, IS KoTopoii orobpaxkenue 7T(I") :
ﬁ(F) — M AByAeTCA HEeIPEePbIBHBIM.

Jlerko BUZETh, YTO TIOCTPOEHHOe MHoroo6pasue R(I') BMecTe c OT-
MeueHHOUN TO4YKOU ¢ u npoekiueit (") AelicTBUTENbHO Mpe/CTaBIAET
coboli HakpeIBalliee MHOrooOpasue Haj MHoxkecTBoM M \ ¥, cooTBeT-
cTByMOIIIee oArpyrre I,

JlokaxkeM, uto R(I") fBNfAeTCA paclIMpeHHeM BCAKOTO JAPYTroro Ha-
KphIBatoIero Mmaoroo6pasus m: (R, ¢) — (M, b) Hag muokecTBoM M \ 23,
cooTBeTCTBYyIOIIero noarpytmie . IIycts v: [0, 1] — R — mobas kpusas
Ha MHOT006pa3uu R, HaUMHAIOMIASACA B TOUKe ¢. OUEBUIHO, UTO MPOEK-
IIUA 7T © Y 3TOU KpuBOU OyzeT ['-xopoiieil B MHOTOOOpa3uu M.

CorocTaBUM KaXKZoi Touke d Ha MHOTOOOpasuu R COBOKYITHOCTB
II(c, d, R) Bcex kpuBbIX 7: [0, 1] — R Ha MHOTOOGpa3uu R ¢ Ha4ajoM B
TOYKe C ¥ ¢ KOHIIOM B Touke d, v(0) =c, (1) =d. fIcHO, 4TO TIpOEeKIuu
7T 0y BCeX KpUBHBIX Y U3 MHOKecTBa I1(c, d, R) ABIAIOTCA [-5KBUBaJIEHT-
HBIMU KpUBBIMU. [103TOMy OTOOpaskeHHe, COIOCTaBJAIOIIEe KaykJoM
TouKe d MHOT000pasus R COBOKYITHOCTb ITPOEKIIUN 7T 0 ¥ BCEX KPUBBIX
y u3 MHOXecTBa I1(c, d, R), sBNseTca BIOKeHHMEM MHOTOOOpas3us R B
OTIMCAaHHOE BhINIle MHOTOOOpasue R(D).

[TpoBepKa OCTaJbHBIX YTBEPXKAEHUN TEOPEMBI HE MPEACTABIAET TPY-
[1a, ¥ MBI He OyZieM Ha Hell OCTaHaBJIUBAThCS.

2.5. HakpsiBaroiiue Haj AONOJIHEHUEM K aHAJIUTUIECKOMY IIOJ-
MHOKECTBY B MHOTOOOpa3uu.

VTBEPXKAEHUE 2.8. [[ycmb M — ananumuueckoe MHo2006pasue, ¥ —
ananumuyueckoe noomuoxcecmeo 8 M u b € M \ ¥ —ommeuennaa mou-
ka. Dukcupyem Hekomopyw nodepynny I' ¢yHOaMeHMAnbHOU epynnbl
(M \ X, b). Zlonycmum, umo nekomopas ['-xopowas kpusas (cM. orpe-
Jenerue 5) v1: [0, 1]—M, v,(0)=b, npu O0<t<1.1emcum 8 mHONCECMBE
M\ X, a ee npaswiil koney a = y(1) npunadnexcum mHOYNcecmgy 2.
Paccmompum srobyro donycmumyro cmpamupukayuo MmHoxcecmsda .
(cMm. 1. 2.2). ITyems B — cmpam amotil cmpamugukayuu, Komopbslil cooep-
ACUM MOUKYy @, U nycms v, : [0, 11— B —st0bas kpusas 8 samom cmpame,
HaAUUHaWascs 8 mouke a, v,(0) =a. Toeda komnozuyus Kpusblx y, U
Y A8asemces I'-xopowetl kpugoii.

JOKA3ATENBCTBO. [lycTe U — 1OCTaTOYHO Majiasg OKPECTHOCTD CTpa-
Ta B, 0 koTOpo# uzeT peys B ycsmoBuu 2 (cm. 1. 2.2), u v U — B —cooT-
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BeTcTByIomas nmpoekiusa. O6osuaunm vepes 7w(I7) : (R(I), c) — (M \ X, b)
JIOKAJIbHO TPUBUAJIBHOE HAKPHITHE, COOTBETCTBYyIOIee moArpymme I' C
C (M \ %, b). [No onpezieieHN 0 HAKPHITHSA KpuBas v, : [0, t;]1 > M\ X,
e t; —JI060e YUCI0, CTPOrO MeHbIlee 1, MOAHUMAaeTCss Ha MHOT0OOpa-
3ue R(I") Tak, 4TO MOAHATAsA KPUBasg HAUMHAETCH B OTMEUYEeHHON TOUYKe
¢ € R(I'). dukcupyeM 3HaueHHe MapaMeTpa t;, HaCTOJbKO OJIU3KOe K
1, gro Touka b; = y(t;) mpUHaAIEKUT MHOXeCcTBy U. OO03HauuM de-
pe3 ¢; TOYKy Ha MOAHATON KPUBOM, COOTBETCTBYIOIUIYIO MapaMeTpy ti,
1t(c;) =b;. [IycTh R; — KOMITIOHEHTA CB3HOCTH ITPO06pa3a MHOXKecTBa U
mpu otobpaskeruu 7w(I): R(I) — M \ . OrpaHudeHne p 0TOOpaKeHUs
(") Ha MHOroOoOpasve R, 3a/laeT JIOKAJIbHO TPUBUAJbHOE HAKPBITHE
p: (Ry,¢c1) = (U\ X, by). Obosuauum uepes I'; moarpymmny GyHzaMeH-
tanpHOM rpymmsl 7T, (U \ X, b;), COOTBETCTBYIONIYIO STOMY HaKPHITHIO.
JIEMMA 2.9. Ipynna I'; codepyucum s0po eomomopdusma gyHoamen-
manvHoll epynnst npocmpancmea U \ ¥ 8 dyHOameHmanvHyo epynmy
cmpama B, undyuyuposaxHozo npoekmuposanuem 7 : U — B.
JOKA3ATENBCTBO. OrpaHudeHue otobpaxenus m: U — B Ha 006-
nactb U \ ¥ ABJIseTCS IOKATbHO TPUBUATIBHBIM paccioeHueM (CM. ycio-
BHe 2 u3 1. 2.2). O603Ha4YUM 4Yepe3 a; o6pa3 TOUYKH b, MpU MPOEKIUH 7T
u o6o3Haunm yepe3 V \ F cJioil pacciioeHus HaJ| TOUKOM a;. V3 oTpeska

.— m(V\F,by) » m;(U\X,by) = my(B,a;) — ...

TOYHOH TOMOTOIIMYECKOH IOCTIe[0BAaTETbHOCTH 3TOT'O PACCIOeHUA BHI-
TEKaeT, YTO AP0 MHTEPECYoIIero Hac ToMoMopdu3Ma COBIAZAET C 00-
pasom ¢yHAaMeHTaMbHOM TpyIbl ciaost 7T, (V \ F, by). IToaTomy Ham Ha-
[0 TIOKa3aThb, 4To rpymma [} cogepxuT obpa3 dyHIaMeHTaTbHON TPyII-
el cost. [Tyets 7: [0, 11 =V \ F, 7(0) =7(1) =b,, —m06as 3aMKHyTast
nemwid, gexauaa B cinoe. [TokaxeM, uto y €I';. [l aTOro Ham HaZo IIpo-
BEPUTDH, YTO KOMIO3UIIUA KPUBBIX 11, ¥ U )71_1, rfe ¥, —orpaHudeHue
KPHUBO# ¥, Ha oTpe3ok [0, t;], mpunaznexut rpynme I' C ©t;(M \ %, b).
Ho xoMmosunuio sTUxX KpHBBIX MOKHO paccMaTpuUBaTh KaK Majoe BO3-
MyIlleHVe [BaK/bl IPOMIeHHON KPUBOM ¥;. [To ycioBuio KpuBas y, AB-
ngetca I'-xopoliel, 4To U 03HA4YaeT, YTO Majioe BO3MYLIEHHE JBaK/bI
MIpOiIeHHON KpUBOU, He IlepeceKalrolllee MHOXXECTBA X, JIEKUT B T'PYII-
ne I'. JleMMa ZjoKa3aHa. O

BepHeMca k fokasaTenbCTBY yTBepxkzeHUA 2.13. IlycTb y — KOMIIO-
3UIUA KPUBBIX Y, U Y5, O KOTOPBIX WJET pedb B yTBEP:KAEHUU. MBI
JIOJDKHEL [TOKA3aTh, YTO KpUBAs Y ABJIAETCA I'-XOpoIeH, T. e. 4To robast
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Masas gedopMalusa ABaXKAbl MPOHAEHHOW KPUBOW Yy, KOTOpas He Iie-
pecekaeT MHOXKeCTBa X, JIOXKUT B rpymiie I'. CHauasa JoKaxeM 3TO JJiA
CTHenyagbHBIX MasbiXx JedopMaluii, He IepeceKarolnX MHOXKECTBO X
Y UMEIIUX cleAyioluil Buj. KpuBas { AomKHA OBITH KOMITO3UIUEH
KPUBBIX Y1, 79 U {3, KOTOPbIEe ABJAIOTCA MaJbIMU JehOpMalusaMu KpU-
BBIX Y1, y2ygl u }/1_1 COOTBETCTBEHHO; IIPU 3TOM KpHBad f, JOKHA
OBITH 3aMKHyTa. PasymeeTcs, MBI CUUTAEM, YTO BBHIIIOJHEHBI PAaBEHCTBA
¥1(1) =7,(0) =7,(1) =75(0), nHaue KOMIIO3ULIUA He ollpeZeseHa. Tak
KaK KpUBas ¥, 3aMKHyTa W OJIM3Ka K BBl IPOHZIEHHON KPUBOH 7Y,
ee MIPOEKIIMA Ha CTPaT B 3a/laeT TPUBUATBHBIM 37eMeHT GyHAaMeHTalb-
HOM rpynmsl 6a3bl. PaccMOTpUM MOAHATHE KPUBOH ¥, HA IPOCTPAHCTBO
paccioenus R(T), HaumHatmeecss B Touke ¢. O603HaYUM 4epes ¢; Tpa-
BBIM KOHeIl TOAHATOMN KprBoi. CoriacHo JieMMe IoJHATHE KPUBOH Y, Ha
mpoctpanctBo R(IY), HauMHaroIeecs B TOUKe ¢, OyZeT 3aKaHIYUBAThCS
B TOM e Touke c;. [asee, nogHATHe KpUBOH y; Ha R(I'), HauuHaro-
Imeecd B TOYKe (1, IOJDKHO 3aKAHYMBATBHCA B TOUKe C. J[eiCTBUTENBHO,
KOMITO3UIIMA KPUBBIX 7 U T4 ABIAETCA Majod edopmaryeil ABaXKAbI
npolZieHHOW KpuBo Y. KpuBas I'; aBnsgerca ['-xopomeil. [Toatomy
[IOJHATHE KOMIIO3UIIMU KPUBBIX Y, U Y5 Ha R(I"), HaumHawomeeca B
TOUKE ¢, I0JDKHO 3aKaHYMBAThCA B TOU ke TOUKe.

VTak, mofHATHE KOMITO3UI[UU KPUBBIX ¥, Yo U Y3 Ha R(I"), HauuHa-
Iolljeecsl B TOUYKe ¢, 3aKaHUYMBaeTcsA B TOM ke Touke c. /IpyruMu cioBa-
MU, KOMIIO3UIUA 3TUX KPUBBIX JIEXKUT B rpymme I'. Mbl goka3anu Hyx-
HOe yTBepKJAeHUe JJIA ClellaJlbHO BO3MYIIIEHHOU KPUBOM, ABIAIONIEH-
cA ABAK/IBI IPOMIEHHON KOMITO3UIIUEN KPUBBIX Y1 U ¥,. OU4eBUJHO, YTO
nm060e Masioe BO3MYIIEHMe 3TOM KPUBOM, Jexkaield B obmactu M \ %,
TOMOTOITHO B 3TOM 06JIACTH HEKOTOPOMY CIIENMaJTbHOMY BO3MYILEHUIO
STOMW KPUBOM.

([IBaxxapl IpoliZileHHasa KOMIIO3UIIUA KPUBBIX Y1 U Y, ABIAETCA KOM-
MO3ULINelN KPUBBIX Y1, yzygl u y;l. Bo3wmy1ieHue 3Tol KOMIIO3UIUU AB-
JIIeTCS KOMIIO3UITUEN Tpex KpuBHIX [y, [, U l3, U3 KOTOPBIX KpuBad [,
61M3Ka K KPUBOH Y,7, ', HO He 06A3aTebHO 3aMKHyTa. Takas KOMIIO-
ULV, OYEBH/IHO, TOMOTOIHA KOMIIO3UIUK G/IMBKHX KPHUBBIX l1, Ly, L3,
13 KOTOPBIX KpUBas l2 3aMKHyTa.)

YrBep:xaeHue 2.13 oka3aHo. O

2.6. OcHoBHada TeopeMa. Terepb Bce T'OTOBO /i GOPMYIUPOBKU U
JI0Ka3aTeIbCTBa OCHOBHOM TeOpeMEI 3TOro naparpada.
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TEOPEMA 2.10 (OB AHAJUTUYECKOM MPOJIOIKEHUU OdYHKI[UU
BJIOJIb AHAJIUTUYECKOTO MHOXECTBA). [Iycmb M — KOMNIeKCHOe
aHanumuyeckoe MH02006pasue, ¥ — aHAIUMUUECKOe NOOMHONCECMBO 8
M u f, —pocmok aHanumuueckoll gyHKyuu 8 Hekomopoil mouke b € M.
Jonycmum, umo pocmoxk f, aHanumuuecku npoooaxcaemcs 800b 0601l
kpusotl y: [0,1] — M, y(0) =b, He nepecexarouieil MHONceCB0 X NpU
t > 0. ITycmb pocmok f, aHarumuuecku npoooaxcaemcsi 800b HEKOMO-
potl kpusgotl y;: [0,1] = M, y,(0) =b, c npasbim KoHUOM 8 Mouke a,
a = v,(1), npuHadnercawum mHoxdcecmgy %, a € ¥.. Paccmompum nito-
6yt donycmumyro cmpamugukayuro mHoxcecmaa ¥ (cM. 1. 2.2). IIycmsb
B—cmpam amoil cmpamugukayuu, 3amblkaHie KOmopozo codepicum
mMouKy a, u nycms y,: [0,1] — M —0bas kpusasi, HQUUHAWASACA 8
mouke a, y4(0) =a, makas umo y,(t) € B npu t > 0. Toeda pocmoxk fj,
aHanumuuecku npoooaicaemcs 800,16 KOMNO3UYUL KPUBBLX Y1 U V.

JIOKA3ATEJNBCTBO. [IyCTh POCTOK aHATUTHYECKOH QYHKIUH f;, IPO-
JIOJDKAETCS BAOJIb KPUBOU Y. PaccMOTpuM JI00yI0 TOYKY b, nexamyio B
obyacTy cxoauMocTH psiga Teitopa pocTKa f,. POCTOK B TOuke b cymmer
aToro psza Teiytopa mpogoKaeTcs BAOIb JJIOO60K KPUBOU, KOTOpas BHE
obsacTu cXoAMMOCTH psifa Telsopa 0CTaTOYHO OIM3Ka K KpUBOH 7. T1o-
3TOMY 8 POPMYAUPOBKE OCHOBHOL MeopeMmbl, He 02paHuuu8as obwHocmu,
MOJCHO cuumams, 4umo mouka b sexcum e mHoxcecmee M \ X, mouka a
Jnecum 8 cmpame B u kpusas yv,: [0, 1] = M, v,(0)=b, v;(1) =a, He
nepecexaem mHoxcecmgo % npu 0 <t < 1. B 3TUX NpeAIonoKeHUAX MBI U
6yZieM [OKa3bIBaTh OCHOBHYIO TEOPEMY.

O6o3HauuM vepe3 ' moarpymnmny ¢pyHIaMeHTaIbHOU TPYIITBI 061aCcTH
M\ T c OTMeYEeHHOM TOYKOH b, COCTOALIYIO U3 TeTeb B M \ ¥ ¢ Hauaiom
Y KOHIIOM B OTMEYEeHHOH TOYKe, IIPOZO/DKeHHE BAOMb KOTOPBIX POCTKa
f» IPUBOJUT K TOMY XK€ POCTKY. PacCMOTpUM MaKCHUMalbHOe HaKPHIBA-
tolee MHOToob6pasue 7 (') : (R(), ¢) = (M, b) Hax mHOXecTBOM M \X,
COOTBETCTBYyIOIIEe 3ToM moarpytie I' (cM. onpezenenue 2.9). MHOT006-
pasue R(I") MMeeT eCTeCTBEHHYIO CTPYKTYPy KOMIUIEKCHO-aHATUTHYe-
CKOTO MHOT'000pasus; 3Ta CTPYKTypa HacCJIeAyeTCs U3 aHATUTUYECKOHN
CTPYKTYpbl Ha M mpu otobpakenuu 7(I7), ABIAOMIEMCA JOKAIbHBIM
romeoMopduaMoM. MHOXKECTBO = A~1(I)(X) aBnfeTcs aHAIUTHYe-
CKUM TTOJMHOXKECTBOM B 3TOM MHOTI000pasvu R(I"). Pocrok fc =1"f,
paccMaTpUBaeMBbIM KaK POCTOK aHAJIUTUYECKON GYHKINU B TOYKe ¢ Ha
aHAIUTHIeCKOM MHOroo6pasuu R(I'), MO yCIOBUIO aHATUTHYECKH MPO-
JIOJDKaeTcss Ha Bce MHOTooOpasue R(D) \ Su 3a/laeT TaM OJHO3HAYHYIO
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aHaIMTHYeCKylo yHKIMIo f. Beskas kpusas y: [0,1] — M, y(0) =b
BZIOJIb KOTOPOH aHAJUTUYECKU ITPOJOKAETCS POCTOK fp, ABJsIeTCsA I'-Xo-
poieli KpuBou. JleicTBUTENbHO, aHATUTHYeCKOoe IIPOJIoKeHre POCTKa
f KaK BAOJTb ABAXKABI IPOMIEHHOM KPUBOU ¥, TaK U BAOJb 060 6Iu3-
KOH K KpUBOH 1y~ ' 3aMKHyToOM KpuBoii 7: [0, 1] — M, 7(0) =7(1) =b,
MIPUBOZAUT, OYEBU/IHO, K TOMY K€ POCTKY f;,, C KOTOPOT'O MbI HAUMHAJIH.

B wactHoCTH, KpuBad v, : [0, 1] =M, y,(0) =b, y,(1) =a € X, Baonb
KOTOPOU IIPOJOIKAETCA POCTOK f, ¥ 0 KOTOPOH HJET pedb B OCHOBHOH
TeopeMe, ABJsAeTcs [-xopoieil. [ToaToMy cyliecTByeT OAHATHE KPUBOM
v, Ha R(T"), koTopoe HaunHaeTcsi B Touke ¢. O603HAYMM Yepe3 & TIpa-
BBIY KOHeI] IMOAHATON KpuBoi. CoryiacHO yTBep:KAeHuUIo 13 s BCAKOU
KPUBOHU Y,, HAUMHAIOIIEMCs B TOUKE d U Jiexkalled B cTpaTe B, KomIo-
3UIUA KPUBBIX Y, U Y, ABIAeTca [-xopoieli kpuBoi. CieZoBaTeNbHO,
CyIIeCTByeT IOAHATHE 3TOi KoMIo3uuu Ha R(I') ¢ HadamoM B TOUKe C.
Jlpyrumu coBaMu, 3TO O3HAYAET, YTO BCsAKasAd KpUBad, Jexalias B cTpa-
Te B U HauMHAOMIAACA B TO4Ke d, HogHuMaeTca Ha R(I") ¢ HavamoM B
Touke d. IlycTh B — KOMIIOHEHTa CBA3HOCTH mpoob6pasa cTpaTta B oTHO-
cutenbHO Tipoeknuu 71(I7), KOTopast COAEPKUT TOYKY d. MBI JoKa3au,
4TO orpaHMYeHKe oTobpaskenusa 7 (I") Ha B 3a/jaeT JIOKaJIbHO TPHBHUAIb-
HOE HAaKPBITHE Ha/l CTPATOM B. fIcHO, UTO TOTOJIOTHA MaPhl, COCTOAIIAA
1“3 MHOroobpasus R(I') u MHOXecTBa Z} SIBJIAIOIIETOCS MOMHBIM ITPO-
06pa3oM MHO)XeCTBa X mpu npoekuuu 7 (I7), umeer TOCTOAHHYIO TOTIO-
JIOTHUIO BJIOJIb CTpaTa B. JlelicTBUTEIBHO, JTIOKAJTBbHO TPOMKa (R(F) Z} B)
romeomop¢Ha Tpoiike (M, X, B), v Tononorus mapsl (M, ¥.) 1o ycIoBUIO
IIOCTOAHHA BZOJb CTpaTa B.

Ternieps MBI MOXKeM NPUMEHUTH TeOpeMy 6 K POCTKY fc = 1*f, ozmHoO-
3HAYHOI aHAJIUTUYIECKON GYHKITMN Ha MHOTOOOpasuu R(F) \i KOTOpas
TIPOJIOIKAETCS B OKPECTHOCTh TOYKH d € B. JIOKa3aTeIbCTBO TEOPEMBI
2.15 3aKOHYEHO. O

§3. O MOHOJAPOMMNU MHOTO3HAYHON ®YHKIIMU HA EE
MHOXXECTBE BETBJIEHU A

MHoro3HauHas aHanutudeckas ¢yHkiusa B C" HaspiBaeTcsa F-OyHKIU-
eli, ecI MHOXKECTBO €€ OCOOBIX TOYEK IMOKPHIBAETCS CYETHBIM YHCIOM
AHAIUTUYECKUX MTOAMHOXKeCTB (M 3aHUMaeT, clIeZloBaTe/lIbHO, OYeHb Ma-
qyio gacTh mpoctpanctBa C"). [Ipu otobpaskenuu 1: (Y, y,) — (C", a)
Tonosornyeckoro mpocrpadctsa Y B C" poctok f, S-dyHkuum f B
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TOYKe d MOXXeT MHAYIIMPOBAaTh MHOTO3HAUHYIO0 QYHKIIMIO Ha MIPOCTPAH-
ctBe Y. JIJi1 3TOTO HY>XKHO, YTOOBI POCTOK f, aHAIUTUIECKU IIPOJOIKAI-
¢ BAomb obpasa 000l KpUBOM M3 MPOCTpaHCTBA Y, HaYMHATOIIENCsa
B OTMeYEeHHOU Touke Y,. Takasd cUTyalusa BO3MOXKHA, ZjaXKe eCIM TOY-
Ka a JIEXXUT B MHOXKECTBe OCOOBIX ToueK (yHKIUU f (HEKOTOpbIE M3
POCTKOB MHOTO3HAYHOU (YHKIMH f MOTYT OKa3aThCsi HEOCOOBIMU B
0COOBIX TOYKAX 3TOM GYHKUIMM) U IPOCTPAHCTBO Y 0TOOpakaeTcs B 3TO
MHOXECTBO.

MOKHO JIV OIIeHUTH I'PYIIITEl MOHOAPOMUYN MHAYIIMPOBAHHBIX TAKIM
CIIocO60M MHOTO3HAUHBIX QYHKIUI Yepe3 TPYIIy MOHOAPOMUH UCXOJ-
HOHM -QyHknuu f (BEpHO JM, HAllpUMeEp, YTO €CJIU I'PYIIa MOHOZAPO-
Muu S-QyHKIUM f paspenruMa, To pa3pelirMa U Ipynina MOHOAPOMUU
KaKZOoU MHAyIUpoBaHHOU u3 f ¢yHKIMK)? B aTOM maparpade MbI mo-
JIyYUM TIOJIOKUTEJbHBIN OTBET Ha 3TOT Bompoc (cM. 1. 3.4, 3.5).

DTO COBCEM He OYEBU/THO, ECJIU MHOXKECTBO OCOOBIX TOUEK GYHKIIUM f
He3aMKHyTO. OTMeTHUM, KCTaTH, 4TO S~-GYHKINU C He3aMKHYTBIMH MHO-
JKEeCTBaMU 0COOBIX TOUYEK He SBJIAIOTCA YeM-TO HEOOBIYHBIM. VIMEHHO Ta-
KUMH, KaK IIPaBWIO, ObIBAIOT MHOTO3HAYHBIE IeMeHTapHble GYHKIIUU
(cm. § 3 m1aBHL 5).

OmnucaHue CBA3U TPYIIITBI MOHOAPOMUH UCXOAHOM &-GYHKIUU C TPyTI-
aMy MOHOZPOMMM WHAYIMPOBAHHBIX TAKUM CIOCOOOM GYHKIUN ITO-
Tpe6oBaIO BBEAEHUS ONEPAIVH MHAYIIMPOBAHHOI'O 3aMBIKAHUS I'PYII
(cM. m. 3.2). B cBowo ouepesb, UCIOJb30BAHUE 3TOW OIEpalluu BBI-
HY>XZIaeT IepecMOTpPETh ONpe/ie/IeHUsA Pa3INYHbIX KJIAcCOB Iap TPYIIII
(cm. 1. 3.5), BCTpevammuxcs B OAHOMEPHOM BapHaHTe TOMOJIOTNYeCKON
Teopuu lanmya (cMm. m. 5.5 u 7.1 raBel 5). B arom nmaparpade crposarca
oTipeZiesieHUs, MO3BOJIANONINE paboTaTh ¢ GYHKIUAMH MHOTHX IIepe-
MEHHBIX, UMEIOUUMHU BCIOZY IUIOTHbIE MHOXXECTBA OCOOBIX TOYEK U
KOHTHHYaJIbHbIE T'PYIIIBl MOHOJPOMUU.

3.1. S-pyHKuu. B ofHOMEPHOM BapHaHTe TOIIOJIOIMYECKOH TEOPUHU
lanya 1eHTpaNbHYIO POJIb UTPAIOT &-QYHKINH, T. €. MHOTO3HAUHbIE aHa-
nuTudeckre QYHKIUM OAHOM IepeMeHHON, MHOXXECTBO OCOOBIX TOUEK
KOTOpBIX He Gojee yeMm cueTHO. O60OIIMM TOHATHE Kiacca -PyHK-
1WA Ha MHOTOMEDHBIH Ciy4aill. Bce yTBep:kAeHHS 3TOro maparpada
HECJIOXKHBI M ZIOKA3bIBAIOTCA TOYHO TaK JKe, KaK MX OZHOMepHbIe aHa-
soru (cM. § 4 mIaBhl 5); MO3TOMY MBI He GyZieM OCTaHABIMBATHCS HA UX
ZIOKa3aTeJIbCTBeE.
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[ToAMHOKECTBO A B CBI3HOM k-MEPHOM aHaJUTHYECKOM MHOT0o6pa-
3ur M Ha30BeM moujuM, eCJIU CyIIeCTBYeT CYETHOE MHOXKECTBO OTKPBI-
THIX obacTeit U; C M U CUeTHOEe MHOXECTBO COOCTBEHHBIX aHATUTHYE-
CKUX TIOAMHOXeCTB A; C U; B 3THX 00J1aCTAX, TAaKUX 4YTo A C U A;. MHo-
TO3HAYHYI0 aHAJUTHUYECKYI0 QYHKIMIO Ha MHOroo6pasuui M Ha3oBeM
S-PyHkuyuetl, ecIi MHOXKECTBO ee 0COOBIX TOYEK ABIAETCSA TOIIUM. YTOU-
HUM 3TO OIIpe/ieIeHue.

JlBa peryisapHBIX pOCTKA f, U g, 33/laHHBIX B TOYKAxX a U b MHOTr006-
pasua M, Ha3bIBAIOTCA IKBUBANEHMHBIMU, €CTI POCTOK &), IOTy4aeTcs
W3 POCTKA f, peryIapHBIM IPOAOIKEHVWEM B/IONb HEKOTOPOU KPUBOM.
KaXZbIli pPOCTOK g, SKBHUBAJEHTHBIM POCTKY f,, Ha3bIBAeTCA TaKKe
POCTKOM MHOTO3HAYHOW AHAJIUTUYECKON OGYHKIMHU f, TMOPOXKAEHHOU
poctkoMm f,. Touka b € M HaswpiBaeTcsa 0cobOM s POCTKA f,, €Cau
cymectByeT kpuBad y: [0,1] = M, y(0) =a, y(1) =b, Baoap KOTOpOH
POCTOK f, He MOXeT OBITh PEeryJsIpHO IPOJOIKEH, HO JIA J060ro t,
0 <t <1, pocToK f, peryaapHO IPOAOKAETCA BAOMb YKOPOYEHHOU
kpuBo# y: [0, t] — M. Jlerko BUZETh, YTO y SKBUBAJIEHTHBIX POCTKOB
MHOXECTBa OCOOBIX TOUEK COBIIAZAIOT. POCTOK Ha3bIBAETCA F-POCMKOM,
€CJI MHOKECTBO €r0o OCOOBIX TOYeK ABJIAETCS TOUIMM. MHOTrO3HayHasa
aHanuTU4Yeckas QYHKUMA Ha3bIBaeTcsa F-@yHkuyuell, ecid KaXAbIA ee
POCTOK ABIAETCA S-POCTKOM.

dukcrpyeM IPOU3BOIBHYIO PUMAaHOBY METPUKY o Ha M.

JIEMMA 3.1 (O CHATHUY KPUBOU C TONMETO MHOXXECTBA). IIycmb
A —mouwee mHOMcecmeo Ha mHozoobpasuu M, y: [0, 1] = M —kpusas u
(p — HenpepbleHAsL NosoKHcCUMeNbHAsl pyHKUusA Ha uHmepgaie 0 <t < 1. To-
20a cywecmgyem kpugas 1 : [0, 11— M, maxas umo 7(t) ¢Anpu 0<t<1
up @, 7)) <p).

KpoMe MHOKeCTBa OCOOBIX TOYEK YIOOHO pacCMaTpPUBATh U JIPYyTUE
MHOXXECTBA, BHE KOTOPBIX (YHKIIMS HEOTPAHUYEHHO IIPOAOJLKAETCA.
Tomee MHOXXeCTBO A Ha3bIBAETCA 3ANpeujeHHbLM MHONCECMBOM JJIA pe-
T'YJIIPHOT'O POCTKA f,, €CJI POCTOK f, PeryiipHO IPOJOIKAETCA B/OIb
kpuBoil v(t),v(0) = a, mepecekaromieii MHOXECTBO A JIWIIb, MOXET
OBITh, B HAYaIbHBIT MOMEHT.

TEOPEMA 3.2 (O 3ATIPEIIEHHOM MHOXECTBE). Towee MmHOdice-
CMBeo ABNSEMCS 3aNpeuleHHbIM MHONCeCMBOM POCMKA, ecaU U MOAbKO
eciu OHO COO0epIcUM MHONCECMBO e20 0cobblx mouek. B uacmuocmu,
pocmok obnadaem HeKOMOPbIM 3aNpeleHHbIM MHONECMBOM, ecau U
MOJILKO eCiU OH SIS POCMKOM F-PYHKUUL.
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I'pymmia MoHOZpPOMUY F-QYHKINY f € 3aIpeleHHBIM MHOXXEeCTBOM A
(nmu, xopouye, rpymnmna A-MOHOAPOMMU) — 3TO TPYIINA BCEX IepecTaHo-
BOK JIMCTOB QYHKIIMH f, KOTOPbIE MPOUCXOJAT MPU 06X0A€e TOUEK MHO-
skecTBa A. OCTaHOBUMCS Ha 3TOM IOApOGHEe.

[TycTe X —MHOXECTBO BCeX POCTKOB J-QyHKUMH f B TOUYKE a, He
Jieaieil B MHO)KeCcTBe A. Bo3bMeM 3aMKHYTYIO KpuBylo ¥ B M \ A
C HavyaJoM B Touke a. [IpofomkeHHe KaXXZOTO POCTKA M3 MHOXXeCTBa
X BAONMb KPUBOM Yy MPUBOAUT K POCTKY M3 MHOXKecTBa X. WTak, Kax-
JIOM 3aMKHYTOW KPUBOH Y COOTBETCTBYET OTOOpa’keHHEe MHOXeCTBa X
B cebs1, MpUYeM TOMOTOMHBIM B M \ A KPUBBHIM OTBEYAIOT OAMHAKO-
Bble oToOpakeHHUA. [Ipom3BeseHNIO KPUBBIX OTBedYaeT IIPOU3BeZeHUe
oTobpaykeHUH. Bo3HUKaeT romoMopdu3sM T GyHZaMeHTaTbHOU TPYIIIIHI
MHOkecTBa M \ A B rpymmy S(X) B3avMHO OJIHO3HAYHBIX MPeoGpaso-
BaHUN MHO)XecTBa X. (37eck 1 BO BceM naparpade MBI IMeeM B BUAY
CJIEZYIONIYIO TPYIIIOBYIO CTPYKTYPY B rpymie S(X): ecnu f, g — B3BaUMHO
OJHO3HAYHBIE TPeoOpa3oBaHUs MHOXecTBa X, TO UX IPOU3BEAEHU-
eM fg B rpymnne S(X) Ha3bIBaeTCs KOMIIO3ULMSA g © f OTOOpakeHU# f
u g.) Ipynnoii A-monodpomuu -byHKIMK f Has3bBaeTcs: obpas QyH-
JaMeHTa bHOU rpymmsl 71, (M \ A, a) B rpynme S(X) npu romoMopdus-
Me T.

I'pynma A-MOHOIPOMHH —3TO HE TOJBKO abCTpaKTHAs Tpymia, HO
Y I'PyIIa TPAH3UTHUBHBIX ITePECTAHOBOK JIMCTOB QYHKIMH (TpaH3UTHB-
HOCTb 3TOM T'PYIIIBI JIETKO BBIBOAUTCA U3 JIEMMBI O CHATUU KPUBOH C
TOIIETO MHO)XeCTBa). ANre6pandyecKy TaKOW OOBEKT 3aJaeTcs Mmapoit
TPYIIL: TPYTIION TIEPEeCTAaHOBOK U ee TIOATPYIIION, IBIAIOIIEeNCcsa cTaluo-
HapHOU MOATPYIIION HEKOTOPOI'O 3JeMeHTa.

MowodpomHoiil napoil F-PyHKYUU ¢ 3aNpeujeHHbIM MHONCeCMBoM A
Ha3bIBaeTCs Iapa I'PYII, COCTOANAA M3 TPYIIIEI A-MOHOAPOMUU U CTa-
IIMOHAPHOH MOATPYIIIBI HEKOTOPOTO JIMCTA 3TOUM (YHKIMU. DTa mapa
TPy OIlpe/ieieHa KOPPEKTHO, T. €. C TOYHOCTBIO ZI0 M30MOpdu3Ma
He 3aBHCHUT HM OT BBIOOpA TOYKH d, HU OT BBIOOpa JucTa QYHKIIVH.
B ciygae, Korga 3amnpelneHHOe MHOXXECTBO A COBIIAZIAeT C MHOXKECTBOM
0COOBIX TOUeK GYHKIINY, YIIOMUHAHUE O 3alPEIIeHHOM MHOXECTBE MBI
6yZeM OITyCKaTh ¥ TOBOPUTD O 2pynie MOHOOpOMUU Y MOHOOPOMHOL nape
aTol ¢yHKIMU. B ciydae, Korza MHOXECTBO OCOOBIX TOYEK (GYHKIIMHA
HE3aMKHYTO, I'pymna A-MOHOAPOMHUU MOXET OKa3aTbCsl COOCTBEHHOM
MIOATPYIIIION I'PYIITEI MOHOAPOMUU 3TON QYHKIMH.

I'pynna S(X) Hazenena Tononoruelt (cM. 1. 5.2 miaBel 5 U 1. 3.3).
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YTBEPXKAEHUE 3.3. 3ambikarue 8 epynne S(X) epynnst A-MoHOOpoO-
Muu F-PyHkyuu f He 3asucum om 8b160pa 3anpeujeHH020 MHONCECMBa
A u codepacum epynny moHoopomuu dyHkyuu f. Ilpu amom 3amblkaHue
cmayuoHapHotil nodepynnsl GUKCUPOBAHHO20 JUCmA f, OMHOCUMENBLHO
Oeticmeus epynnvt A-MOHOOPOMUU cOOePHCUM CMAUUOHAPHYIO NOOPYNY
3M020 JIUCMA OMHOCUMENbHO Jetlicmaus 2pynnst MOHOOPOMULL

3.2. oyt roMmoMopdU3MBI U UHAYLHPOBAHHBIE 3aMbIKAHUA.
HaM moHaZoOUTCA KOHCTPYKIHS, COIMOCTABJIAIONIAS KaKAOW TpyIIe
mpeobpa3oBaHuil MHOXKeCTBa X HEKOTOPYIO TPYIIy Mpeobpa3oBaHUi
ero noaMHoXectBa L (cM. 1. 3.3). [lnA u3ydeHUs ee CBOWCTB yA0OHO
BOCIIOJTb30BAThCS MOHATUAMU TIOYTH roMOMOpdU3Ma U MHAYIIUPOBaH-
HOT'0O 3aMbIKaHUA.

[Iycte T — TOmoOMIOrMYECKOe MPOCTPAHCTBO U S —rpylIla, Jexauasa
BT.

OnPEAENEHUE. OTobpaxenue J: G— T rpymmbl G B IPOCTPAHCTBO
T Ha3BIBAETCA NOUMU 20MOMOPHUIMOM 0KOJIO 2pynnbl S, eCIn

1) orobpakeHue J TePEeBOAUT eAUHUILY T'PYNNbl G B €UHUILy TPYII-
bl S;

2) ansa a060¥ TOYKU a TPYHNbl S U 060N OKpecTHOCTH V B Mpo-
crpaHcTBe T TOYKM a ' CyIIecTBYeT Takad OKPeCTHOCTh U B IPOCTPAH-
ctBe T TOYKHM a, 4TO Jjis JI0OOW TOYKM d Tpymmel G, ZJiA KOTOPOM
J(a) €U, cripaBeAiuBO BKJIIOYEHME J@hev;

3) Ans mo6bIX TOYEK a, b rpynmbl S U 060 oKpecTHOCTH V B MpO-
ctpaHcTBe T TOYKM ab CyIecTBYIOT Takue okpecTHocTu U; u U, B Tpo-
crpaHcTBe T Todek a U b, 4TO AJA BCAKUX TOYeK d, b rpynnsl G, Aaa
koTopeix J(a) €Uy u J (B) € U,, cupaBeAInBO BKJIOUeHME J (&B) ev.

OCHOBHOU MpPUMeEP MOYTH TOMOMOpP}U3Ma OKOJIO TPYIIILI OMKUCAH B
m. 3.3.

ONPEAENEHUE. MHOYyyUpos8aHHsiM 3ambikanuem G(S) Tpynmsl G B
rpymnime S OTHOCUTENbHO MouYTH romoMmopéusma J: G — T OKOJIO TPyII-
nbl S HaspIBaeTcs MepecedeHMe IPYHIE S ¢ 3aMbikaHueM J(G) B Ipo-
crpactBe T obpasa rpymnmsl G pu oTobpakeHuu J.

OnuuieM cBOMCTBa WHAYIIMPOBAHHOIO 3aMblKaHUA. [Ipexze Bcero,
undyyuposarHoe 3amsikanue G(S) aensemcs nodzpynnoil 6 zpynne S.
Hanee, oepanuuerue J: G; — T noumu 2omomoppusma J: G — T epyn-
nst G okoso epynnuvt S Ha nodepynny G, epynnst G, oues8uUOHO, A8J1emcs
noumu 2omomopgusmom epynnsl G; oxosio epynnslt S. [ToaToMy MHZIY-
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LIMPOBAaHHOE 3aMbIKaHUE OIpe/ie/IeHO /Ji BCeX MOATPYII Tpynimbl G
OTHOBPEMEHHO.

[lyctb A4, ..., A, — andaBuT, cogep:kamuii n cuMBoioB. Cnogom W B
aTOM asndaBUTe Ha3bIBAETCsA JIIOO0E BhIpaKeHUe Buga W :Ai.‘l1 ...Ai.‘lfvv, rae
WHJEKCHI 14, ..., [y IPUHUMAIOT JIFOOBIE TeJIble 3HaYeHUs OT 1 10 n, a cTe-
nenu kq, ..., ky paBHBI IUIIOC WIK MUHYC eaunuiie. Yucio k = k| + ...
... +|ky| Ha3BIBaeTcs guHoit cioBa W. JIjist Besikoi rpymmet I1 v BCsKoi
IIoCJIeZloBaTe/NbHOCTH dy, ..., d,, TOUek I'pymnsl [1 onpe/ieneHo 3HaYeHUe
W(ay, ..., a,) cioBa W, apisaiolieecs TOYKON afll ...aifn" rpymmsr 1.

YTBEPKAEHUE 3.4. [Tycms J: G — T —noumu eomomopdusm 2pyn-
not G okosno epynnwut S. Tozda 0 ecsikozo ciosa W, ecsikoeo Habopa
mouex ay, ..., a, 2pynnsl S u 8cakoll okpecmuHocmu V 8 npocmpaxcmae
T mouxu W(ay,...,a,) €S cywecmsyiom makue okpecmHocmu Uy, ...
..., U, 8 npocmpaucmge T mouex day,...,d,, Umo 0]l 8CAKUX MOueK
a, ..., d,, ona xomopsix J(d,) €Uy, ..., J(a,) € U,, cnpagednuso skuto-
yenue J(W(ay, ..., a,)) €V.

JIOKABATEJbCTBO. [IpoBezeM WHAYKIWIO MO AjguHe k ciaoBa W.
Jd eJUHCTBEHHOI'0 HETPUBUAJbHOrO cioBa W = Ai_11 JJVHBI OJWH
VTBEP)KEHUE CIIPABEAJUBO MO OIpeAeeHHI0 MOYTH TOMOMOpdHU3MA.
Kaxgoe cioBo W mmuHB k > 1 3anuceiBaeTca Jub0 B BHJE Al-1W1,
ubo B BuJe A;lwl, rae W) —cioBo aymuHbl k — 1. B mo60om U3 3TUX
JIByX CJIy4aeB IO OMNpEAENEHUIO MOYTU roMoMopdu3Ma I KaXKJAOU
okpectHoctu V Touku W(a,...,a,) CyleCTBYIOT OKpPeCTHOCTH V| H
V, Touek a; u Wy (ay, ..., a,), TaKue YTO €C/IX TOUKH dy, ..., d, Tpynmnsl G
YZAOBIETBOPAIOT BKItOYeHUaM J(d; ) € V; u J(W;(dy, ..., d,)) € V,, TO
J(W(ay, ..., a,)) €V. Ilo npeAnonoxeHU0 UHAYKINN HAWJyTCA TaKue
okpectHoct# Uy, ..., U, Touex aq, ..., a,, 94To €ciu d, ..., d, YAOBJIETBO-
pAroT BiItodeHuam J(a;) €Uy, ..., J(a,) €U,, o JW(dy, ..., a,)) € V,.
TloaTomy ecim TOYKa d; yAOBJIeTBOpsieT BratodeHwto J(4;) €Uy NV,
a TOYKU G; TP j # i; YAOBJIETBOPAWT BKIoYeHuaM J(d;) € U;, To
J(W(ay, ..., a,)) €V. YrBep:xeHre JOKa3aHO. O

TEOPEMA 3.5. /[ns 8csikoeo noumu 2omomopdpusma J : G— T epynnuwl
G 0x010 epynnbl S U 8CAK020 HOPMANbHO20 Oenumens Gy epynnwst G,
onst komopozo gaxmopepynna G/G, KommMymamueHd, UHOYYUPOBAHHbLE
samvikanus G(S), G(S) epynn G;, G 8 zpynne S omHOCUmMeNbHO NOUMuU
2omomopdusma J ydosnemeopsirom caedyrouwum ycaosusam: 2pynna G (S)
Aeemcs HOpMAIbHbLIM Oenumenem 6 zpynne G(S), u akmopepynna
G(S)/G1(S) xommymamusna.
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JOKA3ATE/NBCTBO. HaM Hazo fokasarTh, 4TO A1 KaXAOH Iapsl TO-
gek a, b rpynmer G (S) Touka aba”'b~! mpunaanexur rpymme G, (S), T. e.
4TO B MO60I OkpecTHOCTH V Touku aba™'b~! cymecTByioT TouKH, Ipu-
Haexamue obpasy J(G;) rpymmsl G;. COIacHO yTBEP)K/AEHUIO, TIPU-
MeHEHHOMY K coBy W =A; A, AT A, cymectsytor okpectHocTH Up 11
U, Todex a 1 b, Takue 9TO /11 BCAKO Tapsl Touek d, b rpymmst G, s
KOTOPBIX BBINIOJIHEHBI cooTHouenus J(d) € U;, J b e U,, cripaBeInBO
Brmovenve J(dbda'b~1) € V. Touku a u b nexar B rpynne G(S); mo-
9TOMy TOYKM d ¥ b rpymmsl G, /st KOTOPBIX 3T COOTHOIIEHHS BBIIIOJ-
HEeHBI, eWCTBUTEIBHO CyIIeCTBYIOT. JIi1 Takoi maphbl TOYEK d, b Touka
dba~'b~! nexwur B rpymne G;, Tak kak dakroprpynna G/G,; KoMMyTa-
ThBHA. Tak, Mbl HAallUIU TOYKY, MPUHAZJIeXaIyo obpasy J(G;) rpym-
nel G, B 3a/jaHHOM oKpecTHOCTH V Touku aba™'b~!. Teopema 3.5 zoKa-
3aHa. O

TEOPEMA 3.6. /[lna ecsikoeo noumu 2omomoppusma J: G — T epyn-
nvt G okos10 epynnbl S u ecsikoll nodepynnut G epynnut G, umerowetl Ko-
HeuHblil undekc k 8 epynne G, undyyuposannsie 3amwvikaus G,(S), G(S)
epynn Gq, G 8 epynne S 0mHocumeIbHO noumu eomomopgusma J yodos.e-
meopsitom caedyrowemy ycaosuio: epynna G,(S) asnsemca nodepynnoit
KoHeuHo20 undekca 6 zpynne G(S), npuuem amom umdekc MeHblUe UL
paseH k.

JOKABATEABLCTBO. IlycTh Ry, ..., R} —IIpaBble KJIacChl CMEXHOCTUA
rpynnel G no nozarpymme G,;. O6o3nauum vepes P, i =1, ..., k, mepece-
YeHHe TPYNIHL S ¢ 3aMbIKaHueM obpasa J(R;) kiacca R; mpu oTobpaxe-
Hu# J. MBI TOKaXKeM, 9TO KaXKJBIN MIPaBbIi KJIAacC CMEXHOCTU T'PYIIIIBI
G(S) no rpynne G,(S) coBmasaeT ¢ OAHUM U3 MHOXeCTB P, ..., P,. OT-
cloZa HeMeZJIeHHO BbITeKaeT TeopeMa 3.6, Tak Kak 5TO O3Ha4yaeT, 4TO
MIPaBBIX KJIACCOB CMEXKHOCTU He GOJIbIIIe YeM k.

1. [TokaxeM, 4TO 06beJHEHVIE MHOXKECTB P, ..., P, COBIIaZaeT ¢ rpym-

noit G(S). JleficTBUTeNbHO, Tpynna G ABIAETCA 06beJHeHNeM IIPaBhIX
k

KJIaCCOB CMEXHOCTHU Ry, ..., Ry; moatomy J(G) = U J(R;). Orcroza ume-
i=1
eM J(G)= ij J(R,). Tlepecekas Gpurypupymoliye B 3TOM PaBeHCTBE MHO-
i=1
’KeCTBa ¢ Tpymmoit S, momyaum G(S) = ij P.
2. [ycTh a —Touka rpynmsl G(S) u 1;(1_}1 (S) —mpaBBIf KJIacC CMEXKHO-
CTH, CoflepXKaluii 3Ty Touky. CoriacHo 1.1 ToYka a JIe)KUT B OHOM U3

261



I'maBa 7. MHOTOMeEpHasa Tomnojaorudyeckas Teopus l'anya

MHOkecTB P;. TTokaxkeM, 4To P; comepxuT Bech kaace aG,(S). JeiicTpu-
TeJNIbHO, KaXKJas TOYKa STOTo Kjiacca uMeeT BUuA b=ac, rae ce Gl(S). Bcee
TPHU TOYKH 4, b, ¢ 1exxaT B rpymie S. Ilo onpejeneHnIo MOYTH TOMOMOP-
¢dusma A1 KaXKA0H OKpPeCTHOCTH V TOYKU b CyIIeCTBYIOT OKPECTHOCTH
U, u U, Touek a u ¢, Takue uto ecnu J(d) € U; u J(¢) € U,, To J(Ac) €V.
Touku @ u ¢, yZOBIETBOPSIOLINE STUM COOTHOILIEHUSIM, MOXKHO BBIOPATh
B K1acce R; u rpynme G; COOTBETCTBEHHO, Tak Kak a € J(R;), c € G1(S).
Jlnst Takoro BeIOOpa Touek d U € TOuKa dc JIeXXUT B Kiacce R;. IToaTomy
TOYKa b JIEXXUT B MHOXKeCTBe P;, 94T0 1 TpebOBaIOCh J0KA3aTh.

3. [lycte MHOXKecTBO P, HenycTo U a € P, —ofHa u3 ero todek. Iloka-
’KeM, YTO MHOXeCTBO P; coziepxkuTed B Knacce aG, (S). ITycTs b — mobas
Touka B P,. PaccMoTpuM aneMeHT ¢ =a 'b. [TokaxkeM, uTo c € G, (S). [lna
3TOr0 HYXKHO IOKa3aTh, YTO BCAKAsA OKPECTHOCTb V 3jeMeHTa ¢ Iiepe-
cekaetcs ¢ obpazom J(G,) rpymnsl G;. Bce Tpu Touku q, b, ¢ nexxar B
rpymme S. ITo ompeziesieHUIO ITOYTH TOMOMOPU3Ma IS KaXKJ0H OKpecT-
HOCTH V TOYKHM ¢ CyIIecTBYIOT okpecTHOCTU U; u U, Touek a u b, Takue
yto ecnu J(a) €Uy u J(B) eU,, To J(&_lﬁ) €V. Touku a, E VZIOBJIETBO-
pSIOIINe STUM COOTHOIIEHUAM, MOXXHO BBIOpATh B Kiacce R;, Tak Kak
a, b€ P,. ]l TaKkoro BeIGopa Touek @, b Touka @b nexwuT B rpymime G .
TToaTOMY TOYKA C JIE)KUT B rpymme G, (S), 4To u Tpe6oBasoch J0Ka3aTh.

Teopema 3.6 gokazaHa. O

3.3. UuaynupoBaHHOe 3aMbIKaHHE TPYIIbI IIpeoOpa3oBaHMUIA
MHOKECTBa B TpyIlNe MpeoOpa3oBaHHil ero moAMHO:KecTBa. OTH-
IIleM OCHOBHOM IpHMep IOYTH roMoMop¢u3Ma J OKOJIO TPYIIIIHL.

a) Tonosozuueckoe npocmparncmgo T = T (L, X). Ilyctb X — npous-
BOJIbHOE MHOXKeCTBO U L C X — t060e ero moIMHOXKeCTBO. PaccMoTpuM
npoctpancTtBo T =T (L, X) oTobpaxkeHuii u3 L B X, Ha/ileJIeHHOE CJIEYIO-
el Tononoruei. /Iy Kaxaoro orobpaskenus f: L — X U KaOXKJ0T0 KO-
HeYHOro MHOXXecTBa K C L o6o3HauuM uepes Uy (f) MHOXXeCcTBO 0TOGpa-
»KeHUM 13 L B X, coBmajaronux c orobpakeHueM f Ha MHOXecTBe K. [To
ompeeneHuIo 6a3uc OKpecTHOCTel anemMeHTa f B mpocTpaHcTBe T (L, X)
obpasyeT COBOKYIHOCTb MHOXKeCTB {Uy (f)}, rae unzaekc K mpoberaet
MHO)XEeCTBO BCeX KOHEUHBIX TIOZAMHOXECTB B L. JI[pyruMu cJI0BaMHU, TOJb-
KO 4YTO OIpe/ieJIeHHYIO Torosoruio B MHOXKecTBe T (L, X) MOXXHO OIH-
caTh KaK TOIIOJIOTUIO TIOTOYEYHOM CXOAUMOCTH oTobpakeHuit u3z L B X
B JUCKPETHOM TOMONOTUY MHOXecTBa X. [I/is1 6€CKOHEYHBIX MHOXKECTB
X tononorus B T (L, X) HeTpuBUaJIbHA U TI0JIe3HA /I JaTbHEUIIIEero.
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6) I'pynna S=S(L) C T(L, X). I'pynma S(L), cocTosimasi U3 BCeX B3a-
VMHO OZHO3HAYHBIX IIpeo6pa30BaHUl MHOKECTBA L, ecTeCTBEHHBIM 00-
pa3oM BiIOXKeHa B IpocTpaHcTBo T (L, X): B3aMMHO OJHO3HAYHOE OTOO-
paxenue F: L — L MOXXKHO pacCMaTpUBaTh U Kak oTobpaxkenue f: L — X,
Tak Kak L C X.

B) I'pynna G u omobpaxcerue J(G) — T (L, X). B xauecTBe rpynmsl G
BO3bMeM JII00YIO TTOATPYIITY Ipymnbl S(X) B3aUMHO OZHO3HAYHBIX IIpe-
obpasoBanuii MHOKecTBa X. B KayecTBe oTobpaxkenus J: G — T (L, X)
paccMOTpUM OTOOpakeHHe, COIOCTABIAIONIee KAXKJOMY OTOOpaKeHHIO
f: X — X, npuHaznexaiieMy rpymnmne G, ero orpaHUYeHUe Ha MHOXe-
ctBo L, .e. J(f) = f|;.

TEOPEMA 3.7. B onucaHHoll eblute 8 n. a), 6), B) cumyayuu omobpa-
acerue J: G— T (L, X) siensemes noumu 20MOMOpPHU3MOM OKOJI0 2PYNNbL
S=S(L).

JIOKA3ATEJNBCTBO. 1. OrpaHnyYeHue TOXKAeCTBEHHOTO OTOOpaKeHUs
MHOXKecTBa X Ha IMOAMHOXECTBO L SBJIAETCA TOXKAECTBEHHBIM OTOOpA-
JKeHUeM MHOXKecTBa L. [ToaToMy oTobpaxkeHue J MepPEBOAUT €IUHUILY
rpynnsl G B efuHUILY rpymsl S(L).

2. Mlyctb a € S(L). PukcupyeM TPOU3BOIbHOE KOHEYHOE ITOZMHO-
xecTBo K C L 1 paccMOTpUM oKpecTHocTb V = Uy (a™!) anemenra a?
B npoctpaHcTtBe T (L, X). O6o3HaunM depe3 K; o6pa3 MHOkecTBa K
mpu otobpaxenuu a: L — L. [Iyctb @ —npeobpasoBanue u3 S(X) u
J(@) —ero orpaumuenue Ha L, J(d@) = d|;. PaccMOTpUM OKPECTHOCTb
U, = U, (a) anemenTa a. Ecnu J (@) € Uy, To J@Hlg=al.

3. Ilyctb a, b€ S(L), u ab € S(L) — ux kommno3unus b o a. Puxkcupyem
MIPOM3BOIbHOE KOHEYHOE MHOXKeCTBO K C L ¥ pacCMOTPUM OKPECTHOCTh
V =Ug (ab) anemenrta ab B mpoctpanctBe T (L, X). O6o3HauuM dyepe3 K
06pa3s MHOXecTBa K Tpy oTO6paskeHun a: L — L. IlycTs d, b — mpeo6-
pasoBaHuA U3 S()g) u J@a, J (5) — UX OTPAaHUYEHMsA Ha MHOXECTBO L,
J(@ =aly, J(b)=bl,.

PaccmoTpum okpectHOCTH Up = UK(a) u U, = Ug, (b) anemeHTOB a
ub. Eom J@eU, uJ (b) eU,, ToJ (@b) ev. JIeACTBUTEILHO, €CIn
b|1<1—b|1<1 ¥ dlg =alg, To @bl = ablk. O

3.4. T'pynmbl MOHOAPOMHUM UHAYIHUPOBAHHBIX PyHKIMIA. C Kax-
JIO OHO3HAYHOU aHaJUTUYECKOM OyHKIMel f MOXKHO CBA3aTh ee
cTpyHHOe paciupeHue &, collocTapiAmwollee KaXJ0H Touke X POCTOK
byHKIIMY f B 3TOM TOYKe. AHAJIOTMYHO MOXXKHO TOBOPUTH O CTPYHHOM
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pacuupeHnu 4 MHOTO3HAYHOU aHAJIUTUYECKOH QYHKIUH f: 3TO MHO-
ro3HayHas QYHKIWA, IPUHUMAIONIAsA 3HAYeHUs B MHOXKECTBE POCTKOB
GYHKIMY f U COMOCTABIAONIAs TOYKE X BCE PEry/IsIpPHBIE POCTKU (GYHK-
Uy f B 3TOU TOUKe.

[lycte f —MHOrOo3Ha4yHast &-QyHKrnusa Ha npocrtpanctse C" u f, —
HEKOTOPHBIN BBIZIETIEHHBIN POCTOK QYHKIUU f B TOuKe a. HempephIBHOE
otobpaxenue 1: (Y, y,) — (C", a) TMHENHO CBA3HOT'O TOMOJIOTHYECKOTO
IIPOCTPaHCTBAa Y C OTMEYEeHHOU TOYKOH Y, B mpoctpanctBo C", s
KoToporo 7(Yy,) = a, Ha3bIBaeTCs 0ONYCMUMbIM JJIA POCTKA f,, eciu
POCTOK f, aHAIUTUYECKU MPOAODKAETCA BAOIb obpasa 060 KpUBOM
13 MIPOCTPaAHCTBA Y, HAUMHAIOMIENCA B OTMEYEHHOU TOUYKE Y.

3AMEYAHUE. TUNWYHBIN IpUMep MPOCTPAHCTB Y, ¢ KOTOPBIMU HaM
TMPUJETCSI UMETh JIeJI0, AOCTABIAIOT TaKuhe JIOKAJIbHO HEOAHOCBS3HBIE
MPOCTPAHCTBA, KaK JIOTIONHEHUs K CYETHOMY BCIOAY IUIOTHOMY MHOXKe-
ctBy A C C xoMiutekcHo#t npsamoii C, T.e. Y =C\ A.

C pmomycTuUMBIM i pocTKa f, otobpaxenuem m: (Y, y,) — (C", a)
CBKEM MHO203HAUHYH dyHKyuwio ©°F Ha MPOCTPAHCTBE Y, MPUHUMA-
IOINyIO 3HAYEHUS B MHOXXECTBE POCTKOB MHOTO3HAYHOW (QYHKIIUU f B
Toukax mpocrpaHcTBa C". VIMeHHO, Kak[joe 3HaUeHe MHOT'O3HAYHOU
byuxumu 1*F B Touke y €Y —3T0 pocToK GyHKIMU f B Touke 7T(y) €
€ C", nonyJaromuiics aHaIUTUIeCKUM ITPOZO/DKEHNEM POCTKA f, BAOJb
HeKOTOopoi kpuBoi Buzga mtoy: [0,1] = C", rae y: [0, 1] - C" — kpuBasa
B IIPOCTpaHCTBe Y, HaunHaromascs B Touke v (0) = y, ¥ 3akaHYMBaroIIa-
sicst B Touke v (1) = y. Jna mHozo3HauHoll PyHkyuu ©°F HA NPOCMpaH-
cmee Y onpedensiemcsi epynna mMoHoOpomMuu (KOTOpPasi BIIOJIHE MOXET
OKa3aTbCs KOHTHHYaJIbHOM) U MOHOOpomHas napa pocmka f, 3To
GYHKIIMU B TOUKE ), — TOYHO TaK ke, KaK 3TO Je1anoch A F-QyHKIUH.

O603HaunM Yepe3 L, COBOKYITHOCTb BCEX POCTKOB QYHKINU f B TOY-
Ke a, ABIAIMINXCS 3HAYEHUSIMU MHOTO3Ha4YHOM GyHKUUU 7T°F B TOU-
Ke Y. I'pymma moHogpomuu M byHKIMY 7T°F SBASETCS TPAaH3UTUBHOMN
I'PYIION B3aUMHO OJTHO3HAYHBIX IIpeobpa3oBaHui MHOXKecTBa L,. Ham
HY>XKHO cBA3aTb napy M, M, B koTopoli M, — cTallMOHapHasa IoATpyIIIa
pocTka f, B rpyIme M, c MOHOAPOMHOM napoi #-¢yHkuuu f. [lng aToro
HaM MTOHAZ06ATCA ONUCAHHBIE HIKE OTOXKAECTBIEHMUS.

[Tycts O — MHOKECTBO 0COOBIX TOueK GYHKIMU [ U Xx ¢ O —mobast
Heocobas Touka B mpoctpaHcTBe C". O6o3HaYMM 4Yepe3 X MHOXKECTBO
Bcex pocTKoB ¢GyHKIMU f B Touke x. PukcupyeMm kpusyiwo o : [0, 1] —C",
COEIMHSIONIYIO0 TOUKHY a U X, 6 (0) =a, 6(1) =X, u mepeceKarouyo MHO-
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JKECTBO OCOOEHHOCTEH (QYHKITMU f JIUIIb, MOXET OBITh, B HaYaJIbHBIN
MOMEHT, T. €. 6(t) ¢ O mpu t > 0. CylecTBOBaHMe TaKON KPUBOM 6 BBI-
TeKaeT M3 JIEMMBI O CHATUM KPUBOH C Tollero MHOXecTBa. KaxzabIi u3
POCTKOB QYHKIIUU f, IeXKaIIUX B MHOXKeCTBe L,, aHaTUTUYECKHU TTPOJOI-
’KaeTcs BAOJIb KPUBOU O . JleCTBUTENbHO, psf Teiyiopa KaXkJ0TO POCTKa
13 MHOXecTBa L, cxoauTcd B Toukax O (t) KpuUBOU O NPHU JAOCTATOYHO
Masbx t, 0 <t <t,. [lpu t >ty HUKAKUX IPENATCTBUN K POJOKEHUIO
pOCTKa He BO3HHUKAeT, TaK KaK IO YCJIOBUIO 1pH t > 0 Touku Y (t) He Je-
»KaT B MHOXecTBe O.

OTOXKZEeCTBUM KaXK/BIN POCTOK f;, U3 MHOXecTBa L, ¢ pocTKOM QyHK-
IUU f;, B TOYKE X, IIOJIyYEHHBIM IIPU NPOAOLKEHUM POCTKA f;, B/OJb
KpuBOH O. [Ipy 3TOM MHOXKeCTBO L, OTOXKAECTBUTCA C HEKOTOPHIM IOJ-
MHOXXeCTBOM L, B MHOXecTBe X, BBIZIeJIEHHBIN POCTOK f, OTOX/ECTBUT-
csl ¢ HEKOTOPBIM BbIZIeJIEHHBIM POCTKOM f, € X, TpyIIia MOHOApOMUU M
byHKIMY TS OTOXAECTBUTCS C HEKOTOPOM rpymnoii M (x) TpaH3UTHUB-
HBIX TTpeo6pa3oBaHUll MHOXKeCTBA L, a CTalliOHApHAas MOATPYIIa POCT-
Ka f;, B M OTOXZECTBUTCA CO CTallMIOHApHOU moArpymnmoi M, (x) pocTka
f, B rpymme M (x). O6o3HauuM 4yepe3 G TPyIIy MOHOAPOMHUU GYHKIIUU
f, paccmaTpuBaeMyro Kak TPYIILy TPAaH3UTHMBHBIX B3aUMHO OZHO3HAY-
HBIX TIpeoOpa3oBaHuil MHO)KecTBa X B cebs1. Yepes G, 0603HAYUM CTa-
I[MOHAPHYIO MTOATPYIIILY pocTKa f, B rpymie G.

Ipynnsl Gy, G MBI paccMaTpuBaeM KaK TPYIIBI Ipeobpa3oBaHUi
MHOXeCTBa X, cofepaKallero nogMHoxecTso L, C X.

TEOPEMA 3.8. HuOyyuposanHoe 3amsikanue G(S) epynnst moHoOpo-
muu G gynxyuu f 8 epynne S=S(L,) 83auMHO 00HO3HAUHLLX Npeobpa-
308aHuil mHoxncecmaa L, codepacum epynny monoopomuu M (x) ¢yHxyuu
" F. Ipu amom cmayuoHapHas nodepynna M,(x) pasHa nepeceueHuio
epynnut M (x) ¢ undyuyuposantsim 3ambikaruem Gq(S) cmayuonapHoii
nodepynnut G, pocmka f, e epynne G.

JOKA3ATEJBCTBO. Eciu pocTok g aHanmuTHdeckoll GyHKUIMM aHa-
JIUTUYECKU TIPOJOJDKAETCA BAONMh HEKOTOPOH kpuBoi y: [0, 1] = C", To
OH AQHAJIUTUYECKU IIPOJOIKAETCS BJOJMb BCAKOW KPUBOU § C TEMU XKe
koHmamu, y(0) = 7(0), v(1) =7(1), AocTaTOYHO OJIU3KON K KPUBOM 7.
[Tpu 3TOM IPOZOIKEHUA POCTKA g BAONb KPUBBIX ¥ U ¥ IPUBOJAT K OfI-
HOMY U TOMY XXe pe3ysibraTy. /IoKa3aTeJbCTBO TeOPEMEl OCHOBAHO Ha
3TOM aHaIUTU4YeCcKOM dakTe. BBHUAY IPUHATHIX OTOXKAECTBIEHUM KaK-
Joe mpeobpaszoBanue m: L, — L, u3 rpynnbl M (x) momydaeTcs OZHO-
BpeMEHHBIM aHATUTUYECKUM IIPOJOJIKEHNEM POCTKOB M3 MHOXKeCTBa L,
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BJIOTTb HEKOTOPOH KpUBOH ¥ Buza 51,6 !, rae 6 ' —kpuBas &, mpoii-
JleHHas: B 0OpaTHOM TIOPSIZIKE, @ KPUBAs Y, ABIAETCSI 06pa3oM IIpHu OT06-
pa’KeHuHU 7T HEKOTOpPOU KpPUBOU Y, : [0, 1] —Y B nmpocTpaHcTBe Y, Hauu-
Harolelica ¥ 3aKaHUYUBAIOLIENCA B TOUKe Y. KOHIBI KPUBOH Y JieXaT B
Touke x € C", HO KpuBas Yy, BoobIle rOBOpsI, IepecekaeT MHOXKeCTBO O
0cobbIx Touek GpyHkuMH f. PuKkcupyeM 110060e KOHEYHOE MHOXKeCTBO K
pocTkoB B L, . IIpogedopMupyeM HEMHOTO KPUBYIO ¥, OCTABJIASA 3aKpell-
JIEHHBIMU ee KOHIIBI TaKUM 06pa3oM, 4ToOBl He M3MEeHUTh aHaJIUTH4e-
CKUe TIPOZO/DKEeHUs KOHEYHOTO MHOXecTBa K POCTKOB BZOJIb KPUBOM,
U Tak, 4ToObI mpozedopMUpOBaHHAsA KPUBasi ¥ He IepeceKasa MHOXe-
ctBo O. DTO MOXHO C/le/IaTh, YIUTHIBASA aHAIUTUYIECKUH (GaKT, MpuBe-
JIEHHBIN B HaYaJse JOKa3aTeNbCTBa, ¥ IEMMY O CHATUU KPUBOH C TOIETO
MHO)XeCTBa.

Bronbe KpUBOM ¥ MOXXHO aHaJIWUTHYECKU IMIPOJIO/KATh BCe POCTKU U3
MHOXecTBa X, Tak KaK KpuBas 7 He IepecekaeT MHOxxecTBo O. CooT-
BETCTBYyIOIllee KPUBOH ¥ mpeobpaszoBanue g: X — X MpUHAAJIEKUT TPYII-
e MoHoApomuu G ¢yHkuuu f. Mtak, Mel g1 oKpecTHOCTH Uy TIpeo6-
pasoBanus m: L, — L., nexaiero B rpymmne M (x), NpeabABUIN TIpe-
obpasoBanue g: X — X u3 rpymnnsl G, Takoe 4To m|x = g|k. [losaTomy
M(x) € G(S).

Janee, moarpymmna M, (x) cocTout u3 mpeobpa3oBaHuii rpymmbl M (x),
MEPEeBOAAIINX TOUKY f, B cebs. i1 KoHeuHbIX MHOXKecTB K C L., cozep-
JKaIlUX TOUKY f,, BCsAKOe mpeobpasoBaHue g: X — X, coBmajarolnee Ha
MHOXKecTBe K ¢ HEKOTOpHIM mpeobpa3oBaHueM m: L — L, tae m € M,
TOXe TIepeBOJIUT TOUKY f, B cebs. [ToaTomy My=M NGy (S).

Teopema fokasaHa. O

3.5. Kitaces! map rpynn. B oqHOMepHOM BapUaHTe TOMOIOTUYECKOHN
Teopuu lanmya omuceiBaeTcs, KaK W3MEHAIOTCA MOHOJPOMHBIE Iaphl
byHKIMN 0/HOM TTepeMeHHOU NMpHU CYIePIIO3UIUAX, UHTerPUPOBAHUAX,
aubdepeHINPOBAaHUAX U T. A. I 3TOrO HCIIOIB3YIOTCA HEKOTODBIE
MOHATHSA, CBA3aHHBIE ¢ mapamu rpymi (cM. 1. 5.5, 7.1 rmassl 5). Jlna GyHK-
IIMM MHOTHX IIepeMeHHBIX B CBA3U C TeOpeMOM U3 II. 3.4 3TU IOHATUA
He0OXOANMO HECKOTbKO MoAudUIrpoBaTh. HalloMHUM ONpeZiesieHUsA U
MIPOBEZIEM HY)KHYIO MOAUDUKALIHIO.

Iapotl epynn MBI BcerZa Ha3bIBaeM Iapy, COCTOAILYIO U3 T'PYIIIBL U
HEKOTOpO ee MOATPYIIIBI, IPU 3TOM 2pynna 0moxcoecmensiemcst ¢ nd-
potl epynn, cocmoswetl uz amotil epynnut U ee eOUHUUHOL NOO2PYNNbL.
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§ 3. O MOHOAPOMUM HA MHOXXECTBE BETBJIEHUS

OnpPEAENEHUE. COBOKYIIHOCTh £ Iap Ha3blBaeTCA NOUMU NOJAHBIM
Kaaccom nap 2pynn, eciu Ajad Kaxzaod mapsl rpynm [IT, ] € %, rae
ILCET,

1) ans moboro romomopdusma T : I'— G, rme G — HeKoTopas rpyIiia,
napa rpynn [tT, 717y ] Taxke cogep:xurcs B .<;

2) ayst moboro romomopdusma T : G— I, rme G — HeKoTopast T'pyTna,
napa rpynn [t 1T, 7_11“0] TaKXe COJEep>KUTCA B ZL;

3) At 060 Tpynnbl G, HageaeHHOU T,-TOTIONOTHEN U coepKaleit
rpynny I', I' € G, mapa rpynn [T, [y] Taxke cogepxurca B Z, rae I', 'y —
3ambikaHuda rpynn I, Iy B rpynre G.

ONPEAENEHUE. [10YTH HOMHBIA KJIacC map I'PyHN ./ Ha3bIBAETCHA
NOJHBIM, €CITU

1) ana xaxzaou napel rpynt [, Iyl € 4 w rpynnel '], Takoi uto [ €
CT, €T, mapa rpynn [I', I'; ] Takxe comepXUTca B A ;

2) pnsa kaxaeix AByx nap rpynm [T, T 1, [T, ['y] € 4, Takux uto 'y C
CT; €T, mapa rpynn [I', I',] Takke copepxurcsa B A .

MuHMMaNbHbIE TOYTH TIOTHBINA U TIOMHBIN KJIACChl MTap TPy, COZep-
’Kamuye GUKCIPOBAHHOE MHOXKECTBO Iap rpynn 93, 6yzem ob6o3HAYaTh
L{(B) u M(B) coorBeTcTBeHHO. [IycTh # — KJIacC BCEX KOHEYHBIX
rpymn, .o —KjIacc Bcex abesneBbix rpymm, S(k)—rpymnma Bcex Iepe-
CTAaHOBOK Kk 27eMeHTOB. MUHHMAaJbHBIE IIOJHBIE KJIACCHI [1ap TPYIII
M, K ), M, S(k)) v M(.o/) HA3BIBAIOTCA NOUMU PA3PEUUMBLMLL
k-paspewumsbivu 1 paspewumsbimu KIaccaMy Iap TPYII COOTBETCTBEH-
HO. DTH KJIacchl Map TPyII BaXHBI B Teopuu [amya. OHU [OMyCKAaOT
crleziyrolee SBHOE OIVICAHUE.

Lemnouka noarpynn [, i=1,...,m, I'=T12... 2T, €T, Ha3pIBaeTca
HopmanwsHoll 6awHetl napsl rpyn [T, Ty], ecntn rpymma I, ABageTca
HOPMaJIbHBIM JieIuTesieM rpynnsl I; npu kaxgom i =1,...,m — 1. Co-
BOKYIHOCTb dakToprpyni I;/I';, ; Ha3bIBaeTCs COBOKYITHOCTBIO desume-
Jietl OMHOCUMeNIbHO HOPMAILHOLL bawHU.

TEOPEMA O KJAGCAX HAP (., X), M{,S(n)) u M{) (cMm.
TeopeMy 7.5 u3 miaBel 5). 1. Ilapa epynn noumu paspewuma, ecau u
MOJIbKO ecil OHA 061a0aem HOPMAAbHOU OauiHell, KaxcOblil Oeaumesns
OMHOCUMENILHO KOMOPOLL S1815lemcsl Wil KOHEeUHOll, Wil KOMMYmamus-
Holl epynnotl.

2. IMapa 2pynn k-paspewuma, ecau u moabko ecaiu oHa obaadaem Hop-
ManvHotll bawHetl, kKaxcoblil eiumesib OMHOCUMENILHO KOMOPOLl A8Jsiem-
cs1 wnu nodepynnoti epynnst S(k), wru kommymamueHotl epynnotl.

267



I'maBa 7. MHOTOMeEpHasa Tomnojaorudyeckas Teopus l'anya

3. IIapa 2pynn paspewuma, ecau u mojabko ecau epynna MoHOOpoMuu
amoil naps! paspewuma (Tpynmnoi MoHoApoMuH mapsl rpynm [T, [;] Ha-
3bIBaeTcs GpaKTOprpymna rpymnisl ' 1o HauboMbIIIeMy HOPMaJIbHOMY Jie-
JIUTEJTIO, JIeXalleMy B Tpyte I).

YcuuM cBOMCTBO 3 M3 ONpefiesieHusi TIOYTH MOJHOTO Kjacca map
TPYIIIL.

3’) Jlns Beakoro moutu romomopdusma J: I' — T OKOJIO TPYIIbl S
napa rpymn [T(S), Ty (S)] Takke conepxurca B %, rae I'(S), Ty (S) — un-
AyIUpoBaHHbIe 3aMbikanus rpymm I, Ty B Tpymie S Ipy MOYTH [OMO-
Mopdusme J.

OMNPEJEJEHUE. [-noumu nosnwwlil kaacc nap epynn, I-noamsiil kaacc
nap epynn, knaccst [£(RB) v [.#(9B) onpenensioTcs Tak ke, KakK I0-
YTH ITOJHBIN KJIACC Iap IPYIII, MOJHBINA KJIace map PYII, Kiacchl £ (%A)
U M (9B) COOTBETCTBEHHO, HYXXHO JIUIIb BO BCEX OMPEENEHUSIX CBOK-
CTBO 3 3aMEHUTH 60JIee CUIbHBIM CBOMCTBOM 3.

VYTBEPXKAEHUE 3.9. Beprut pasencmea I (.o, X)) = M{.d, X ),
IM(, S(K)) = M(A, S(K)) ulM(A )= M(S).

JloKa3aTesbCTBO HEME/IEHHO BBHITEKAEeT M3 SIBHOTO OIMCAHUS KJac-
coB M, A), M{A,Sk)) u #{) n u3 Teopem 3.5 u 3.6 1. 3.2 06
WHAYIIMPOBAHHBIX 3aMbIKAHUAX.

TEOPEMA 3.10. MoHOOpOMHAsS Nnapa 8CAKOLU MHO203HAUHOU PYHKLULU,
UHOYUUDOBAHHOU NPU HEKOMOPOM HenpepbieHOM omobpasceHuu -@PyHk-
yueil f, npuxadnercum MUHUMAIbHOMY I-noumu nosxomy xknaccy nap
2pynn, codepacaujemy MOHOOPOMHYH napy dynxuyuu f. B uacmHocmu,
ecnu S-Pynkyua f obnadaem paspewumotl epynnoii monoopomuu (no-
ymu paspewumoti. MoHoOpomMHOU napoil, k-paspewumoti MoHOOPOMHOII
napoti), mo amum e cgoiicmeom obsadaem zpynna moroopomuu (MoHo-
OPOMHAsl Napa) 8cAKoll MHO203HAUHOU hyHKUUU, UHOYYUPOBAHHOU NpuU
HeKOmMopoM HenpepbleHOM omobpaxceHuu gynkuyuetl f.

JlokasaTesnbCTBO BBITEKAET U3 TeopeMbl 3.8 MyHKTa 3.4 U U3 3aMKHY-
Toctu KinaccoB M., X'), M{.<,S(k)) u M(.</) OTHOCUTETHHO OIIEpPa-
[[UU UHYIIMPOBAHHOTO 3aMBIKaHUA.

8 4. MHOTOMEPHBIE PE3VJILTATBI O HEIIPEJICTABUMOCTHU
®YHKIIUU B KBAZIPATYPAX

B aToMm maparpade onuckBaOTCA TOIONIOTHYECKHE IPENATCTBUA K IIpes-
cTaBUMOCTU PYHKINHM MHOTHX ITepeMeHHBIX B KBaJIpaTypax. AHaIOrud-
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Hble Pe3yJIbTaThl I GYHKIIUN OFHOM IepeMeHHO OIMCaHE B ITIaBe 5
HaCTOSIIEN KHUTH.

B § 4 mmaBel 5 mocTpoeH OOUWIMPHBIN KIace GeCKOHeYHO3HAYHBIX
OYHKIIMM OZHOM TIepeMEHHOW, JJIT KOTOPHIX OIpejiesieHa T'pyIia Mo-
Hozpomuu. CyIecTByeT JIM IOCTaTOYHO IIMPOKHM KJIAcC POCTKOB bec-
KOHEYHO3HAYHBIX (PYHKIMI MHOTHX IepeMeHHBIX (cozepKalluii pocT-
K QYHKIUI, TIpeACTaBUMbIX B 0OOOIIEHHBIX KBaZpaTypax, U POCTKU
HenblX QYHKIUNM MHOTHMX IepEMEHHBIX U 3aMKHYTBHI OTHOCHUTETBHO
€CTECTBEHHBIX OIMEepaIlui, TAKUX KaK OIepalys CyNepIro3uliuii), obia-
JAIOLIVX aHAJIOTUYHBIM CBOMicTBOM? B aToM maparpade omnpezenseTcs
KJIacc & 6-poCTKOB, JAIOMIUH MTOMOXUTEIbHBIM OTBET Ha 3TOT BOIIPOC.
JlokasaTenbCTBO HCHOJb3yeT pe3yslbTaTbl O IIPOJOMIKaeMOCTH MHOIO-
3HAUHBIX AHATUTHUYECKUX QYHKIUA BAOJb UX MHOXECTB BETBJIEHU
(cm. §2).

OcHoBHas TeopeMa (cM. II. 4.5) onuchiBaeT U3MeHeHUs I'PyIIl MOHO-
ZIpoMUil & 6-POCTKOB, KOTOPbIE IIPOUCXO/AT B pe3y/bTare MpUMeHeHUA
K POCTKaM eCTeCTBEHHBIX omepaluii. OHa oueHb 6JIM3Ka K COOTBETCTBY-
folei! ogHOMepHOU TeopeMe (cM. § 6 TIaBBl 5), HO MCIOMB3YET TAKXKe
HOBBIE Pe3y/IbTaThl AHAJTUTUYECKOTO (CM. § 2) U TEOPETUKO-TPYIIIIOBOTO
(cm. § 3) xapakTepa. Kak ciezicTBUe TONTydaroTCsA TOIMOJMOTUYECKUE pe-
3y/IbTATHl O Hepa3pellMMOCTH YpaBHEHUU B SIBHOM Buze, Oosee CUIb-
Hble, YeM aHaJOrM4yHble KlacCuyecKue TeOpPeMBl.

4.1. dopmysbl, UX MYJIBTUPOCTKH, AHAIUTUYECKHE IIPOAOJDKe-
HUSA ¥ PUMaHOBBI IOBEPXHOCTU. MBI pacCMaTprBaeM JUYBIWLIEBCKIE
KJIACChI aHATUTUYECKUX GYHKITUH MHOTHX MIEpeMEHHBIX, TPeCTaBUMBIX
SBHBIMU GOPMYJIaMU, B YACTHOCTH KJacc (QYHKIIMH, MpeJCTaBUMBIX B
KBagpaTypax (000OIIEHHBIX KBaJpaTypax, k-KBaipaTypax), Kjiacc aje-
MeHTapHBIX (0OO0OIIEHHBIX TeMeHTAapHbIX) QYHKIMH (CM. BBeleHUE K
aTo rase). [ KaXKg0u GOpPMYIIBI MOXKHO OTIPeZeUTh MYJIbTUPOCTOK,
CoZIepKalvi POCTKU BceX GYHKIMH, GUTYPUPYIONIUX B 3TOH dopmyie
(cm. 1. 4.3).

Mo:KHO TOBOPUTH 06 aHATUTHUYECKOM IIPOJOIKEHUN MYJIbTUPOCTKA
bopMyIBI BAOTH KPUBOM (SBJIOMIEMCS, B CYLUHOCTH, aHATUTHIECKUM
TIPO/IOJDKEHUEM POCTKOB, GpUTYPUPYIONIUX B 3TOW GpopMysie, BAOIb pas-
JIMYHBIX KPUBBIX, CBA3aHHBIX 3TON GOpMysIoi Mexay co6oii). MoKHO
OTIpeZIESTUTh TTOHATHE PUMAHOBOM MTOBEPXHOCTH GOPMYJIBI, TOBOPUTH 06
F-cBoricTBe GOPMYIIBL U T. A. MBI TOAPOOHO OOCYZMIM 3TH OIIpe/eeHUs
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JUIS cTydast mpocTeiimedt Gopmynbl ¥y = f o G. YTOOB He 3aTrpOMOXK/IATh
TeKCT, A Oosee CIOXKHBIX GOPMYyJ aHAJIOTMYHBIE OIpeZeseHUsa He
npuBogaTcsa. O 4eM UZeT pedb, ICHO U3 Pa3bUpaeMoro HIKe IpUMepa.
PocTok aHaIUTUYECKOH GYHKIIUY (BOOOIIE TOBOPsI, MHOTO3HAYHOM) MBI
HMHOTJa 0603HavYaeM TOH Ke OyKBOM, YTO U caMy GYHKIIUIO, HE YTOYHSA B
0003HaUYEeHUHM, O KaKOH TOYKE M O KAaKOM POCTKe GYHKIIUU B 3TOU TOUKE
UJIET pedb, eCJIN 3TO ICHO U3 KOHTEKCTA.

PaccMOTpHM KOMIIO3UIIMIO POCTKA AHAJUTHYECKOTO OTOOpaKeHUS
G CBSI3HOTO aHaJIUTHYecKoro MHoroobpasus M B C" u pocTKa aHaIu-
tudeckot ¢ynkiuu f: C" — C. Mynsmupocmxom dopmynst y =f oG
Has3bIBaeTcs Tpoiika pocTkoB {y, |Gy, f}, TAe ¥y, G, — POCTKUA B TOUYKE
b € M aHanmuTnyeckodl GYHKIIMHM y W aHAJIUTHYECKOTO OTOOPa’KEHUS
G: (M,b) — (C",a), f,—pocTok B Touke a € C" aHamuTH4IeCKOU PyHK-
U f, 715 KOTOPBIX cripaBenuBa opmyna y, = f, 0 Gy.

Ilycts y: [0,1] — M, y(0) = b, — mapameTpu3oBaHHas KpuBas Ha
MHOroo6pasuu M. PaccMoTpUM napaMeTpU3OBaHHYIO KPUBYIO G O :
[0,1] — C" B mpocTpaHcTBe C", mepeBozsmIyo Touky t, 1<t <1, B
TOYKY G, 0y (t), tae Gy () — PesyIbTaT aHAIUTHIECKOTO IPOJOJIKEHHS
poctka G, BRomb KpuBoH y: [0,t] — M. AHanumuueckum npodoJice-
Huem mynomupocmka {y; |Gy , fo,} Popmynst y = f o G Baonb KpuBoi
v:[0,1] = M, y(0) =b,, y(1) =b,, HasbiBaeTca Tpokka {y;, |Gy,, fa,}
rae Yy, U Gy, — POCTKH, IONy4eHHbIE aHATUTUYECKUM MIPOJOLKEHUEM
POCTKOB Y;, 4 G, BAOJb KPUBOH Y, U f,, — POCTOK, TONYYEHHBIN aHAIIN-
TUYECKUM MTPOJIOVKEHUEM POCTKA f,, BAONb KPUBOH G,y oy: [0, 1] —C".
O4eBUAHO, YTO ITH POCTKY CBA3AHbI COOTHOLIEHUEM Y, = f,, © Gy, .

CkakeM, YTO JBa MYyJbTHUpPOCTKa GOpMynbl y = f o G 3KBUBaJIEHT-
HBI, €CJI OJJMH MYJIBTHPOCTOK IIOIy4aeTcs U3 APYroro aHaIUTUYeCKUM
IIPOZIOJKEHVEM B/IOJIb HEKOTOPOH KpHUBOH. Kak MHOXXeCTBO TOYeK puma-
Ho8a nogepxHocms R dpopMynbl y = f o G —3TO COBOKYITHOCTb BCEX MYJIb-
THPOCTKOB, SKBUBAJIEHTHBIX 3aJaHHOMY MYyJIbTUPOCTKY {3 |Gy, fy}.
OmpezienieHa ecmecmeeHHast npoekyust m: R — M puMaHOBOH IIOBEPXHO-
ctu dopmysbl y = f o G Ha MHOT0oOOpasre M, COMOCTaBAOMA MY/Ib-
TUPOCTKY {3, |Gb1, fa,} TOUKY by € M. Tlo manon OKPeCTHOCTH U Touku
b, Ha MHOTOO6pasuu M MOXHO OIPEAENUTh OKPECTHOCTh U MYJIBTH-
pocTKa 51 =1, |Gb1, fa,} Ha puMaHOBo¥ moBepxHOCTH R. [lns 2TOrO
HY)XHO, YTOOBI OKpecTHOCTh U JieXana B HEKOTOPOU KOOPAMHATHOMN
OKpeCcTHOCTU TOYKU b, Ha MHoroobpasuu M, uTo6sl B obnactu U psz
Teiinopa poctka Gy, : M — C" CXOAWICA K HEKOTOPOMY OTOGPaXKEHUIO
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G: U—C" i uTo6s1 06pas G(U) C C" oxpecTHOCTH U TIpU OTOGPAXKEHUH
G nexan B 06IaCTH CXOAUMOCTH psaa Teitnopa poctka f, . Ecnu ati
YCJIOBUS BBITTOJTHEHBI, TO OKPECTHOCTh U MYJIBTUPOCTKA b; Ha puMaHO-
BOH MOBEPXHOCTH R ompezesseTcs KaK MHOXECTBO MYJbTHPOCTKOB
{,1Gs,> fa,}, THE by €U, Gy, —pOCTOK B TOUKe by 0TOGpaKeHUs G, Ja, —
POCTOK B TOuYKe a, = G(b,) dynkuuu f, paBHOU cymme psza Tefismopa
POCTKA fy,, U Yy, = fo, © Gy,

OxpectHocTr U ONMCAHHOTO BHZA 33/al0T TOIOJOTHIO HA pHMa-
HOBOU MOBepxXHOCTU R. B 3TOM TOMONOTUM eCcTecTBEHHAs IPOEKIIUs
7: R — M sABiAeTcsd JOKaJbHBIM romeoMopdusmoM R B M. Ilpu momo-
MY JIOKQJIBHOTO roMeoMopdr3Ma 7T Ha MMOBEPXHOCTH R MHAYLIUPYeTC
CTPYKTYPa KOMILIEKCHO-aHUIUTUYIECKOTO MHOroobpasus, KoTopas IO
OTIpeZieJIEHUIO CYIIeCTBYeT Ha MHOToob6pasuu M.

PumaHoBa mMoBepXHOCTh R GopMysbl y = f o G UTpaeT B TOUHOCTHU TY
’Ke POJib, YTO U PUMAHOBA IOBEPXHOCTb aHATUTUYECKONH PYHKIMH. A
MMEHHO, MYJIbTUPOCTOK { yg |G?, f,} dopmyssl y* = f o G*, Tne G* =7*G,
OZTHO3HAYHO aHAJIUTUYECKU TPOAODKAETCS Ha BCIO PUMAHOBY MOBEPX-
HOCTb R, ¥ pMMaHOBA IIOBEPXHOCTb R ABJIAETCA MAaKCHMAaJIbHBIM MHO-
roobpasueM, /1 KOTOPOTO 3TO YCJIOBUE BBHIIOJHEHO (3TO 3HAYUT, YTO
ecnu 1, : Ry — M — ipyroe MHOr0oO6pa3sue R; BMecCTe C JIOKAJIbHBIM TO-
MeoMOpdU3MOM 7T; B M, /I KOTOPOTO BEPEH 3TOT (HAKT, TO CYIIECTBYET
BJIOKeHUE j: R; — R, KOMMYTHUpYIOIIee C MPOEKIUsIMHU, T. €. 7T; =TT 0 j).

Touka b, € M HasbiBaeTcs 0coboll A MynbTUpocTKa {y; |Gy, fo )
dopmynel y = f o G, ecnu cymiecTByeT kpuBad y: [0, 1] — M, y(0) =b,,
y(1) = by, BAOIb KOTOPOM MYJBTUPOCTOK HE MOXKET OBITH PETYIAPHO
MIPOZIOJDKEH, HO I Jtoboro t, 0 <t < 1, OH pPeryIsapHO MPOAOIKAETCS
BZIOJIb YKOPOYEHHOU KpUBOH y: [0, t] — M. Y 3KBUBaJE€HTHBIX MYJIbTH-
POCTKOB MHOXKECTBA OCOOBIX TOYEK COBIIAZAIOT. ByzeM roBOpPHUTH, YTO
dopmyna y = f o G obnazaer F-cgolicmeom, ecu MHOXXECTBO OCOOBIX
TOYEK JJIs1 1I060T0 ee MYJIbTUPOCTKA ABJsIETCA ToIuM (cM. 11.3.1).

KpoMe MHOKeCTBa OCOOBIX TOYEK YIOOHO pacCMaTpPUBATh W JPYyTUE
MHOXXECTBA, BHe KOTOPBHIX HEOI'DAHMYEHHO IPOAODKAETCS MYJIBTUPO-
ctok ¢opmynsl. Tollee MHOXXeCTBO A Ha3bIBaeTCA 3anpeujeHHbIM MHO-
2eCmeoM JJIsl MyJIbTUPOCTKA GpOPMYJIBI, €CJTU MYJIbTUPOCTOK PETYIIPHO
TIpoAoyKaeTcs BA0Mb KpUBo v (t), v (0) =a, mepecekarorieii MHOXXeCTBO
A JUIIb, MOXeT OBITh, B HAYaJIbHBIA MOMEHT.

Crnezyromas TeopeMa 0Ka3bIBaeTCs TOYHO TaK K€, KaK aHaJoruyHasa
TeopeMa 00 F-QyHKIMAX B OZHOMEPHOM ciIydae (Teopema 4.2 IJIaBHI 5).
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TEOPEMA 4.1 (0 3AIIPENIEHHOM MHOXECTBE). Toulee MHOJcecmaeo
S8J151€MCSL 3anpeleHHbLM MHONCECMBOM MYAbMUPOCMKA GOPMYIibL, ecau
U MOJILKO eCJIUL OHO COOePHCUIM MHONCECMB0 e20 0cobblx mouek. B wacm-
HOCMU, MYbMUPOCMOK popmynbl 061adaem HeKOMOopbIM 3anpeueHHbIM
MHOMCECBOM, eCAU U MOJIbKO ecau opmyna obaradaem F-c80UCmMaEoM.

4.2. Knacc S 6-poCTKOB, €ro 3aMKHYTOCTb OTHOCUTEJIbHO ecTe-
CTBEHHBIX onepanuii. KitoueByio posib i AaTbHEUIero urpaer cie-
Zlytolllee orpe/iesieHUe.

OnPEAENEHHUE. PocToK f, aHamuTudeckodt GyHKUUM f B TO4YKe a
npoctpanctBa C" ABisieTcs & 6-pocmkom, eCIIU BHIIIOIHEHO CIEYIOIIee
ycioBue. [l BCSKOTO CBA3HOTO KOMILIEKCHO-aHAJIUTUYECKOTO MHO-
roobpasuss M, BCAKOTO aHAIUTHUUECKOTO oToOpaxkeHus G: M — C" u
BCAKOTO TIpoobpasa b Touku a, G(b) =a, cylecTByeT Tolllee MHOXKECTBO
A CM, Takoe 4TO AJid BCAKOM KpuBoH y: [0, 1] — M, HaumHaroelcsa B
Touke b, y(0) =b, U mepeceKaroleil MHOXECTBO A JIUIIb, MOXET OBITh,
B HayaJbHBIMN MOMEHT, Y(t) ¢ A mpu t > 0, POCTOK f, aHATUTHIECKU
IIPOZIOJIKAeTCs BAOMb KpuBoi Goy: [0, 1] —C".

JlpyruMu coBaMHu, pocToK f, B Touke a € C" aBnsgeTcs & 6-poOCTKOM,
€CJIH JIJIST BCSIKOTO aHaIUTUYECKOTO oTobOpaskeHuss G: M — C" u Beskoi
Touku b € M, Takoii uto G(b) = a, MynbTUpOCTOK {y; | Gy, f,} dopMymsl
y=f oG obrnazaer &-CBOCTBOM Ha MHOroobpasuu M.

YTBEPKAEHUE 4.2. Kancowlil pocmok F-gyHkyuu f 00HOIl nepemen-
Holl sisisiemcest & 6-pocmKom.

JlIOKA3ATEJNBCTBO. Eciu orobpaxkenue G: M — c! IIOCTOAHHO, TO
byHKIUA f o G ABNsETCsa KOHCTaHTOM. Eciiu oTobpaskeHre G HETIOCTOSTH-
HO, TO B KaueCTBe TOIIET0 MHOXXeCTBa A JOCTaTOYHO B3ATh MHOXECTBO
G~1(0), rme O — MHOXecTBO ocobeHHOCTell GYHKIUH f. O

YTBEPXKAEHUE 4.3. Ecau fy, ..., f— S €-pocmku 8 mouke a € C"
u g— S 6-pocmox 8 mouke (f;(a),..., f,,(@)) npocmpancmea C™, mo
g(f1, -vs frn) — S 6-pocmok 8 mouke a.

JOKA3ATENBCTBO. Ilycth G: M — C" — aHamMTHYECKOe OTOOpaxe-
HUe CBSI3HOTO KOMIUIEKCHOTO MHoroobpasusa M B C", u myctb be M —
Takasg Touka, 9To G (b) =a. Tak Kak pocTKH fi, ..., f;, B Touke a € C" ABnA-
I0TCA & 6-pOCTKaMU, TO JJIA 1 =1, ..., m CyIIeCTByeT Tolljee MHOXXECTBO
A; € M, 3ampelieHHOe i1 MyJIbTUPOCTKA GopMynsl y; = f; o G. B kaue-
CTBe 3alpenieHHOro MHOXKeCTBA /1T MyJIbTUPOCTKA GopMysibl 2= f o G,
roe f=(f,..., f;) — POCTOK BeKTOp-OyHKIMU B Touke a € C", mocra-
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m
TOYHO B3ATb MHOXECTBO A = U A;. Obo3naunm vepe3 mw: R — M ecte-

i=1
CTBEHHYIO TPOEKIIUI0 PUMAHOBOM MOBEPXHOCTU R dpopmyinbl 2= fo G
¥ 0603HAYNM depe3 b TOUKY PHUMaHOBOH MOBEPXHOCTH R, COOTBET-
CTBYIOLIYIO MYJIBTUPOCTKY {2} |Gy, f,}. PocToK QyHKINU g B TOUKe C =
=(f;(a), ..., fy(@)) mpoctpancTBa C™ aBnsAeTCA & 6-pocTKOM. [loaTOMY
B MHOT006pa3uu R cyliecTByeT TOlllee MHOXECTBO B C R, 3ampelnieHHOe
A Mynsrupoctka {wy | (f o G o m);, g} dopmynsl w =go (fo G o m).
st mymerupoctia {up | (f o G)p, g} dopmyner u=go (fo G) B Kave-
CTBe 3allpellleHHOr0 MHOXKEeCTBA JOCTAaTOYHO B3ATH TOIee MHOXKECTBO
AUT(B). O
OnPEAENEHUE. Omeparnuio X, COIOCTABJAIONIYI0 POCTKY aHAINUTHU-
yecKoi BeKTop-OyHKIUM f B Touke a € C"" poCcTOK aHATUTUYECKOU QyHK-
nuu p = X(f) B TOU Xe TOUKe a, Ha30BeM onepauyueil ¢ KOHMpoaupye-
MbIMU 0COOEHHOCMAMU, €CTA TIPU eCTeCTBEeHHON ImpoeKuuu 7: R — M
pocTKa f pUMaHOBOM MOBEPXHOCTU R y pocTKa 7*(p CyIeCTByeT 3ampe-
[IeHHOe 3aMKHyTO€e aHaJUTHYeCKoe MOAMHOKecTBO A C R (T. e. poCTOK
7% aHATUTUYECKU MPOAOIKAETC BAOJb 000 KpuBoit 1: [0, 1] — R,
y(0) =4, rme @ —TouYka Ha R, COOTBETCTByMOIAsA POCTKY f, MepeceKaro-
1meit MHOXKECTBO A JIMIITb, MOKET OBITh, B HAYaJIbHBIA MOMEHT, ¥ (t) ¢ A
mpu 0 <t<1).
YTBEPKAEHUE 4.4. 1. /[na kaxncdozo i=1,...,n onepayus oudde-
DPEHUUPOBAHUS, CONOCMABAAWASL POCMKY aHaniumuueckoll gynxkyuu f

9 v
8 moukxe a € C" pocmok ¢yHkyuu % 8 Mol Jce mouxe, s181emcs onepa-
i

yueil ¢ KOHMPOAUPYEMbIMU 0COOEHHOCTNAMU.

2. Onepayus UHMe2PUPOBAHUS, CONOCMABAAIOULAS POCMKY B8eKMOop-
¢ynxyuu f = (fy, ..., f,) 8 mouxe a € C" pocmok 8 moil xe mouxe
aHanumuueckoll gyHKkyuu @, 0N KOMOPO20 BbINOJIHEHO MOHCAecmao
de = f;dx; + ... + f, dx,, sensemcs onepayueil ¢ KOHMPONUPYeMbLMU
ocobeHHOCMAMU.

JIOKA3ATEJbCTBO. Ecu poctok pynkiuu f (bopmbl a= f; dx;+ ...
... + f,, dx,) aHaIUTUYECKU IIPOZOIKAETCA BOIb HEKOTOPOU KPUBOH B
C", To BAOJb 3TOH K& KPUBOU aHAJTUTUYECKU TIPOJOIKAIOTCSA YaCTHBIE
TIPOM3BOZIHBIE POCTKa f (HeompezeneHHbIM uHTerpan ¢opmsl a). Ilo-
STOMY YacTHas MMpOM3BoAHaA (HeoIpeaeIeHHbIM UHTErpal) BooOIie He
“MeeT 0COOEHHOCTEel Ha PUMAaHOBOI TIOBEPXHOCTU POCTKA QyHKIUU f
(poctka BekTOp-pyHKIUU f). O
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YTBEPXKAEHUE 4.5. Onepayusi peuleHus aneebpauueckozo ypasHe-
HUA, conocmasasowas pocmky gekmop-pyrnkuyuu f=(fy, ..., fi) 8 moukxe
acsC", 20e f, Z0, pocmok y 8 moil dce mouke, y0087emaoparowull ypas-
Heruio fyyK + ...+ f, =0, sA8nsemca onepayueil ¢ KOHMPOAUPYeMbLMU
ocobeHHOCMAMU.

JOKA3ATEABCTBO. PaccmoTpuM mnosne K, MOpOXAeHHOe POCTKaMU
fo» -+-» fr. HaZ moneM KomIUieKcHBIX uncen C. [1o onpeneneHUI0 POCTOK
Y VAOBNETBOpAET anre6pandeckoMy ypaBHeHHIO foy + ...+ f, =0 Haz
mosieM K, OHAKO 3TO ypaBHEHHE MOXKET OKa3aTbCs MPUBOAUMBIM. BbI-
6GepeM HEIIPUBOAMMOE ypaBHEHUE

Q' +..4Q =0 (22)

Ha/ onieM K, KOTOPOMY YZOBJIETBOPsieT POCTOK y. MOXXHO CYUTATh, YTO
K03pPUnmeHTsI Qy, ..., Q; ITOro ypaBHEHU JieXKaT B KOJIbIlE HAJl IIOTeM
C, mOpOXAEHHOM POCTKaMH fy, ..., fi (€cau 3To He Tak, TO JOCTATOY-
HO YMHOXUTb K03 UIIMEHTHI 3TOr0 ypaBHEHUs Ha OOLIMI 3HaMeHa-
Tenb). KoaddurmeHTrr Q, ..., Q; 0O/HO3HAYHO POAOIKAIOTCI Ha pUMa-
HOBY TTOBEPXHOCTh R pOCTKa BEKTOP-QYHKIHH f.

O6osnauum dvepe3 D(Qq, ..., Q;) AUCKPUMWHAHT ypaBHeHUa (22).
JUCKpUMUHAHT He obpallaeTcs B TOXK/IECTBEHHBIM HyJIb Ha R, Tak Kak
ypaBHeHue (22) HempuBogumo. IlycTh ¥, C R — aHaJIUTHYecKoe MHO-
JKECTBO, Ha KOTOPOM AUCKpUMUHAHT D (Q, ..., Q;) obpaljaeTcs B HyJIb.
[Tycth Xy C R — aHaNMUTHYECKOe MHOXKECTBO, HA KOTOPOM KO3GGULIEHT
Q, obpamaercs B Hy/lb. B KauecTBe MHOXECTBA Y. JIOCTATOYHO B3STh
MHOXECTBO X =2, UXp. O

HamomuumM, 9To cuctema U3 N JUHEeHHBIX AuddepeHIInaNibHBIX YpaB-
HEHUU B YaCTHBIX IIPOU3BOAHBIX

. i1+ +iy
Lj(y)=2a{1»m>inﬁzo’ j=1,...,N, (23)
Ha Heu3BeCTHYIO QYHKIUIO Y, KO3bOUIINEeHTHI a{lm ; KOTODBIX — aHa-
muTHYecKre GYHKIUY OT N KOMIUIEKCHBIX IePEMEHHBIX X1, ..., X, HAa3bl-
BaeTCs 20JI0HOMHOIL, €CJIN IIPOCTPAHCTBO POCTKOB ee pellleHUH B 000
Touke ImpocTpaHcTBa C" KOHEYHOMEPHO.

ONPEAENEHUE. Onepayueil peuleHUsl 20T0HOMHOU CUCTeMbL YPABHe-
HUil Ha3BIBAETCS OIlepallsi, COIIOCTABIIAONIAA POCTKY BEKTOP-OYHKIINN
a= (a{l’___, ; ) B TOUKE d, KOMIIOHEHTBI KOTOPO¥ — 3aHyMePOBaHHbIE B JIfO-
60oM mopsigke Ko3bOUITMEHTH TOTOHOMHOMN CUCTeMBI ypaBHeHUH (23),
POCTOK Y B TOYKe d HEKOTOPOT'O PelIeHUs 3TON CUCTEMBL.
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YTBEPKAEHUE 4.6. Onepayus peuleHUst 20I0HOMHOL cucmembl ypas-
HeHUIl si8/1s.emcs onepayuell ¢ KOHMPOAUPYEMbLMU 0COOEHHOCTAMU.

OTO yTBEPXKAEHUE BHITEKAET U3 OOIIUX TEOPEM O TOJIOHOMHBIX CHCTe-
Max.

TEOPEMA 4.7. IIycms f — pocmok aHanumuueckoil 8ekmop-@yHKyuu
6 mouke a€C", f=(f,, ..., fy), KOMNOHeHM®bL fi, ..., fy KOMOPO20 ABAA-
tomes & 6-pocmkamu. [Iycems pocmox ¢ 8 mouke a € C" noyuaemcs u3
pocmka f npumeHeHuem onepayuu ¢ KOHMPOJIUPYeMbIMU 0CObeHHOCMS-
mu. Toeda pocmok @ ssasemcst & 6-pocmiom.

JOKA3BATE/NBCTBO. Ilycth m: R — C" —ecTecTBeHHasA NPOEKUIU
PHMMaHOBOM MOBEPXHOCTH R pocTka f u d € R — OoTMeYeHHas TOYKa Ha
R, coOTBeTCTBYyIOIIAsA 3TOMY POCTKY, 7t (a) = a. [lo onpezieneHNI0 pOCTOK
7% B TOUKe d € R aHATUTUYECKU TIPOJIOJDKAETCS BAOJb 000N KPUBOM
Ha PUMaHOBOW IOBEpPXHOCTU R, mepecekarolell HEKOTOPOe aHaJIUTH-
YecKkoe MHOXXeCTBO X C R yvInb, MOXXeT OBITh, B HaYaJbHBI MOMEHT.
dukcrpyeM crpaTudUKanio YUTHU napsl (R, ), 3aMbIKaHHe KaXXJ0TO
CcTpara KOTOpPOM fABJAETCA 3aMKHYTHIM KOMIUIEKCHO-aHAJIUTUYeCKUM
MHOXecTBoM. Hac OyzyT MHTepecoBaTh JIUIIb CTPAThl, 3AMBIKAHUA KO-
TOPBIX coZiepsKaT OTMEeYeHHYI0 TOUKy d Ha pUMaHOBOM HOBerHOCTI/I R.
IlycTh %, —3aMbIKaHHe OHOTO M3 TaKUX CTPATOB X, a Z] — obbeu-
HeHMe BceX CTPaToB, KpOMe CTpaTa X, JeKalluX B 2. COI'JIaCHO pe-
3y/IbTaTy § 2 POCTOK 7T aHAIUTHUYECKU MPOJOIKAETCS BAOMb JTI060H
kpuBoi y: [0, 1] — X4, v(0) =4, nepecekaroleii MHOXECTBO Z‘l) JIUIIIb,
MOXET OBbITh, B HaYaIbHBIN MOMeHT. OTCIOZIa U BHITEKAET TeopeMa.

JetictBuTenbHO, mycTb G: M — C" — aHaIUTHYECKOe OTOOpakeHUe
CBSI3HOTO KOMILIEKCHOTO MHOT006pasusa M B C", u mycTb b € M — Takas
TOuKa, 4To G (b) =a. Tak Kak Bce KOMIIOHEHTHI POCTKA BEKTOP-QYHKIINU
f ABnAOTCA & 6-pOCTKaMU, TO CYLIECTBYeT Tolllee MHO)XXecTBO A C M,
3alpelieHHoe A MyIbTUPOCTKA {Y; | Gy, f,} dopmyisl y = foG. IlycTb
7, Ry — M —ecTecTBeHHas1 MpOEKIMs PHMaHOBOU INOBEPXHOCTH R;
3TOU GOPMYJIBI U EeRl — OTMeYeHHad To4YKa Ha M;, COOTBETCTBYIOIas
9TOMYy POCTKY. Ha pHMMaHOBY MOBEPXHOCTh R; aHAIMTHYECKU MPOAOI-
XaeTcst POCTOK 7T~ G, B Touke b ER, OTO6pa>KeHI/I$I IIOBEPXHOCTH R; B
TIOBEPXHOCTb R, MepeBOAANIMiA TOUKy b B Touky d. [lonydeHHOe aHaIU-
TUYECKUM TPOJIOJDKEHUEM OTOOpakeHue OyzieM 0603HaYaTh CUMBOJIOM
G: R, — R. TlycTb 3, — HauMeHblllee U3 3aMBIKAHUI CTPAaTOB CTpPaTH-
¢dukaiuu YutHu mapsl (R, X), cosep:kaiiee o6pas CN}(Rl) MHOT0006pasust
R;. Ilyctp 2?—06'be,ZLI/IHEHI/Ie BCEX CTPaToOB, KpOMe cTpara 2., Jexa-
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myX B ;. MHOxecTBo B C R, Tae B= 5‘1(2‘1)), SIBJITETCS COBCTBEH-
HBIM aHAJIUTUYECKUM IOAMHOXecTBOM B R;. CormacHo [43], pocTok
p, QHATUTUYECKU TPOAOKAeTCs BAOMb obpasza Go o oy: [0, 1] - C"
BcAkoU kpuBoi y: [0, 1] — M, y(0) = E, repecekaroIeil MHOXXECTBO
B junib, MOXKeT ObITh, B Ha4yaJdbHbI MOMEHT. [103TOMy MHOXKECTBO
AU, (B) CM siBsieTcs 3anpeleHHbIM st MyIbTUpocTKa {y, |G, @qt
dopmyinel y = ¢ o G. Teopema loKka3aHa. |

CAEACTBUE 4.8. [Iycmb MHOMCECMB0 0cOOeHHOCMell MHO203HAUHOU
ananumuueckoll gynkyuu 8 C" sgnsemcsi 3aMKHYmMbM aHAIUMUYe-
ckum mHoxcecmaom. Tozda kancOwvlil pocmok amotl yHKYUU S8semcs
S 6-pocmiom.

JIOKA3ATEJIbCTBO. [10 ONpezieIeHUIO POCTOK TaKOW GYHKITUN B TOY-
ke a € C" MOXHO paccMaTpHBaTh KaK pe3yJabTaT IIPUMEHEeHUs ollepa-
I[UU C KOHTPOJIUPYEMBIMU OCOOEHHOCTAMU K POCTKY B TOYKE d BEKTOP-
¢byakIMY X = (X1, ..., X,), KOMIOHEHTHI KOTOPOU — KOODAWHATHBIE QYHK-
IUH. O

TEOPEMA 4.9 (0O 3BAMKHYTOCTU KJIACCA ¥ %6-POCTKOB). Knacc
S 6-pocmios codeprcum sce pocmku F-@yHKyuUll 00HOU nepemeHHOU U
8ce pocmku S-hyHKUULL MHO2UX NePeMeHHbLX, UMEUUX aHAIUMuUuecKue
MHOXCeCmaa 0cobblx mouex.

Knacc #6-pocmkos 8 C" 3amMKHYym omHOCUMENbHO onepayull cynep-
nosuyuu ¢ & 6-pocmkamu GyHKyuUU m nepemeHHbslx, oudgepeHyuposa-
HUSL, UHMe2PUPOBAHUSL, PeuleHUs aizebpauueckux ypagHeHull u peuteHus
20JI0HOMHDBLX CUCTIEM JIUHEUHbIX OUPPepeHlUanbHbIX YPABHEH UL

JlOKA3ATEJNBCTBO. [IpUHAAIEKHOCTh POCTKOB &~ QYHKIINH, O KOTO-
PBIX FOBOpUTCA B TeopeMe 4.9, Kiaccy & 6-poCTKOB /IOKa3aHa B yTBep-
XKAeHuU 4.2 U B ciefcTBUM 4.8. 3aMKHYTOCTh Kjacca & 6-pOCTKOB OT-
HOCUTEJIbHO CyIIepIIO3ULINI loKka3aHa B yTBepKAeHUH 4.3. 3aMKHYTOCTb
KJ1acca & 6-poCTKOB OTHOCUTENBHO OCTANbHBIX OMEPAIIUi BBITEKAET U3
TeopeMsbl 4.7 B CWITy YTBepXkAeHUl 4.4—4.6. O

CneacTBUE 4.10. Ecnu pocmok @yHkyuu f MOJCHO nosyuums u3
pocmkog S-PyHKYULl, UMenUUX AHATUMUUECKUe MHONCeCmB8a 0cobeHHO-
cmetl, u u3 pocmkog F-@yHkyuil 00HOIl nepemMeHHOTl ¢ NOMOWbI0 UHMe-
epupogarus, duggepeHyuposarus, apupmemuueckux onepayuil, cynep-
nosuyutl, peuweHus aneeOpauveckux YpasHeHUll U peweHUsl 20J0HOM-
HbIX cucmem JUHellHbIX OuPPepeHUUANbHBIX YPABHEHUIl, ™0 pPOCMOK
f saensemca S 6-pocmkom. B uacmuocmu, pocmok, He senswwuiics
S 6-pocmkom, Heb3st npedcmagums 8 06061eHHbIX K8adpamypax.
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4.3. Kiacc MyJIbTHPOCTKOB popMysi, 006JIaAAIUX & 6-CBOHCT-
BOM. IlycTh KJIacC .o/ POCTKOB aHAJIUTUYECKUX (QYHKUIMH 3aZaH MHO-
’KeCTBOM OCHOBHBIX POCTKOB 98 U CIIMCKOM /IOIIYCTUMBIX OIlepanuii %.
[TycTh CIMCOK 9 COAEP:KUT JIMIIb OIlepalliy, IepeyrcieHHble BO BBe-
JleHn" K 9Tou miaBe. [To ompeziesieHNIO KaXXAbI POCTOK Kiacca ./ BBI-
pakaeTcs 4epe3 MHOXKECTBO OCHOBHBIX POCTKOB IIPU IIOMOIIH GOPMYII,
coZlepKallyX JOIMyCTUMEBIe omepanuu. [IpuBeZieM UHAYKTUBHOE OIpe/ie-
JIeHUe MYJIbTUPOCTKOB GOPMYJ TAKOTO BHZA.

Mynesmupocmoxk npocTedeit gopmynnt ), o3Hauarouiell npuHaodeic-
HOCMb POCMKA Y MHOJNCECMBY OCHOBHLIX POCMKO8, IO OIIpe/ieIeHUIO, Co-
cmoum u3 pocmkos ¢ u g, 20e g — 3JleMeHm MHoxcecmad 93, U pageHcmada
p=g Te.Q={plglp=g}

[Tyctp pocTok ¢ B Touke a € C" BrIpakaeTcs yepe3 POCTKH B TOU-
ke a GyHKUMHA fi,..., f,, IpU IOMOIIM OZHOM M3 omepanuii 1-8 u3
m. 1.2, 1.3 BBeZileHUsI K HACTOSAIIEN IJIaBe WIM MPU ITOMOIIU PeIIeHUs
CHUCTEMBI T'OJIOHOMHBIX ypaBHeHUH. [IycThb ..., 2, — MyJIbTUPOCTKHU
dopmys, BBIpQXAOUUX fi, ..., f;;, Yepe3 MHOXeCTBO OCHOBHBIX POCT-
KoB. Torza mynsmupocmok $opmynsl, 8blpadicaroileil pocmok @, —amo
Habop, cocmosAwull u3 pocmka @, U3 MYAbLMUPOCMKO8 8ceX Gopmyn
Qq, ..., Q, U U3 moxcdecmea, coomseemcmayrowe20 paccmampueaemoil
onepayuu. Hampumep, eciu ¢ momydaercs U3 fi, ..., f,, IPU ITOMOITA
pelenus anre6pandeckoro ypapHeHus o™ + fjo™ 1+ ...+ f, =0, To
Q=L@ |, ..o, U @™+ fre™  +...+ £, =0}

Ecnu pocmoxk ¢ 8 mouxe a € C" gvipascaemcst uepe3 pocmku 8 mouke
a ¢ynxyuil fy, ..., f,, U uepea pocmok 8 mouxe b= (f,(a), ..., f;,(@)) €C™
PYHKYUU g Npu NoMOWU Cynepno3uyul, mo Myasmupocmok 2 gopmy-
Jvt, eviparcarowgeis @, —amo Q={¢|Qq, ..., L, Ll =g(f1, .. fr))
roe pu i =1, ..., m Q; — MyJIbTUPOCTOK GOPMYJBI IS POCTKA B TOYKE
a ¢oyHKIMU f; U Q) — MYIBTUPOCTOK GOPMYJBI /T POCTKA B TOYKe b
¢yuknuu g. (M3-3a omepanuyl Cymeprio3uluy MYJAbTUPOCTKUA GOpMY
MOTYT COZIEPXKATh POCTKU (PYHKITUN B pa3HbIX ITPOCTPAHCTBAX.)

st MyspTHpOCTKa GOPMYIIHL §2, TIPeACTaBIIAIONIe POCTOK Y B TOUKe
a € C", MOHATUA AHAIUMUUECKO20 NPOOONNCEHUS Y PUMAHOBOIL nosepx-
HOCMu OTIpeZiesIAI0TCA TOYHO TaK JKe, KaK 3TO Aenanoch B 1. 4.1 ay1a dpop-
Myl Yy = f o G. OTMeTHM, YTO PUMaHOBa MOBEPXHOCTh R popmysbl
pacrniosnoxkeHa Hag nnpoctpaHcTBoM C" (T. e. olpeziesieHa eCcTeCTBEHHAs
mpoexiud 7w: R— C"), xoTa B Hell MOT'yT GUTypUpOBaTh POCTKU (PyHK-
IIUH Pa3HOTO YMCJIa IepeMeHHBIX.
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[ToBTOpSAA ONpezeneHye U3 1. 4.2, CKa¥KeM, YTO MYJIBTUPOCTOK (2 dhop-
MYJIBI, BRIpQ)KaIoIel pocTOK GyHKIMHU (p B Touke a € C" yepe3 OCHOBHbIE
POCTKH, obnazaeT & 6-c8oiicmaom, eCii BBIIIOTHEHO CIeAYIOIee YCIIo-
BUe. [ BCAKOTO CBA3HOTO KOMILIEKCHO-aHAJIUTUIECKOTO MHOT000pa-
3ua M, BCAKOTO aHAJIUTUIECKOTro oToOpakeHusa G: M — C" u BcAKoro
mpoobpasa b Touku a, G(b) = a, CyleCTByeT Tolllee MHOXXeCTBO A C M,
Takoe 4TO JJA BCAKOU KpuBo#l v: [0, 1] — M, HaumHatouelca B TOY-
ke b, y(0) =b, u mepecekaroneli MHOXXeCTBO A JIUIIb, MOXET OBITh, B
HavYaJbHbBIM MOMEHT, ¥ (t) ¢ A nipu t > 0, MyJIbTUPOCTOK GOPMYJIBI 2 aHa-
JIUTAYECKU NTPOJOJIKaeTCsA BAOMb KpuBoi Goy: [0, 1] — C".

TeoPEMA 4.11. 1. Ilycmdb knacc pocmkos .« 3a0aH MHOycecmeom B
OCHOBHbBLX POCMKO8, CO0epiHcauiuUM UL & 6-pocmKu, U CNUCKOM 00mny-
cmumblx onepayuil 9, codepicaujum JAuUUb Onepayull, nepeutcieHHble 8
n. 3.1, u onepayuro peuteHus cucmembl 20JI0HOMHbIX ypasHeHuil. Tozda
07151 Kaxncdoe2o0 pocmKa U3 3mozo Kadcca obas gopmyna, ssvlpancarouas
amom pocmox uepe3 OCHOBHble POCMKU NPU NOMOWU OONYCMUMbLX One-
payuti, obradaem & 6-cgoiicmeom.

2. Ecnu 0onosHumensHo MHOJeCmeo 98 OCHOBHBLX POCMKO8 3AMKHY-
Mo OMHOCUMENLHO ONepayul aHAIUMUUEecK020 NPo0O0JdceHUs, Mo 01
8CAK020 pocmKa ¢, € ./, 3a0aHH020 8 mouke a npocmparcmaa C", cywe-
cmayem 3anpeujeHHoe MHoxcecmao A C C", maxoe umo 8 kaxcooil mouxe
b ¢ A kancoulil pocmok @;, IK8UBAJIEHMHbLL POCMKY (p,, MOYce NpUHAdJie-
acum knaccy of (U 8blpaxrcaemcs uepe3 0CHOBHbIE POCMKU 8 HEKOMOpPOM
cmbleie motl yce opmynoil, Umo u pocmox ).

JOKA3BATE/IBCTBO. /Iy JoKa3aTeabCTBa 1. 1 J0CTaTOYHO IOBTOPUTh
paccykzeHua u3 1. 4.2 (3aMeHAA POCTKU QYHKIIUU Ha MYIBTUPOCTKU
dopmyi).

JlokackeM myHKT 2. CommacHO M. 1 MyJIBTHUPOCTOK GOpPMYIBI {2, BBHI-
paxkaromel poCTOK (, Yepe3 POCTKU OCHOBHBIX (YHKIUH, obmazaeT
& 6-CBOUCTBOM M, B YaCTHOCTU, MUMeEET Tolllee 3ampelleHHOe MHOXe-
cTBO A. IlyCTh POCTOK (), IIONy4aeTcs U3 pOCTKA ¢, aHAJIUTUYECKUM
MIPOJIOJIKEHUEM BZIOJIb KPUBOU y. MOXXHO CUUTaTh, 4TO Y (t) He mpuHaj-
JexuT MHoXecTBy A pu 0 <t <1 (cMm. 1eMMy 3.1 0 CHATHUU KPUBOM C
Tollero MHoOXKecTBa U3 § 3). Ilpu aHATUTHYECKOM IIPOJIOKEHUU MYJIb-
THpocTKa GOPMYJBI () MOTydaeTcs: MYJAbTHPOCTOK (OPMYJIBI, BEIpaKa-
folell MyJIBTUPOCTOK (;, IIPU MIOMOIIY JOIMYCTUMBIX OIepanuil depes
OCHOBHBIE POCTKH, TaK KaK MHOXECTBO OCHOBHBIX POCTKOB 3aMKHYTO
OTHOCUTEJIbHO aHAJTUTUYECKOI'0 POJOIKEeHUS. O
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B ycI0BUsAX II. 2 TeOpeMbI MbI IMeeM CJIEAYIOUTYIO aTbTepHATUBY. [l
BCAKOW MHOTO3HAYHOM aHATUTUIECKOU QYHKIIMU (p JTUOO HU OJJUH U3 €€
POCTKOB He TIPUHA/JIEXKUT KJaccy .of , b0 Bce ee POCTKU BHE HEKOTOPO-
r'0 TOIIEro MHOXECTBA IIPUHA/JIeKAT STOMY Kiaccy (4 BBIpaXkaloTcs 4e-
pe3 OCHOBHBIE POCTKHU «OZITHOU M TOU ke» GOpMyJIoi). B mepBoM ciryuae
MbI GyZIeM TOBOPHUTb, UTO QYHKIIUA ( He 8blpaAicaemcs uepe3 0CHOBHbLe
pocmku npu nomowjl 00ONYCmMuMblX onepayuil, BO BTOPOM — YTO TaKoe
npedcmasJieHue cyujecmgyem. B 4acTHOCTH, OTpeZiesieHbl MOHATHA Npeo-
CMagumocmu MH0203HAUHOIl aHanumuueckoll GyHKyuu 8 Kkeaopamypax,
k-keadpamypax u 0606ueHHbIX K8adpamypax.

4.4. Tonosorn4yecKye NpensTCTBUSA K IpeACTaBUMOCTU GyHKIIHUH
B KBajpaTrypax. PukcrupyeM HEKOTOPBIN HeNyCcTOU [-MOYTH IOIHBIN
xiacc map rpymm IM (em. § 3). O6o3HaumM dyepes IM xnacc S 6-pocT-
KOB aHaJIMUTHYecKUX QyHKIMH (B Toukax Bcex mpoctpaHctB C", n =1,
OJHOBpPEMEHHO), MOHOZPOMHAasA Iapa KOTOPBIX MPUHAJJIEXUT KIaccy
nap rpymm IM.

OCHOBHAA TEOPEMA. Knacc pocmkos M codepaycum & €-pocmku
8cex 00HO3HAUHBIX PYHKUYUL U 3AMKHYM OMHOCUMENLHO Cynepno3uyuil u
Jugppeperyuposaruii. Kpome mozo,

1) ecnu xnacc IM codepucum epynny C KoMnieKcHbLX Ulcesl NO cJLoXce-
Huto, mo kaace IM 3AMKHYM 0MHOCUMEeNbHO UHMe2pUposaHuil;

2) ecau knacc IM codepucum epynny S(k) nepecmarnosox k anemernmos,
mo knacc IM 3AMKHYM OMHOCUMENbHO peuleHUsl aneebpauueckux ypas-
HeHUll cmeneHu He eblule k.

JlokazaTenbCTBO 3aKJIIOYaeTCd B aHaIM3e N3MeHeHUH MOHOAPOMHBIX
Iap pocTKOB (YHKIIMH, KOTOPBIE IPOUCXOJAT IPHU IEPEeYUCIeHHBIX B
TeopeMe onepanyax. OHO TOBTOPSAET 0Ka3aTeabCTBO aHAJIOTMYHOM Te-
opeMbI Ipo -QyHKINY OAHOH IlepeMeHHOH (cM. § 6 rmaBsl 5). [ToaToMy
MBI OTpaHUYMMCA IepeyrcIeHrueM OTIMYMM 3THX JOoKa3aTeabcTB. Bo-
IIepBbIX, TeOpeMa 0 3aMKHYTOCTH Kjlacca & 6-poCcTKOB (CM. II. 4.2) CII0XK-
Hee aHaJOTUYHOMN OfHOMEPHOU TeopeMbl. OHa onupaeTcd Ha pesyJbTa-
THI § 2. BO-BTOPBHIX, Olepanus Cyneprno3ulii B MHOTOMEPHOH CUTyaIuu
CBfI3aHa C HOBOU ollepalivell HaJ mapaMu TpPyII — C olepanuei uHAy-
IIUPOBAHHOTO 3aMbIKaHUS. DTOT KPyT' BOIPOCOB MOAPOOGHO omucaH B § 3.

PE3VIBTAT O KBAZIPATYPAX. Ipynna moHoOpomuu pocmka gyHKyuu
f, npedcmasumoti 8 keadpamypax, paspewuma. bonee mozo, paspewuma
2pynna MoHoOpOMUU BCAKO020 pocmka ¢yHKyuU f, npedcmasumozo uepes
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pOCMKU 00HO3HAUHBIX F-PYHKUUL, UMeWUX AHAIUMuyecKue MHodice-
cmea 0cobblx mouex, U pocmku 00HO3HAUHBIX F-PyHKyull 00HOIU nepe-
MeHHOTl npu nomowu uHmezpupogaruil, ougpgdepeHyuposanuil u cynep-
nosuyudl.

PE3VABTAT O k-KBAZIPATYPAX. MOHOOpOMHAS napa pocmka ¢yHk-
uyuu f, npedcmasumotl 8 k-keadpamypax, k-paspewuma (cM. TaBy 5).
Bonee mozo, k-paspewuma MoHOOPOMHAS NAPA BCAKO20 POCMKA PyHKYUU
f, npedcmasumozo uepe3 pocmku 0OHO3HAUHBIX F-PYHKYUIL, UMeUUX
aHanumuueckue MHOYCECBA 0COObLX MOoueK, U POCMmKU OOHO3HAUHBIX
S-PyHkyuil 00HOU nepeMeHHOll NpuU NOMOWU UHMezpuposarull, dugddge-
PeHUUPOBaHUl, cynepno3uyuil u pewleHUs aneedpauueckux ypasHeHuil
cmeneHu He 8blule k.

PE3VJIBTAT OB OBOBIIEHHBIX KBAJZIPATYPAX. MoHOOpOMHAS na-
pa pocmka ¢dyHkyuu f, npedcmasumoti 8 0606uleHHbIX K8adpamypax,
noumu paspeutuma (cM. iaBy 5). Bosiee mozo, noumu paspeuiuma mMoHo-
OpOMHAs Napa 8csikoz2o pocmka PyHkyuu f, npedcmasumoezo uepe3 pocm-
KU O0OHO3HAUHBIX F-PYHKUUTL, UMEIOWUX AHAAUMUYECKUe MHONeCmada
0c00bLX Mouek, U pocmkuU 00HO3HAUHBIX F-PYHKUUL 00HOU nepemMeHHOl
npu nomowu uHmezpuposanull, ougpdeperyuposanull, cynepnosuyuil u
peleHus anzebpauveckux ypasHeHuil.

JIOKA3ATEJBCTBO. IlepedricieHHBIE BBINIE PE3YJIbTATH BHITEKAIOT
13 OCHOBHOM TeOpeMbl, TaK KaK YIIOMSIHYTHE B HUX POCTKU SIBJIAIOTCSA
S 6-poctkaMu (cM. 1. 4.2), a KJacchl map TPy, UMEIOIINX COOTBET-
CTBEHHO pa3pelivuMylo, k-pa3peliuMylo U MOYTH Pa3pelIuMy0 TPYIITy
MOHOZpoMUH, coAep:xkat rpymy C 1o cioxeHuto. /IBa mociesHIX Kiac-
ca map TPyIIII, KpOMe TOTO, COAepKaT COOTBETCTBeHHO rpymmy S(k) 1 Bce
rpymnnbl S(m) npu 0 <m < co (CM. I71aBy 5). O

W3 Teopuu l'anmya jierko BeITEKaeT ciefyroman

TEOPEMA. Pewenus anzebpauueckozo ypasHeHus y™ +ry™ !+ ...
... +1,,=0, 8 KOMoOpoM 1; — payuUOHANbHBlE PYHKUUL N NePeMEHHBLX, Bbl-
pascaromest npu nomowu padukanos (npu nomowyu paodukanos u peule-
HUll aneebpauueckux ypasHeHUll cmeneHU He 8blite k), ecau U MOAbKO
ecau e2o 2pynna moHoopomuu paspewuma (k-paspewuma).

Hamra TeopeMa MO3BOJSIET YCWINTh OTPHUIATENbHBIE PE3YAbTaThl B
3TOM TeopeMe.

CneacTtBUE 4.12. Ecau epynna moHoOpomuu anzebpauueckozo ypas-
HeHUsl

Y4ny T+ 4 =0,
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8 KOMOPOM I'; — pAUUOHAIbHblEe GYHKLUU OM N NepeMeHHbLX, Hepaspewlu-
Ma, mo HUKAKOI pOCMOK e20 pellleHUsl He MOJIbKO HeNb3sl 8blpa3UMmb 8
padukanax, Ho e2o0 Hesnb3si npedcmasums uepe3 poCMKU O0OHO3HAUHBLX
S-PyHkyuil, umerowux aHanumudeckue MHojicecmaa ocobblx mouek, npu
nomowu uHmezpuposanuil, ouggdeperyuposanuil u cynepnosuyuil.

CripaBeJyIUB CJEAYIOMIMI BapUaHT KJIACCUYECKOW TeopeMbl Aberd,
KOTOPBIN CHJIbHEE BCEX M3BECTHBIX PE3Y/IbTATOB B TOM HaIlpaBJIeHUH.

TeEOPEMA 4.13 (cp. [2], [38]). IIpu n =5 Huxkaxoil pocmok peweHus
obwezo anzebpauueckozo ypasHeHus y" + x; _y”_1 +...+x,=0, 8 xo-
MOpOM Xy, ..., X, — HE3ABUCUMbLlE NepeMeHHble, Heb3sl 8blPpA3UMb Uepe3
POCMKU 37IeMEeHMAPHbIX PYHKYULL, POCMKU O0OHO3HAUHbIX F-yHKUUL,
UMEWUX AHANUMUUeCKUe MHONECM8a 0cobblx mouek, U POCmKU 00HO-
3HAUHBIX S-PyHKUULL 00HOLU nepeMeHHOll npu NoMowu cynepno3uyuil,
uHmezpuposanuil, OougdgdepeHyuposanuil u peuwleHuss aneedpaUUecKUX
YpasHeHUll cmeneHu MeHblie UeM N.

4.5. TI'pynma MOHOAPOMHUHU TOJOHOMHOI CHCTEMbI JTUHEWHBIX
anddepeHIHANBHBIX ypaBHEHHUH. PacCMOTPHUM T'OIOHOMHYIO CHCTEMY
u3 N n1uHeHHbIX AuddepeHITnaabHbIX YPaBHEHUH

. i1 4.ty
L) = Za{ljiy =0, j=1,..,N,
X7 ... 0Xp
Ha HeMu3BeCTHYI0 PYHKIMIO Y, KO3bULINEHTHI af.lm ;, KOTOpO — pariy-

OHaJIbHble PYHKIIUU OT N KOMIUIEKCHBIX IePEMEHHBIX X1, ..., Xp.

Kak m3BecTHO, cymiecTByeT ocobas anrebpamyeckas T'MIIepHIOBEpPX-
HOCTh Y. /I TOJIOHOMHOM cHcTeMHbl B pocTpaHcTBe C", obrazaromasn
clefylomMM CBOHcTBOM. Kakzioe pelieHHe CHUCTEMBl aHAJIUTHUYECKHU
MIPOZIOJKAETCS BAOJB JIIOOOW KPUBOU, He TIepeceKalonell TUeproBepx-
HOCTb . [TycTh V — KOHEYHOMEPHOEe TTPOCTPAHCTBO pelleHU roJIOHOM-
HOI CHCTeMBl B OKPECTHOCTU TOYKH X, He JieXKallleld Ha TUureprioBepx-
HoCTU 2. Bo3bMeM mpousBobHYIO KpuBYyIO Y (t) B mpoctpanctBe C" ¢
HayajoM U KOHIIOM B TOYKe X,, He IPOXOJALIyI0 depe3 THhIleplioBepX-
HOCTbD .. PellleHUs CCTeMBI OyAyT aHATUTUIECKU TIPOJOTKATHCSA BJOTb
KPUBOH Y, OCTaBasCh IIPU 3TOM pelIeHUAMH CUCTEMEL. [103TOMY KaXk0H
TaKoW KPUBOW Y OTBevaeT JMHEHHOe oTobpaxkeHne M, MPOCTPaHCTBA
pemtenuit V B cebs. COBOKYNMHOCTb JMHEWHBIX Tpeobpa3oBaHuii M.,
COOTBETCTBYIOIINX BCEM KPUBHIM Y, 06pa3yeT TpyIiiy, KOTopas Ha3bIBa-
€TCS 2pYNnoil MOHOOPOMUU 20JI0OHOMHOTL cUCTIeMbL.
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KomuuH 0606mmn Teoputo [Tukapa—Beccro Ha ciryyail CCTEM ToOJIO-
HOMHBIX AuddepeHInanbHbIX ypaBHeHUH. [IpUBeZieM CIeACTBUSA TEO-
puu KomumHa, OTHOCAIINECT K Pa3pellnMOCTU B KBaZpaTypax peryssip-
HBIX TOJIOHOMHBIX cuCTeM AubdepeHIInaNbHbIX ypaBHeHU. Kak u B
OZTHOMEDHOM CJiy4yae, TOJIOHOMHAs CHCTeMa HAasbIBAETCsS DPe2yJAPHOLL,
€CJIY TIPU TIOAX0Ze K 0CO60MY MHOXKECTBY X U TIPU yXOZe Ha GeCKOHEeY-
HOCTB €€ pellleHUs PacTyT He 6oiee YeM CTelleHHBIM 06pa3oM.

TEOPEMA. Pe2yniapHas 20JI0HOMHASL CUCTeMA JUHeliHblx duddepe-
UUANbHBIX YPABHEHUTL pewaemcst 8 Keaopamypax u 8 0606ueHHbIX K8ao-
pamypax, ecau ee 2pynna MoHOOPOMUL COOMBEMCMEeHHO paspeiuuma u
noumu paspewumd.

Teopusa KomuuHa foKasblBaeT TEM CaMbIM /lBa pe3yJbTara.

1. Ecau epynna MOHOOPOMUU pe2yASPHOU 20JI0HOMHOUL CUCmeMbl JU-
HellHblx JugdepeHyuanbHBIX ypasgHeHUll pa3peuwluma (noumu paspeuiu-
Ma), mo ama cucmema ypasHeHuil pewaemcs 6 kgadpamypax (8 0606-
UeHHbIX K8adpamypax).

2. Ecnu epynna moHOOpoMUU Pe2yNSIPHOLL 2010HOMHOTL CUCeMbl JU-
HeliHblX JuddepeHuUTbHBbLX ypasHeHUll Hepadpewuma (He noumu pas-
pewuma), mo ama cucmema ypasHeHUuil He peulaemcst 8 K8aopamypax
(8 0606w EeHHBLX K8AOPAMYPAX).

Hama Teopusi mo3BosseT yCWIUTh BTOPOH (OTpULIATENbHBIN) Pe3yib-
Tar.

TEOPEMA 4.14. Ecau epynna MOHOOPOMUU 20JI0HOMHOU cucmembl Jiu-
HellHblx dudPepeHyUaNbHBLX YpasHeHUTl Hepadpewuma (He noumu paspe-
wuma), mo Kaxcoslil pocmok noumu Kaxc0020 peuleHUst ImMoil cucmembl
YPasHeHUll Henb3sl 8bIPA3UMDb Hepe3 POCMKU 00HO3HAUHBIX F-PyHKyull,
UMernwWux aHarumuueckue MHOXCeCmeda 0cobblx mouek, npu NomMowu
cynepnosuyutl, mepomopdHbix onepayull, uHmezpuposaruil u ougdpe-
peruuposanuti (npu nomowu cynepno3uyuil, Mepomop@HsLx onepayuil,
uHmezpuposanuil, OougdgdepeHyuposanuil u peuleHUs aneedpaAUUECKUX
ypasHeHuil).

4.6. ToJloHOMHBIE cUCTeMbI TUHENHBIX AN depeHIaTBHBIX Ypa-
BHEHMH ¢ ManbIMH ko3 dunmenramu. PaccMOTpUM BIIOTHE UHTETPU-
pyeMyIo cucTeMY JIMHEWHBIX JubdepeHINaNbHbIX YPaBHEHUN BU/A

dy = Ay, 24

rae y =Yy, ..., Y, — HeM3BecTHasA BeKTOp-GyHKIMa u A — (n X n)-MaTpu-
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11a, cocrosmas u3 gudpdepeHIUANbHBIX 1-GOpM € palMOHATBHBIMHU KO-
apdunmenTamu B npocrpancTBe C", yZIoBIeTBOPAIONIAs YCIOBUIO MOJ-
HOU nHTerpupyeMocti dA + A A A =0 u umeloas cjIeIyrOIINi BU/:

re A; — IOCTOSTHHBbIe MATPUILL, a [; — IuHelHble HeoZHOPOAHBIE QYHK-
muu Ha C".

Ecu maTpuiibl A; 0fHOBpeMEHHO MIPUBOAATCS K TPEYTOIBbHOMY BUAY,
TO crucTeMa (24), Kak U BcAKasd BIOIHE UHTerpupyeMas TpeyroabHas cu-
cTeMa, pelaeTcda B KBaJpaTypax. PasymeeTcs, BCTpedyarOTCs paspelu-
Mble HeTpeyroyibHble cucTeMbl. OZIHAKO ecid MaTtpuiia A; Z0CTaTOYHO
Maja, TaKUX CUCTeM HeT. VIMeHHO, cripaBe/ijiuBa CeyIolias Teopema.

TeEOPEMA 4.15. Hempeyzo/ibHasi 8n0oJIHEe UHMe2pUpYyeMdas cucmema
(24) ¢ docmamouHo ManbIMU NO MOOYJII0 MaMpuyamu A; CUIbHO Hepas-
pewuma, m. e. ee Hesb3s1 paspewiims, 0axce ecau UCNONb308AMb POCMKU
8cex 00HO3HAUHBIX F-PYHKUUL, UMeWUX aHAIUMUYecKUe MHONcecmada
0C00bLX MOUeK, Cynepno3uyull, MepoMop@Hble onepayull, UHMe2puposa-
Husl, OugdepeHYUPOBAHUS U pellleHUsl azebpauueckux ypagHeHull.

JlokazaTenbCTBO 3TOM TeOpeMbl BIIOJHE aHAJIOTUYHO /I0Ka3aTelbCTBY
cneactBua 2.14 u3 raBel 6 (cM. Takke II. 2.9 13 IaBkl 6). Hy:xHO nuIb
CCBUIKY Ha (ogHOMepHylo) Teoputo Jlammo-/laHWIeBCKOrO 3aMEeHUThb
CCBUTKOM Ha MHOTOMEDPHBIM BapuaHT Teopuu Jlanmo-/[aHWUIEBCKOTO U3
craTtbu [24].
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KpuTepuii pa3penmMocT ypaBHEHUH B k-pajuKanax . ......

9.1. CoiicTBa k-paspemmmbix rpymmn (92). 9.2. PaspemrrMocTthb
B k-pazukainax (94). 9.3. HepaspelmnMocTb 0O6IIEro ypaBHEHUS
crenienu k + 1> 4 B k-pagukanax (95).
HepaspemmmMocTh CI0KHBIX YpaBHEHUI TIPU MMOMOIIK Gosee
TIPOCTBIX YPABHEHMM . « ¢ v vttt e et tieee e e iiaaaae e

10.1. Heob6xogumoe ycioBue paspemtumoctd (97). 10.2. Kracch
KOHeYHBIX Ipymi (98).
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I'naBa 3. PaspemumocTts u Teopud [Iukapa—Beccuo
§ 1. AHasiorusa Mexzay JUHeUHBIMU AubdepeHITnaTbHBIMUA YPaB-
HEHUSMHU U aJarebpandyeCKUMHU YPABHEHUAMM . . ... .vvvvvnn..
1.1. /leeHue ¢ OCTaTKOM U HaWOOIBUINI OOIINKA ZenuTendb And-
depennmanpHbIx onepatopos (101). 1.2. [ToHMWKeHUE TOPSAAKA JTH-
HelHoro AnddepeHIInaIbHOrO YpaBHEHUSA KaK aHAJIOT TEOPEMBI
Besy (102). 1.3. Obuiee nuHeitHOe auddepeHINaNTbHOE ypaBHe-
HUE C TIOCTOSTHHBIMU K03bUIIMEeHTaMU U Pe30IbBeHTH JlarpaH-
ka (104). 1.4. Aranor dpopmyn Buera ansa auddepeHIManbHBIX
onepaTtopoB (105). 1.5. AHajIor TeOpeMbl O CUMMETPHUYHBIX PyHK-
nusax A auddepeHInanbHEIX onepatopoB (106).
§ 2. I'pynma Tanya sivHelHOTO MU depeHInaTbHOTO YPaBHEHUS . .
§ 3. OcHoBHasa TeopeMa Teopuu [Tukapa—Beccro ...............
8§ 4. [Ipocreiimme pacmupenus [Tukapa—Becclo ................
4.1. Anrebpauueckoe pacmupenue (111). 4.2. IlpucoeanHeHue
uHTerpana (112). 4.3. IIpucoesuHeHNe SKCIIOHEHTH MHTerpaia
(113).
§ 5. PazpemumMocTh AuddepeHITHaTbHbIX YPABHEHUMA . . . . v\ v v ...
§ 6. Anrebpanyeckrie MaTPUYHBIE T'PYIIIBI M HEOOXOAMMBIE YCIIO-
BUSA PABPEIIMMOCTH .« . vt vt vve vt ee e ene e nnennenneens
§ 7. JlocTaTO4YHOE YCJIOBUE DPAa3pelIUMOCTH AUPpdepeHITNamIbHbBIX
VPABHEHUM . . o o et ettt ittt ettt e e e e e
§ 8. JIpyruie BUZBI PABPEIIUMOCTH .« .« v v v e v vvvneeneeeeennnnnnnns

I'maBa 4. HakpeiTua u Teopuda l'axya
§ 1. HakpeITHA HaJ, TOTIOJIOTUYECKUMHU IIPOCTPAHCTBAMM. . . . . . . . .

1.1. Knaccudukariyss HAaKpBITHH ¢ oTMe4eHHBIMU ToukamMu (129).
1.2. HakpbITUA C OTMEYEHHBIMH TOYKAMH M MOATPYNIbI $yHAA-
MeHTasmpHOU rpymmel (132). 1.3. Jlpyrue knaccudpuKaiuyd HaKpbI-
tuit (136). 1.4. Aranorus Mexzy Teopuel l'anya u kinaccuduxa-
uueit HaKpeITHH (140).

§ 2. TlomonHeHNEe Pa3BETBIEHHBIX HAKPHITUI U PUMAaHOBBI IIO-
BEPXHOCTU airebpandecKuX GYHKIMH ... .ovvvvennnnnnn.. ..

2.1. 3axsenBaHue AbIPKU U pszel [Tiouzo (142). 2.2. Orobpaske-
HUA aHAJUTHUYECKOTO THUIA U BellleCTBEHHAsA ollepalusa 3aKJjieu-
BaHuA JeIpoK (144). 2.3. KoHeuHO/MUCTHBIE Pa3BeTBIEHHbIE Ha-
KPBITUA C¢ QUKCUPOBAHHBIM MHOXXECTBOM BeTBieHud (147). 2.4.
PuMaHOBa MMOBEPXHOCTh alre6panvecKoro ypaBHeHUs Ha/| TIOIEM
MepoMopdHBIX GyHKIUH (154).
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§ 3. KoHEeYHOIMCTHBIE Pa3BETBIEHHBIE HAKPHITUA U ajrebpande-
CKH€e pacIIupeHus moneld MepoMopdHBIX GYHKIHH . . ... .. ...

3.1. Tlone P,(O) POCTKOB B TOYKe a anrebpanyveckux GyHKIIUMH,
BeTBANUXCA HaZ MHOkectBoMm O (157). 3.2. Teopusa Tanya zgeit-
cTBUA QyHAaMeHTaIbHOU rpymmbl Ha niore P, (0) (158). 3.3. [Tone
¢$yHKUMI Ha pa3BeTBIEHHOM HakpbIThH (162).

§ 4. TeomeTpus Teopu l'anya And paciiipeHui noiasa Mepomopd-
13000 Q00))74 5129 11717 S0P

4.1. Pacuupenus Tlamya moms K(X) (164). 4.2. Anrebpaudye-

CKUe pacIIUpeHus 10/ POCTKOB MepoMopHBIX GyHKIuH (165).

4.3. Anrebpandeckyie paclIMpeHUs IO Pal[MOHANBHBIX (YHK-
uuii (166).

I'masa 5. OgHOMepHas ToroJiorndeckas Teopus I'axya
§ 1. O TOMOMOTUYECKON HEPABPEITUMOCTH « . « « v e v veee e e eeeenn
§ 2. Tomosoruyeckasi HEMPEACTABUMOCTh GYHKITUHA B paZiuKaIax. .

2.1. I'pynibsl MOHOZPOMHH OCHOBHBIX GyHkuumit (177). 2.2. Paspe-
muMble Tpymisl (177). 2.3. 3aMKHYTOCTb KJacca anrebpandecKux
byHKIME ¢ paspemuMoii rpynnoil MoHogpomuu (178). 2.4. Asn-
rebpanyeckas QYHKIUS C Pa3pelruMOi T'PYINIoONd MOHOAPOMUU
npeAcTaBuMa B pagukanax (180).

§ 3. O6 omHOMEepHOM BapHaHTe TOIOJIOTHYeCcKol Teopuu lanya . .
§ 4. dyukuuu ¢ He 60slee YeM CUETHBHIM MHOKECTBOM OCOOBIX TO-

4.1. 3anpemieHHble MHO)XecTBa (183). 4.2. 3aMKHyTOCTh KJjacca
S-dynkiumii (185).

8 5. T'DYIIITA MOHOZPOMUM. « . o v v v v vvvteeeeeeeeeninnneeeennnns

5.1. I'pynma MOHOZPOMUU C 3alpelleHHbBIM MHOkecTBoOM (187).
5.2. 3amkHyTas rpymnmna MoHogpomuu (188). 5.3. TpaH3uTUB-
HOe JIeWiCTBHE TPYIIbI Ha MHOXKECTBE W MOHOJPOMHAs IMapa
S-bynkiuu (189). 5.4. Tloutn HOpmasbHble ¢yHkIMH (190).
5.5. Kiacces map rpynn (191).

§ 6. OCHOBHAS TEOPEMA . v v v v v vveeeeeeeenennaneneeennnnnnnns
§ 7. I'pynmoBble MPENATCTBUA K MTPEJCTABUMOCTHU B KBaZpaTypax .
7.1. BeIuuc/ieHre HEKOTOPBIX KaaccoB map rpyi (196). 7.2. Heob-

XOAWMBIE YCJIOBUS TpeAcTaBUMOCTH GYHKINM B KBagpaTypax, k-
KBaZipaTypax u 06001ieHHbIX KBaZpaTypax (200).
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§ 8. Kiracchl 0cOOBIX MHOXKECTB U 0000ITIeHrE OCHOBHOM TeopeMbl 202

ImaBa 6. Pa3pemmmMocTs ypaBHeHUi Tuna ®ykca
§ 1. Teopusa [Tukapa—Beccuo ay1a ypaBHeHui Tuna ®dykea. . ... ...

1.1. T'pynma MOHOAPOMUU JHHEHHOTO AuddepeHIInanIbHOTo ypa-
BHEHM, ee CBA3b ¢ rpynmnoi lamya (205). 1.2. Jloka3aTeabCTBO
Teopembl ®pobennyca (209). 1.3. I'pynma MOHOAPOMHUH CHCTEM
JIMHEWHBIX AU depeHINaTbHbIX YPaBHEHUN, €€ CBSA3b C IPYIIOi
Tamya (211).

§ 2. Teopusa Tanya cucteMm JTUHEUHBIX AUPPepeHIUaNbHbIX YPaB-

HeHu# Tuna Pykca ¢ MmaabiMu KO3QPUITUEHTAMH. . . . .. ......

2.1. Cucremsl ypaBHeHu# tumna ®dykca (214). 2.2. I'pymiisl, IOpox-
JleHHblE MaTpULlaM¥, OJIU3KUMH K eUHUYIHOU (216). 2.3. fIBHBIE
KpUTepUU paspemumMmocTy (219). 2.4. CuibHad HepaspelunuMoCThb
ypaBHeHH# (221).

§ 3. OTobOpakeHHe TMOMYIUIOCKOCTH Ha MHOTOYTOJBHHUK, Or'paHU-

YeHHBIN AyraMy OKPYXKHOCTEH . ......ovvunniiininnne. ..

3.1. IlpumeHeHre npuHIUIA cuMmMeTpuu (222). 3.2. ['pymnmsl
IpOOGHO-TUHENWHBIX Y KOHGOPMHBIX Ipeobpa3oBaHMIl Kiacca
M(C, A) (223). 3.3. HTerpupyemble ciaydau (225).

I'maBa 7. MHOroMepHas ToIloJloruyeckas reopusa I'amya
8 1 BBEIEHHUE . .ottt ettt e e

1.1. Onepaiuu HaJ, MHOTO3HAYHBIMU (PYHKIIMSIMU MHOTHX IIepe-
MeHHBIX (231). 1.2. JInyBUUIeBCKYE KIacChl pYHKIMH MHOTHX TIe-
peMeHHBIX (232). 1.3. HoBbIe omnpeziesieHUs INYBUUIEBCKUX KJIac-
coB QyHKIIMI MHOTUX TlepeMeHHbIX (235). 1.4. Pacimpenus Jlny-
BWLIA AU depeHIINaNbHBIX TTOJIEH, COCTOAIINX U3 GYHKIMN MHO-
TUX IepeMeHHbIX (237).

§ 2. O TPOZOMKAEMOCTH MHOTO3HAYHBIX AHATUTUYECKUX (QYHK-
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2.1. TIpogomkaeMoCTh OHO3HAYHOU aHATUTUYECKOU GYHKIIUY Ha
aHaJIUTUYeCcKoe IOJMHOXeCTBO (242). 2.2. JlonycTUMBble CTpaTH-
¢dukamuu (243). 2.3. ViaMeHeHUE TOIOJOTHH AHATUTUYECKOTO
MHOXKEeCTBa TPU TIOAXOZE K HEMPUBOAMMOMN KOMIIOHeHTe (244).
2.4. HakpsblBaroliue HaJ, JONOJHEHHWEM K IIOAMHOXECTBY Xay-
copdoBOl KOpa3MepHOCTH, OOJbINel eAWHUIIBI, B MHOroobpa-
3un (248). 2.5. HaxpseiBatoiiye Haj JOTOJHEHUWEM K aHaIUTH-
YeCKOMy TTOZMHOXECTBY B MHoroob6pasuu (251). 2.6. OcHoBHast
Teopema (253).
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§ 3. O MOHOAPOMHHM MHOTO3HAYHON (PYHKIIMU Ha €€ MHOXXECTBE
BETBIICHUA .« . e e vove e te et te et e e e eeee e eiae e 255

3.1. S-dyaxmum (256). 3.2. [Touyty roMOMOPOU3MEl U WUHAYIH-
poBaHHBIe 3aMbIKaHuA (259). 3.3. VIHAyIIMpOBaHHOE 3aMblKaHUe
T'pYIIBI Tpeo6pa3oBaHUil MHOXKECTBA B TPYIIIIE Tpeobpa3oBaHMit
ero nogMHoXkectBa (262). 3.4. I'pymnibsl MOHOZAPOMUY UHIYIIUPO-
BaHHBIX QyHKIMH (263). 3.5. Kiacce! map rpymm (266).

§ 4. MHOTOMEpHBIE pe3y/IbTaTHl O HeIIPeJCTaBUMOCTH QYHKITNH B
KBAZIPATYPAX -« - e e e e e e eteeee et e e et teaee et et 268

4.1. ®opMybl, UX MyJBTUPOCTKY, aHATUTUYECKHE ITPOJOKEHNUA
Y pUMaHOBBI ToBepxHOCTU (269). 4.2. Knacc #6-pocTKOB, ero
3aMKHYTOCTh OTHOCHUTEJIBHO €CTECTBEHHBIX omepanui (272).
4.3. Kiacc MynmbTHpoCTKOB GOpMyJ, 00IaJaromux & 6-CBOMCT-
BoM (277). 4.4. Toronorudeckyie MpernsTCTBUA K IIPeACTaBUMOCTH
dyHKuMii B KBagpaTypax (279). 4.5. I'pynmna MOHOZAPOMUU TOJIO-
HOMHOU CHCTEMBI JUHEHWHBIX AuddepeHInaTbHbIX YpaBHEHUH
(281). 4.6. TonMOHOMHBIE CHCTEMBI JIMHEWHBIX AuddepeHInamb-
HBIX YPaBHEHHUH ¢ MayibIMu KoaddurmeHtamu (282).

CHnucok JuTepaTypsl 284

IIpeaMeTHBIN yKa3aTeab 287
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